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1. INTRODUCTION

Algebra and topology, the two fundamental domains of mathematics, play
complementary roles. Topology studies continuity and convergence and pro-
vides a general framework to study the concept of a limit. Much of topology
is devoted to handing infinite sets and infinity itself; the methods developed
are qualitative and, in a certain sense, irrational. Algebra studies all kinds of
operations and provides a basis for algorithms and calculations.

Because of this difference in nature, algebra and topology have a strong ten-
dency to develop independency, not in direct contact with each other. How-
ever, in applications, in higher level domains of mathematics, such as functional
analysis, dynamical systems, representation theory, and others, topology and
algebra come in contact most naturally. Many of the most important objects
of mathematics represent a blend of algebraic and of topological structures.
Topological function spaces and linear topological spaces in general, topolog-
ical groups and topological fields, transformation groups, topological lattices
are objects of this kind. Very often an algebraic structure and a topology come
naturally together; this is the case when they are both determined by the nature
of the elements of the set considered. The rules that describe the relationship
between a topology and algebraic operation are almost always transparent and
natural-the operation has to be continuous, jointly continuous, jointly or sepa-
rately. In the 20th century many topologists and algebraists have contributed to
topological algebra. Some outstanding mathematicians were involved, among
them J. Dieudonné, L. S. Pontryagin, A. Weyl.

BL-algebras have been introduced by Hdajek [8] in order to investigate many-
valued logic by algebraic means. His motivations for introducing BL-algebras
were of two kinds. The first one was providing an algebraic counterpart of
a propositional logic, called Basic Logic, which embodies a fragment common
to some of the most important many-valued logics, namely Lukasiewicz Logic,
Gédel Logic and Product Logic. This Basic Logic (BL for short) is proposed
as ”the most general” many-valude logic with truth values in [0,1] and BL-
algebras are the corresponding Lindenbaum-tarski algebras. The second one
was to provide an algebraic mean for the study of continuous t-norms (or tri-
angular norms) on [0,1].

In section 3 of this note, we define semitopological and topological BL—algebras,
and we state and prove some theorems that determine the relationships between
them. It is quite clear that a topological BL-algebra is a semitopological BL-
algebra, but the converse is not true. In this paper we find certain conditions
under which the converse is true. In section 4 we deal with relations between T}
spaces and BL-algebras endowed with a topology. We bring a condition that
T, spaces are equivalent to Hausdorff spaces on BL-algebras endowed with a
topology.
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2. PRELIMINARY

Recall that a set A with a family U = {U,}aer of its subsets is called a
topological space, denoted by (A,U), if A, € U, the intersection of any finite
numbers of members of I is in U and the arbitrary union of members of U
is in Y. The members of U are called open sets of A and the complement of
A € U, that is A\ U, is said to be a closed set. If B is a subset of A, the
smallest closed set containing B is called the closure of B and denoted by B
(or ¢l B). A subset P of A is said to be a neighborhood of x € A, if there exists
an open set U such that z € U C P. A subfamily {U,} of U is said to be a
base of U if for each x € U € U there exists an « € I such that z € U, C U, or
equivalently, each U in i/ is the union of members of {U, }. A subfamily {Ug} of
U is said to form a subbase for U if the family of finite intersections of members
of {Us} forms a base of Y. Let U, denote the totality of all neighborhoods
of x in A. Then a subfamily V, of U, is said to form a fundamental system
of neighborhoods of z, if for each U, in U, there exists a V,, in V, such that
Ve CU,.

Definition 2.1. [11] Let (A,U) be a topological space. We have the following
separation axioms in (A4,U):

To: For each x,y € A and x # y, there is at least one in an open neighborhood
excluding the other.

T1: For each z,y € A and x # y, each has an open neighborhood not containing
the other.

T2: For each z,y € A and = # y, both have disjoint open neighborhoods U, V'
such that r €e U and y € V.

Ts: If C is any closed subset of (A,U) and x € A such that z € C, then there
exist disjoint open sets U,V such that x € U and C C V.

Ty4: If C' and z are as in T3, then there exists a real valued function f : A —
[0,1] such that f(x) =0 and f(C) = 1.

Ts: If C and D are two disjoint closed subsets of A, then there exist two
disjoint open subsets U and V such that C CU and D C V.

A topological space satisfying T; is called a T;-space. A Ts-space is also
known as a Hausdorff space. A Ti-space satistying T;, i = 3,4, 5, will be called
regular, completely regular and normal, respectively. A topological space (A,U)
is said to be compact, if each open covering of A is reducible to a finite open
covering, locally compact, if for each x € A there exist an open neighborhood
U of x and a compact subset K such that z € U C K.

Proposition 2.2. [11] (i) If (A,U) is a Hausdorff space, then (A,U) is locally
compact if and only if for each = € A there exists an open neighborhood U of
x such that U is compact.

(7i) A locally compact Hausdorff topological space A is normal if it is the union



62 R. A. Borzooei, G. R. Rezaei and N. Kouhestani

of an increasing sequence {U,} of open sets such that U, is compact for each
n € N.

Definition 2.3. [11] Let (A, %) be an algebra of type 2 and U be a topology
on A. Then A = (A, *,U) is called a

(1) Right (left) topological algebra, if for all a € A the map * : A — A is defined
by x — axx (x — x*a) is continuous, or equivalently, for any x in A and any
open set U of a*x (x*a), there exists an open set V of x such that axV C U
(VsxaCU).

(it) Semitopological algebra, if A is a right and left topological algebra.

(#i7) Topological algebra, if the operation # is continuous, or equivalently, if for
any z,y in A and any open set (neighborhood) W of x xy there exist two open
sets (neighborhoods) U and V' of x and y, respectively, such that U « V € W.

Proposition 2.4. Let (A, *) be a algebra of type 2 and U be a topology on A.
(2) If (A, *,U) is a finite semitopological algebra, then it is a topological algebra.
(it) If (A, ) is commutative algebra, then right and left topological algebras
are equivalent. Moreover (A, *,U) is a semitopological algebra iff it is right or
left topological algebra.

Definition 2.5. Let A be a nonempty set and {x; };cs be a family of operations
of type 2 on A and U be a topology on A. Then

(1) (A, {*i}icr,U) is a right(left) topological algebra, if for any ¢ € I, (A4, *;,U)
is a right (left) topological algebra.

(i) (A,{*;}ier,U) is a semitopological (topological) algebra if for all ¢ € I,
(A, *;,U) is a semitopological (topological) algebra.

Definition 2.6. [8] A BL-algebra is an algebra A = (4, A,V,®,—,0,1) of
type (2,2,2,2,0,0) such that (A, A,V,0,1) is a bounded lattice, (A,®,1) is a
commutative monoid and for any a,b,c € A

c<a—=b&a®ce<h anNb=a®(a—Db), (a=bVb—a) =1

Let A be a BL-algebra. We define ' = a — 0 and denote (a)’ by a”. The
map ¢: A — A by c(a) = d, for any a € A, is called the negation map. Also,
we define a® = 1 and a™ = a” ' ® a for all natural numbers n.

Notation: Let A be a BL-algebra and B C A. For any a € A, we define
B®a,a®B,B — a and a — B as follows:

Boa={r0a:2€B},a®©B={a®z:2€B},B—a={x —a:x¢c B},
a— B={a—x:2¢€B}

Definition 2.7. [8] A filter of A is a nonempty set F' C A such that z,y € F
implies z ©y € Fand if z € F and x <y imply y € F, for any z,y € A.
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Proposition 2.8. [3]Let A be a BL-algebra. Then

(i) If 1 € F C A, then F is a filter if and only if z € F and x — y € F imply
ye F.

(#i) If F is a filter in A, then for each x,y € F, x Ay, xVy and x — y are in F.

Example 2.9. (i) Let “©” and “—” on the real unit interval I = [0,1] be
defined as follows:

x @y = min{z, y}

{ 1, x<y,
T—y= .
y , otherwise.

Then T = (I, min, max, ®, —,0, 1) is a BL-algebra.
(ii) Let ® be the usual multiplication of real numbers on the unit interval I =
[0,1] and x — y =1 iff x <y and y/x otherwise. Then T = (I, min, max,®, —
,0,1) is a BL-algebra.

Proposition 2.10. [8] Let A be a BL-algebra. The following properties hold.

(By)z0y<z,yand z®0=0,

(B2) x <y impliesz®z < yO z,

(By) e <yiffz —y=1,
(B)l—-zx=zx,z—ax=1L,z—1=1land 10z =z,
(Bs)y<z—vy,

(Be)z = (y—2)=(@0y) »z2=y— (v —2),
(B7) I’ =0and 0/ =1,

(Bs) #' =1z =0,

(Bo) (z Ay) =/ vy and (zVy) =’ A,
(Bi) (zAy)" =2" vy and (zVy) =z" Ny,
(B) (20 ) =" @ and (0 = 3)! =2 = 1"
(Biz)z—y =y—a' =@oy) =2"—>y,
(Biz) zVy=((z > y) =y ANy - z) — 2),
(Bia) 2" =2/,

(Bis) (z —y) —»y) my=z—y.

Note. From now on, in this paper we let A be a BL-algebra and U be a
topology on A, unless otherwise state.

3. (SEMI)TOPOLOGICAL BL-ALGEBRAS

In this section we state and prove some theorems about semitopological
and topological BL-algebras and we investigate some conditions that imply a
semitopological BL-algebra is a topological B L-algebra.

Definition 3.1. (i) Let (A4, {*;},U), where {x;} C {A,V,®,—}, be a semi-
topological (topological) algebra. Then (A, {*;},U) is called a semitopological
(topological) BL-algebra.

(74) Let F be a filter in A and U be a subspace topology of (A,U). If (F,Ur) is
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semitopological (topological) algebra, then (F,Up) is called a semitopological
(topological) filter.

Remark 3.2. If {x;} = {A,V,0,—}, we consider A = (A,U) instate of
(A, {A,V,®,—},U), for simplicity.

Proposition 3.3. Let (A, {®,—},U) be a semitopological BL-algebra. Then
(A, A, U) is a semitopological BL-algebra. Moreover the negation map c is
continuous and if ¢ is one-to-one, then ¢ is homeomorphism (i.e, ¢ and ¢~! are
continuous).

Proof. Let x,y € A, U € U and zAy € U. Since (A, ®,U) is a right topological
BL-algebraand & (x — y) = zAy € U, thereisaW € U suchthatz — y € W
and t©W C U. Since (4, —,U) is a right topological BL-algebra, there exists
V el such that y € V and x — V C W. Hence

zAyeaxANV=20(x—-V)CazoWCU

which implies that (A, A,U) is a right topological BL-algebra. Since A is com-
mutative, by Proposition 2.4(ii), (A, A,U) is a semitopological BL-algebra.
Now we prove negation map ¢ : A — A is continuous. For this let 2’ € U € U,
where z € A. Since '’ = z — 0 and (A, —,U) is a semitopological BL-algebra,
thereisa Vel suchthat zisin Vand V=V —-0CU.

Now let c is one-to-one, we show that ¢! is continuous. By Byy, for each z € A,
c(z") = 2" =2’ = c¢(z), so 2 = x and c is onto. But c=c~! because for each
x € A, cc™H(z) = x = 2" = cc(z), which implies that ¢! (x) = c(z). O

Proposition 3.4. Let (A,{A,—},U) be a topological BL-algebra. Then
(A, V,U) is a topological BL-algebra.

Proof. Let x Vy € U € U. Then by Bis, ((z — y) = y) A((y — z) —
z) = xVy € U. Since A is continuous, there exist W7, Wy € U such that
(x —y) > y) €W, (y — ) = x) € Wa and Wy AWy C U. Since (4, —,U) is
a topological BL-algebra, there are V;,V, € U such that x — y € V1, y € 5
and Vi3 — Vo C Wy. Also there are V3,V, € U such that x € V3,y € V4 and
Vo = V4 CVi.Now,let V=V,NVo. Thenz € Vs, yeVand (V3 - V) —
VC(Vs—Vy) — Vo CV; — Vo C Wi, Similarly, there are two open sets Ws
and W such that y e W3, x e Wand (W - W) > W CWL. f P=VsNW
and Q =V NWs, then P,Q €Y and x € P, y € Q and

PvQ € (P=Q)—QA(Q—P)—P)
S (VB=V)=V)A(Ws = W)—W)
C WiAW,CU.
Hence (4, V,U) is a topological BL-algebra. O

Theorem 3.5. Let (A, {®,—},U) be a topological BL-algebra. Then A =
(A,U) is a topological BL-algebra.



On (Semi)Topological BL-algebras 65

Proof. By Proposition 3.4, it is enough to verify that (A, A,U) is a topological
algebra. Since — is continuous, the mapping f : (z,y) — (z,2 — y) from Ax A
into A x A is continuous. Now, since A = ® o f, A is continuous. Therefore,
A = (A,U) is a topological BL-algebra. O

In the following Example we show that the converse of Proposition 3.3 and
3.4 is not correct.

Example 3.6. Let T be the BL-algebra in Example 2.9 (i) and U be a topology
on T with the base S = {[a,b)NT : a,b € R}. Then (Z,{A,V},U) is a topological
BL-algebra, but (Z,—,U) is not a semitopological BL-algebra.

Proof. Let tAy € U € U, wherez,y € I. W.L.O.G,let x <y. ThenzAy =x €
U. If x # y, then UN|[z,y) and [y, 1] are two open set of z and y, respectively,
and (U Nz,y)) Aly,1] CU. If & = y, then U N [x,1] is a open set of = and
(UN[z,1]) AU N[x,1])) C U. Hence (Z,A,U) is a topological BL-algebra.
By the similar argument we can shows that (Z,V,U) is a topological BL-
algebra. Therefore, (Z,V, A,U) is a topological BL-algebra. Now we prove that
(Z,—,U) is not a left topological BL-algebra. For this, let 0 — 0 =1 € [1/2,1]
and let U be an arbitrary open set of 0. Then U — 0= {0,1} Z [1/2,1]. O

By Proposition 2.4 (i), each finite semitopological BL-algebra is a topological
BL-algebra. In the Examples 3.7, we introduce an infinite topological BL-
algebra and in the Examples 3.8, we introduce a semitoplogical BL-algebra
which is not a topological BL-algebra.

Example 3.7. Let T be the BL-algebra in Example 2.9 (i) and U be a topology
on T with the base S = {[a,b]NT : a,b € R}. Then (Z,U) is a topological
BL-algebra.

Proof. By Theorem 3.5, it is enough to prove that (Z,{®,—},U) is a topo-
logical BL-algebra. Let x ©y € U € U, where z,y € I. W.O.L.G, let
2 <y. ThenzOy =2 € U. Sincex € [0,z]NU e U, y € [z,1] € U
and ([0,2] NU) ® [z,1] C U, then (Z,®,U) is a topological BL-algebra. Now,
let © — y € U € U, where z,y € I. If z < y, then x - y =1 € U.
So, z € 0,y € Y and y € [y,1] € U and [0,y] — [y,1] C U. If z > y,
then 2 — y =y € U. Thus z € [y,2] € U, y € [0,y N U € U and
ly,z] — ([0,y] NU) C U. Hence (Z,—,U) is a topological BL-algebra. There-
fore, (Z,U) is a topological BL-algebra.

O

Example 3.8. Let Z be the BL-algebra in Example 2.9 (i) and U be a topology
on T with the base S = {[a,b] NZ : a,b € R}. Then (Z,U) is a semitopological
BL-algebra which is not a topological BL-algebra.

Proof. By Proposition 3.3, it is enough to prove that (Z,{®,—,V},U) is a
semitopological BL-algebra. Let x ©® y = zy € [a,b] € U, where z,y € I.
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If y=0,then c®y =0 € [a,b] and so a = 0. Hence z € [0,2] € U and
[0,2] @y C [0,b]. Let y # 0. Then z € [a/y,z] € U and [a/y,z] ©y C [a,b].
Thus (Z,®,U) is a semitopological BL-algebra. Now we prove that (Z, —,U)
is a semitopological BL-algebra. Let x — y € [a,b], where x,y,a,b € I.
Ifzx <y, thena — y =1 € [a,b] and so b = 1. Hence z € [0,2] € U,
y €z, 1] €U, [0,z] -y C [a,1] and x — [z,1] C [a, 1]. Now, let > y. Then,
x—y=y/x €la,b). fy=0,then a=0and soz € [0,z] eU, y € {0} €U,
[0,2] — y C [0,b] and = — {0} C [0,b]. If y # O, then we can assume a # 0.
Hence, z € [y/a,y/b] € U, y € [ax,bx] € U, [y/a,y/b] — y C [a,b] and
x — lax,bz] C [a,b]. So (Z,—,U) is a semitopological BL-algebra. Moreover,
it is easy to prove that (Z,V,U) is a semitopological BL-algebra. Therefore,
(Z,U) is a semitopological BL-algebra. Finally, we show that (Z,U) is not a
topological BL-algebra. For this, let 0 — 0 =1 € [1/2,1]. Suppose [0, b] be a
arbitrary open set in I such that 0 € [0,5]. There is a n € N such that 1/n < b.
Now 1/(n+1),1/n € [0,b], but 1/(n+1) = 1/n=(n+1)/n¢&[1/2,1].

(I

Proposition 3.9. Let (X, %) be an algebra of type 2 and (X, *,U) be a (semi)
topological algebra. If B is a subset of X such that for each z,y € B, x xy €
B, then (B,*,Up) is a (semi) topological algebra, where Up is the subspace
topology from X.

Proof. Let z,y € Band zxy € UNB € Up, where U € U. Since x*xy € U and
(X, *,U) is a semitopological algebra, there are W7, Wy in U such that « € W,
yeWo, WixyCUandxxWe CU. Nowax e WiNBelUp,ye WanNB € lUp
and

WinB)xyC Wixy)NBCUNB, zx(WaNB)C (z«Wa)NBCUNB

Hence (B,Up) is a left and right topological algebra and so (B,Ug) is a semi-
topological algebra. By the similar way, we can show that (B,Up) is a topo-
logical algebra. (I

Corollary 3.10. Let A= (A,U) be a (semi) topological BL-algebra.

(¢) If F is a filter in A, then F is a (semi) topological filter, when it is endowed
with the subspace topology induced by topology U on A.

(i1) MV(A) = {x € A: 2" = z} is a (semi) topological algebra, when it is
endowed with the subspace topology induced by topology U on A.

Proof. (i) Let z,y € F. Since F is a filter, x © y € F. By Proposition 2.8(ii),
zVy and  — y are in F' and so by Proposition 3.9, (F,UF) is a (semi)topological
filter.
(74) Let a,b € MV (A). Then by (Bi) and (Bi1)

(anb)" =ad" ANV =anb,(aVd) =d" V' =aVb,

(a—)b)/l:Cl”—)b”:a—)b,(a@b)lI:a/IQbHZGQb
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and so a Ab,aVb,a®band a — barein MV (A). Hence by Proposition 3.9,
MV (A) is a (semi)topological algebra. O

Theorem 3.11. Let A be a BL-algebra which has no zero divisor i.e. for each
r,y€ A(x@y=0=x=0o0r y=0). Let U be a topology on A and {0} be
an open and closed subset of A. Then (A,U) is a semitopological BL-algebra
if and only if

(I) the negation map c is continuous.

(I1) there exists a family F = {F;}icr of open proper filters in A such that
(i) A\{0} = Uie[ F;,
(
(
t

i) for eachi,j € I, F; C F; or F; C Fj,
1i1) for each F € F, (F,UF) is a semitopological filter, where Up is the subspace

opology on F.

Proof. (=) Let (A,U) be a semitopological BL-algebra. Then by Proposition
3.3, the negation map ¢ : x — x’ is continuous. This proves I. Now we prove
IT. Let F = {A\{0}}. It is easy to see F satisfies in (¢), (i¢) and A # A\ {0}.
Since {0} is closed, the set A\ {0} is an open set in A. Now we prove that
A\ {0} is a filter. For this let z € A\ {0} and z — y € A\ {0}. Then since A
has no zero divisor, t Ay = . © (x — y) € A\ {0}, which implies that y # 0.
By Proposition 2.8 (i), the set A\ {0} is a filter. By Corollary 3.10 (i), the
set A\ {0} is a semitopological filter, when it is endowed with the subspace
topology.

(<) Let us have I and IT. We show that (A,U) is a semitopological BL-
algebra. By Proposition 3.4, it is enough to prove that (A, {V,®,—} U) is a
semitopological BL-algebra. So, we consider the following cases:

Case 1: (A4,®,U) is a semitopological BL-algebra:

Let x @y € U € U, where x,y € A. We consider the following cases:

(1-1): f 2y =0, then x = 0, or y = 0. If x = 0, then {0} is an open
set of 0 and {0} ®y = {0} C U. If y = 0, then A is an open set of = and
Acoy={0} CU.

(1-2): If x ® y # 0, then by (i) there is a F' € F such that z @y € F. By
(B1), x ®y < x, which implies that € F. Since x @y € UNF and (F,UF)
is a semitopological filter, there is a V' € U such that z € VN F € Ur and
(VNF)oy C(UNF)CU. Since F €U, thenzx € VNF € Y and so (A, O,U)
is a left topological BL-algebra. Now, by Proposition 2.4 (ii), (4, ®,U) is a
semitopological BL-algebra.

Case 2: (A4,—,U) is a semitopological BL-algebra:

Let x — y € U € U where z,y € A. We consider the following cases:

(2-1): iz =0,then1 =0 —y =2 — y € U. Now {0} and A are two open sets
such that x € {0}, y € A, {0} my={1} CUandx - A=0—-A={1} CU.
(2-2): If y = 0, since the negation map c¢: A — A by c¢(z) = 2’ is continuous,
there is an open neighborhood V of x such that V' CU. NowV — 0=V’ CU
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and x — {0} C U.

(2-3): If ¢ # 0 and y # 0, then by (), (4) there exist an F' € F such that

x,y € F. Since x -y € UNF € Ur and (F, —,Ur) is a semitopological filter,

there are VW € U such that e VNF,ye WNF, (VNF) -y CUNF CU

andz — (WNF) CUNF CU. Since F € U, the sets VNF and WNF are in U

containing x, y, respectively. Hence (A, —,U) is a semitopological BL-algebra.
Case 3: (A4, V,U) is a semitopological BL-algebra:

Let x Vy € U € U, where z,y € A. We consider the following cases:

(8-1): If £ =0, then y = 2 Vy € U. Now {0} and U are two open sets such

that z € {0} and y € U and {0} Vy =y € U.

(3-2): If y = 0, the proof is similar to the proof of (3-1).

(3-3): If x # 0 and y # 0, then by (i), (i7) there is a F' € F such that x,y € F.

Since xVy € UNF € Up and (F,V,Ur) is a semitopological filter, there is a

V el such that t e VN F and (VNF)Vy CUNF. Now, since F' € Y and

VNF elU, (A,V,U) is aleft topological BL-algebra. Therefore, by Proposition

2.4 (ii), (A, V,U) is a semitopological BL-algebra. O

Theorem 3.12. Let F # 1 be a filter in A such that for any x,y € A, (F ®
z) > (FOy) CFo(r —vy), and let for each z,y € A\ {0,1}, z 0y #
x,y. Then, there is a non-trivial topology U on A such that A = (A,U) is a
topological BL-algebra.

Proof. Let U ={U C A:Vex €U, FOux CU}. Foreachze A, FoOx €U,
because if y € F O x, then FOy C FOF Ox C F O x. It is easy to see that
U is a topology on A. We show that U/ is a non-trivial topology. If {z} € U
for some x € A\ {0}, then FF® x = {z}. Since F' # {1} and = # 0, there
is ay € F such that y ® z = x and y # 0,1, which is a contradiction with
hypothesis. Also F' # A, because for each y < 1, (A — (A0 y)) € (A0 y).
This shows that F' ® x # A, for each x # 1. Now, in the following, we prove
that A = (A,U) is a topological BL-algebra. By Theorem 3.5 it is enough to
prove that (A, {®, —},U) is a topological BL-algebra. For this we consider the
following cases:

Case 1: (A4,®,U) is a topological BL-algebra:
Let @y € U € U, where x,y € A. Then FO(z®y) CU. Now,x € FOz €U,
yeFoyelUandzoye (Foz)o(Foy) CFo(xoy) CU. Therefore,
(A,0,U) is a topological BL-algebra.

Case 2: (A,—,U) is a topological BL-algebra:
Let « >y €U €U, where z,y € A. F®x and F ®y are two open neighbor-
hoods of z,y respectively and x - y € (FOz) - (FOy) CFo(x —y) CU.
Hence (A, —,U) is a topological BL-algebra. O

Theorem 3.13. Let A = (A, U) be a semitopological BL-algebra and the nega-
tion map ¢ be onto. Then A= (A,U) is a topological BL-algebra if and only if
(A,0,U) or (A,—,U) is a topological BL-algebra.
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Proof. First we prove that for any « € A, c¢(c(x)) = x. For this, let z € A.
Since ¢ is onto, there is a a € A such that c(a) = z. Now by (B14), c(c(z)) =
cle(e(a))) =a” =a’ =c(a) = x. Also,let I : A — A by I(x) = = be identity
map. Then by (Bi2)

(= (Ix))(x,y) = (= (2,9)) = ez = ) = c((x©y)) = c(c(xOy)) = zOy

By the similar way, we get that ¢(©(I x ¢))(z,y) = © — y. Now, by Proposition
3.3, ¢ is continuous, so ® is continuous if and only if — is continuous. Now, by
Theorem 3.5, A = (A,U) is a topological BL-algebra if and only if (A, ®,U)
or (A, —,U) is a topological BL-algebra. O

Theorem 3.14. Let (A, ®,U) be a semitopological BL-algebra and the negation
map ¢ be continuous and one to one. Then A = (A,U) is a semitopological BL-
algebra.

Proof. First note that by proof of Proposition 3.3, ¢ is homeomorphism. We
prove that A = (A,U) is a semitopological BL-algebra. It is enough to prove
that (A4, {—, V},U) is a semitopological BL-algebra. For this, we consider the
following cases:

Case 1: (A, —,U) is a semitopological BL-algebra:
Let «+ - y € U € U where z,y € A. Since c¢ is onto, there is a z € A such
that y = ¢(z) = 2/. By (B12), (x®2) =2 — 2/ =2 — y € U. Since the
negation map c is continuous, there exists an open neighborhood V of x ® z
such that V/ C U and since (A, ®,U) is a semitopological BL-algebra, there are
two open neighborhoods Vi, V5 of z and z, respectively, such that V3 ©® 2z CV
andx ®@V2 CV . Nowby (Bi2), i1 —y=V1 =2 =(V1 ©2z) CV'CU and
so (A,—,U) is a left topological BL-algebra. Since z € V4 and the negation
map c is open, so V4 is an open neighborhood of y = 2. Now, since x — Vj =
(x ® Vo) C V' CU, hence (A, —,U) is a right topological BL-algebra and so
(A, —,U) is a semitopological BL-algebra.

Case 2: (4, V,U) is a semitopological BL-algebra:
Let zVy € U € U, where x,y € A. Then (x Vy) € U € U. By (By),
' Ny = (zVy) €U’ Since (A, A,U) is a semitopological BL-algebra, there
isa V € U such that ' € V and V Ay’ € U’. Since the negation map c is
continuous, there is an open set W of x such that W' C V. Since ¢ is one-to-one
and by (Bg), WVy) = W'Ay CV Ay CU’, then WVy C U and so (A, V,U)
is a left topological BL-algebra. Hence by Proposition 2.4 (ii), (4, V,U) is a
semitopological BL-algebra.

Therefore, A = (A,U) is a semitopological BL-algebra. O

Theorem 3.15. Let U be a topology on BL-algebra A such that the negation
map ¢ be continuous and one to one. Then (A, ®,U) is a topological BL-algebra
iff A= (A,U) is a topological BL-algebra.
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Proof. (=) Let (A,®,U) be a topological BL-algebra. By Proposition 3.3, ¢
is homeomorphism. Let z — y € U € U, where z,y € A. Since c is onto, there
isa z € Asuchthat y =c(z) =2'. By (B12), (z0z2) =2z —2 =z —yeU.
Since ¢ is continuous and (A, ®,U) is a topological BL-algebra, there are open
neighborhoods V,V; and V5 of x ® z, x and z, respectively, such that V' C U
and V4 ® Vo C V. Since ¢ is open, V; is an open set of y = z’. Now, z € V}
andy €e Vjandae —ye Vi - V) = VioW) CV CU,so (4-U)
is a topological BL-algebra. By Theorem 3.5, A = (A,U) is a topological
BL-algebra.
(<) The proof is clear.
O

2

Example 3.16. Let I =[0,1] and binary operations “®” and “ — 7 on I are

defined as follows:
xOy=maz{0,z+y—1}, x > y=min{l,1 —z +y}.

Then T = (I,min,max,®,—,<,0,1) is a BL-algebra. Let U be a topology
on T with the base {[a,b)NZT : a,b € R}. Then (Z,U) is a semitopological
BL-algebra and the negation map c is homeomorphism.

Proof. Let x ©y € U € U, where z,y € I. If x ©y = 0, then [0,2] is a
open set of x such that [0,2] ©y C U. Let @y = = + y — 1. Then there
exists a a € I such that [a,z +y — 1] C U. Now [a —y + 1, 2] is an open set
of x such that ([x —y + 1,2] ®y) C U. Hence (Z,®,U) is a semitopological
BL-algebra. Now we prove that c¢ is continuous and one-to-one. Obviously ¢
is one-to-one, because for each z € I, ¢(x) =1 — x. Suppose z — 0 € U € U.
There exists a a € I such that [a,1 — 2] C U. Now [z,1 — a] is an open set
of z that ¢([z,1 —a]) C [a,1 — z] C U. Hence, c¢ is continuous. Therefore, by
Theorem 3.14, (Z,U) is a semitopological BL-algebra and By Proposition 3.3,
¢ is a homeomorphism. It is easy to prove that ® is not continuous at (1,1),
so (Z,®,U) is not a topological BL-algebra. By Theorem 3.15, (Z,U) is not a
toplogical BL-algebra. (I

4. HAUSDORFF BL-ALGEBRAS

Proposition 4.1. Let 1 € U € Y and for alla € A, a©®U or U — a be a
neighborhood of a. Then A = (A4,U) is a Tp-space.

Proof. Let x,y € A and x # y. We consider the following cases:

Case 1: Let U be a neighborhood of 1 such that for every a € A, the set
a ® U be a neighborhood of a. Then z ®U and y ® U are two neighborhoods of
x and y, respectively. We claim that t € yOQU ory €z QU. If x € yO U and
y € x ® U, then there are z; and 2o € U such that x = 21 ©y and y = 292 O z.
By (B1),z =20y <yandy =20 @z < z and so z = y, a contradiction.
Hence A = (A,U) is a Ty-space.
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Case 2: The proof is similar to the proof of Case 1. (]

Proposition 4.2. Let (A,—,U) be a right (left) topological BL-algebra. If
for each 1 # x € A, there exists a neighborhood U of x such that 1 € U, then
A = (A U) is a Ty-space.

Proof. Let (A, —,U) be a right (left) topological BL-algebra and z,y € A such
that x #y. Thenx -y #lory — x # 1. W.O.L.G, let z — y # 1. Then
there exists a neighborhood U of # — y such that 1 ¢ U. Since (4, —,U) is
a right (left) topological BL-algebra, there exists a neighborhood V of = (V
of y) such that V.— y CU (z - V C U). We claim that y ¢ V (x ¢ V). If
yeV (xeV) thenby (By),l=y—>ye€U (1l=2— x€U), which is a
contradiction. Hence A = (A,U) is a Tp-space. O

Proposition 4.3. Let A = (A,U) be a topological (semitopological) BL-
algebra and for each z € A and each neighborhood U of 1, the sets x ©® U and
U — z be neighborhoods of z. Then A = (A,U) is a T} space if and only if for
each z # 1 there exists a neighborhood U of 1 such that ¢ U.

Proof. (=) The proof is clear.

(<) Let for each = # 1 there exists a neighborhood U of 1 such that & U.
We prove that A is a Tj-space. Let x,y € A and x # y. We consider the
following cases:

Case 1: Let £ = 1. Then y # 1. Hence there is a neighborhood U of z =1
such that y ¢ U. By hypothesis y ® U is a neighborhood of y. We claim that
1¢yoU. If 1 € y®U, then there is a z € U such that 1 = y ® z. By (By),
1=y ®z <yand by (Bs) y <1 which implies that 1 = y, a contradiction.

Case 2: Let z,y # 1 and = < y. Let U be a neighborhood of 1 such that
y € U Theny € U - y and x € U ® z. We claim that y € U ® x and
2 ¢@U -y lfyeUG@rorx €U — y, then y = 21 ®x or x = 29 — y for some
z21,22€ U . By (By) and (Bs),y=z2102 =20z <zandy <z —y=uz,a
contradiction. If y < x, then the proof is similar.

Case 3: Let x,y # 1 and « £ y and y £ z. Let U be a neighborhood of 1
such that y ¢ U. Then x € x @ U and y € y © U. We claim that x € y©O U
andy gz oU. lfzeyoUory € xoU, then by (B;), x <y or y < x, which
is a contradiction. O

Proposition 4.4. Let (A, —,U) be a semitopological BL-algebra. Then A =
(A,U) is a Ty-space if and only if for any x # 1 there are neighborhoods U and
V of x and 1, respectively, such that 1 € U and z ¢ V.

Proof. (=) The proof is clear.

(<) Let for any « # 1 there are neighborhoods U and V of = and 1, re-
spectively, such that 1 ¢ U and x € V. We prove that A is a Tj-space. Let
z,y€ Aandx #y. Thenx - y#1lory —»x#1. W.O.LG, let z — y # 1.
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Let U be a neighborhood of x — y such that 1 € U. Since (A4,—,U) is a
semitopological BL-algebra, then there exist two neighborhoods V and W of
x and y, respectively, such that V— y C U and x — W C U. We claim that
cgWandydgV. IfyeVorzxeW,thenl=y—oyeUorl=x—xeclU
which are contradiction. Hence A = (A4,U) is a T-space. O

Proposition 4.5. Let (A4, —,U) be a topological BL-algebra. Then A =
(A,U) is a Hausdorff space if and only if for each x # 1 there exist two open
neighborhoods U and V' of x and 1, respectively, such that U NV = ¢.

Proof. (=) The proof is clear.

(<) Let for each x # 1 there exist open neighborhoods U and V of x
and 1, respectively, such that U NV = ¢. Let z,y € A and = # y. Then
r—yF#lory —x#1 W.OLG,let z — y # 1. By the hypothesis there
are neighborhoods U and V of x — y and 1. Since (A, —,U) is a topological
BL-algebra, there are two neighborhoods W; and Ws of z,y , respectively,
such that W7 — Wy C U. We claim that W3 N Wy = ¢. If z € W7 N Ws, then
1 =2z — z € U, which shows that 1 € U NV, a contradiction . O

Lemma 4.6. Let (X, *) be a monoid with identity 1, U be a topology on X and
U ={U} be a fundamental system of open neighborhoods of 1 in X. If (X,U)
is a Ty-space or Hausdorff space, then (¢, U = 1.

Theorem 4.7. Let (A, —,U) be a regular topological BL-algebra. Then the
following statements are equivalent.

(2) (A,U) is a Hausdorff space.

(1) (A,U) is a Th space.

(ii1) Nyeyu U = 1, where U is a fundamental system of neighborhoods of 1.

Proof. (i = ii) The proof is clear.
(#4 = 4i7) The proof come from Lemma 4.6.
(14 = i) Let ﬂUzl,x,yeAandm;«éy. Hence x — y # 1 or

veu
y — x # 1. W.O.L.G, let x — y # 1. Then, there exists a U € U such

that © — y ¢ U. Since (A,U) is a regular space, there is a V' € U such that
1€V CV CU. Now A\V is an open set of x — y. Since (A4, —,U) is
a topological BL-algebra, there exist two open neighborhoods Wy, Wy of z,y
respectively, such that Wp — Wy C A\ V. We claim that Wy N Wy = ¢. Let
z€WiNWy=¢. Thenby (By), 1l =2 — 2€ W; — Wy C A\ V, which is a
contradiction. 0

Proposition 4.8. Let (A,U) be a Hausdorff topological BL-algebra and B =

A\ {0} be compact filter. Let for each a,b € B,D C B, if aAb € a A D, then
b € D. Then for each a,b € A\ {0}, the equation ¢ — 2 = b has solution.

Proof. Let a € B = A\ {0}. We claim that @ — B C B. Let a — b ¢ B, for
some b € B. Then a — b=0. Hence, by (B;), 1=b—(a—b)=b—-0=10
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and so by (Bg), b = 0 € B, a contradiction. Now we construct a decreasing
sequence of compact closed subsets B. Let a € B. Since B is a filter, for each
n €N, a" € B. Put By = B and for each n € N, B, = a” — B. We have just
shown B; C B. Hence a — B; C a — B and so by (Bg),

Bg=a2—>B=(a®a)—>B:a—>(a—>B):a—>31Qa—>B:B1§B

With a similar argument as above, we can show that for each n € N, B,, ;1 C
B, C B. Hence the sequence {B,, : n € N} is decreasing. Since B is com-
pact, Hausdorff, and — is continuous, all B,, are closed compact subsets of
B. Consider the sequence @ = {a™ : n € N}. Since B is compact, @ has an
accumulation point y € B. Take any open set V such that y — (a — B) C V.
Suppose b is an arbitrary element of B. Since (y @ a) b=y — (a = b) € V
and (A, —,U) is a topological BL-algebra, there are two open sets Uy, W}, of
y ©® a and b, respectively, such that (y ®a) — b € U, — W, C V. Now since
{W}bep is an open cover of B and B is compact, hence there are elements

n n n
bi,--+ by € B such that B C | JWs,. Let Uy = [\ U, and W = | JW,.

i=1 i=1 i=1
Then Uy — W C V. Since y ® a € Uy and [, is continuous, there is an open

neighborhood U of y such that y ®a € U ® a C U;. Now,
y—=(a—=B)CU—=(a—=W)CU®a)-WCU —-WCV.

Hence y € U and U — (a — B) C U — (a — W) C V. Since y is an
accumulation point of Q, for each m, there is a a* € U N {a" : n > m}. For
eachn>k+1

B,CByy1=ad""' = B=d"—-(a—-B)CU—=(a—B)CV.

Now, we prove that « — B = B. For this, take any b € B. Suppose U is an open
neighborhood of y — b. Since R}, is continuous, there is an open neighborhood
W of y such that W — b C U. Since y is accumulation point @), for each
n>k+1, thereisaa™ € Wn{a":n>m}. Hencea™ —-beW —bCU.
This shows that ™ — b € V NU. Therefore, y — b € V. Thus we have shown
that y — b belongs to the closure of any neighborhood of the set y — (a — B).
Hence y — b € y — (a — B), because if y — b € y — (a — B), then since
B is compact Hausdorff and so normal, there is an open neighborhood V' of
y — (a — B) such that y — b ¢ V, a contradiction. Nowy — b € y — (a — B)
implies that y Ab € y A (a — B). By hypothesis b € a — B. Therefore, we can
prove that a — B = B. Now obviously for each b € B, the equationa — z =1
has solution in B. O

Lemma 4.9. [1] Let (X, *) be an algebra of type 2 and U be a topology on X
which satisfies the following conditions:

(i) For each x,y € X, there are two open sets U and V of x and y respectively
such that U %V is compact.
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(i) For each x,y € X and for each open set W of x xy and each z € X \ W
there exist two open sets U and V' of x,y respectively such that z ¢ U xV .
Then (X, *,U) is a topological algebra.

Lemma 4.10. Let (A,U) be a locally compact Hausdorff space. Let for any
a€A lg: A—- Abyly(zr) =a®x and Ly : A — A, by Lo(z) = a — = be
continuous maps and for each neighborhood U of 1, a® U be a neighborhood of
a. If for each b € A the operations ©® and — are continuous at (1,b), then for
any x,y € A, there exist U,V € U such that x € U andy € V and U ©V and
U —V are compact.

Proof. Let x,y € A and y € W € U. Since A is locally compact Hausdorff
space, we can assume that W is compact. Since 1 ®@y =yand 1 — y =y
are in W and ® and — are continuous at (1,y), there exist Uy, V € U such
that 1 e Uy, y e V,U; 0V C W and Uy - V C W. Let U = © ® U;. Then
xz € U € U. Now we show that U © V and U — V are compact. For this we
consider the following cases:
Case 1: U ®V is compact:

Since (A, ®) is a monoid, then UOV = x0U;0V C xOW. Since W is compact
and I, : 2 — o ® z of A into A is continuous, 2 ® W is compact. Since (A,U)
is Hausdorff,  ® W is closed. Now by W C W we get that z O W C 2 O W
andsozOW CzOW =2 ®W. Also since [, is continuous,

rOW=1,W)ClL,W)=20W.

Therefore x © W = 2 ® W. This prove that x © W is compact. Since U © V C
2O W, the set U ® V is compact.

Case 2: U — V is compact:
By (Bg), We get that U - V = (2@ U) =V =2— U —=V)Cax—W.
Since W is compact and L, : z — (v — z) of A into A is continuous, so
x — W is compact and closed. Similar to the proof of Case 1, we can prove

that z — W =2 — W. Now  — W is compact and so U — V is compact. [

Lemma 4.11. [1] Let X and Y be locally compact Hausdorff spaces, f be a
separately continuous mapping of X XY to a reqular space Z and (x,y) € X XY
Let W be an open set of f(x,y) and U be an open set of x, then there exists
a non-empty open set Uy in X and an open set V in'Y such that Uy C U and
yeVand f(U xV)CW.

Theorem 4.12. Let (A, —,U) be a locally compact Hausdorff BL-algebra, for
each a € A the mappings l, : © — (a®x) and Ly : © — (a — x) of A into A be
continuous and for any a € A and each open set U of 1, a ® U be an open set
of a. If for any b € A, the operations — and © are continuous at (1,b), then
A = (A,U) is a topological BL-algebra.
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Proof. By Theorem 3.5, it is enough to show that (4, ®,U) and (A, —,U) are
topological BL-algebras. For this we consider the following cases:
Case 1: (A4,®,U) is a topological BL-algebra:

First we prove that (A, ®,U) is a semitopological BL-algebra. Let t Oy € U €
U. Since © is continuous at (1,z ® y), there is a V € U such that 1 € V and
Voxey CU. Now by hypothesis W = V ® x is an open neighborhood of
xz and W ®y C U. This shows that (A, ®,U) is a left topological BL-algebra.
By Proposition 2.4, (A, ®,U) is a semitopological BL-algebra. Now, We prove
that (A, ®,U) satisfies in conditions (¢) and (i7) of Lemma 4.9. By Lemma 4.10,
(A, ®,U) satisfies in conditions (i) of Lemma 4.9. Now, let @y € W € U and
z € A\ W. Since A is a locally compact and so regular we can assume that
z¢W. Since 1® z =z € A\ W and operation ® is continuous at (1, z), there
is an open set H of 1 such that (H ® z) N W = ¢. By hypothesis, H ® z is an
open neighborhood of = and by Lemma 4.11, there are two non-empty sets Uy
and V such that Uy C HOz,y € Vand Uy ©V C W. Since ¢ #U; C H ® «x,
there is a h € H such that h ® x € U;. Since I} is continuous, there isa U € U
such that x € U and h ®© U C U;. Therefore, (h@ U)oV CU; 0V C W and
SO

hoUV=4L,T0coV)CLUV)=hoUoV CW.

But 2 UGV, because if z € UV, then h®©2z€hoOU ®V andso h® z €
W N (H ® z), a contradiction. Hence (A, ®,U) satisfies in condition (i) of
Lemma 4.9. Therefore, (4, ®,U) is a topological BL-algebra.
Case 2: (A4, —,U) is a topological BL-algebra:

First, we show that (A, —,U) is a semitopological BL-algebra. By hypothesis,
since for each a € A, L, is continuous, then (A4, —,U) is a right topological
BL-algebra. Let * — y € U € U. Since by (By4), 1 = (z —my) =2z —yeU
and by hypothesis — is continuous at (1,z — y), there is an open set V of 1
such that V' — (z — y) C U. Now by hypothesis W =V ® z is an open set of
2 and by (Bg)

Woy=Voz)-y=V-o(z—y CU

This show that (A4, —,U) is a left topological BL-algebra. Now, We prove that
(A, —,U) satisfies in conditions (7) and (ii) of Lemma 4.9. By Lemma 4.10,
(A, —,U) satisfies in condition (7) of Lemma 4.9. Similar to the proof of Case
Lletz —yeW el and z€ A\W. Sincel - 2z =zand 1©® z = z are in
open set A\W and since [, and L, are continuous, there are two open sets H;
and Hy of 1 such that H; — 2z C A\W and Ho®z C A\W. Let H = HiNH,.
Then H is an open set of 1 such that

(H—=2)NW=(Hoz)NW = ¢.
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The set H®x is also an open set of x. By Lemma 4.11, there are two non-empty
subsets U; and V such that

UCHGOz,yeV , U -V CW

Since U; C H ® x and Uj is non-empty, there is a h € H such that h©x € Uy.
Since [, is continuous, there is an open set U of x such that h © U C U;. Now
(hoU) -V CU; —V CW and by (Bg) and continuity of I,

h—(U—=V)Ch—(U—-V)=heoU -V CW.

But z ¢ U — V, because if z € U -V, then h - 2 € h - (U—-V CW
and so h — z is in (H — z) N W, a contradiction. Hence (A, —,U) satisfies

in condition (#4) of Lemma 4.9. Therefore, (A, —,U) is a topological BL-
algebra. O

5. CONCLUSION

In this paper we have studied the relationships between the topology and

BL-algebra operations and have introduced (semi)topological BL-algebras. We
have also shown the influences the topological properties on the underlying
BL-algebra structure and vice versa.
Next researches can study (semi)topological quotient BL-algebras, the rela-
tionships between homomorphism and homeomorphism in (semi)topological
BL-algebras. Also they can discuss metrizability, convergency, and many of
the other concepts of topology.
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