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ABSTRACT. In this paper, we consider some special Finsler spaces ob-
tained via Randers-8 change. First, we find the fundamental metric tensor
and Cartan tensor of these metrics. Next, we establish a general formula
for the inverse tensor of fundamental metric tensors of these metrics. Fi-
nally, we find the necessary and sufficient conditions under which these

metrics are projectively flat, and we give examples to support our results.
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1. INTRODUCTION

According to Chern [5], Finsler geometry is just Riemannian geometry with-
out quadratic restriction. Finsler geometry is an interesting and active area of
research for both pure and applied reasons [2]. Though there has been a lot of
development in this area, still there is huge scope of research work in Finsler
geometry. The concept of (a, 8)—metric was introduced by Matsumoto [9] in
1972. For a general Finsler metric F, Shibata [20] introduced the notion of

B-change in F, i.e., F' = f(F, ) in 1984. Recall [6] that a Finsler metric F on
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an open subset U of R™ is called projectively flat if and only if all the geodesics
are straight lines in U.

Current paper is organized as follows:

In section 2, we give basic definitions and examples of Finsler spaces with some
special metrics obtained by Randers-5 change. In section 3, we find fundamen-
tal metric tensors g;; and Cartan tensors C;jx for these metrics. In section 4,
we find a generalized formula for the inverse tensor g¥ of fundamental metric
tensor g;;. In sections 5, we find necessary and sufficient conditions for aforesaid
metrics to be projectively flat, and we give examples to support our results.

2. PRELIMINARIES

Though there is vast literature available for Riemann-Finsler geometry, here
we give some basic definitions, examples and results required for subsequent
sections.

Definition 2.1. Let M be an n-dimensional smooth manifold, T, M the tan-
gent space at x € M, and TM := |_| T, M be the tangent bundle of M whose

zeM
elements are denoted by (z,y), where z € M and y € T, M. A Finsler structure

on M is a function F': TM — [0, 00) with the properties:
e Regularity: F'is C* on the slit tangent bundle TM\ {0} .
e Positive homogeneity: F'(z, \y) = AF(x,y) VA > 0.

1
e Strong convexity: The matrix (g;;) = ([ZFQ} > is positive-
Y'Y /) xn

definite at every point of TM\ {0}.

A smooth manifold M together with the Finsler structure F, i.e., (M, F) is
called Finsler space and the corresponding geometry is called Finsler geometry.

An (e, 8)-metric on a connected smooth manifold M is a Finsler metric
F constructed from a Riemannian metric o = \/a;;(x)y'y’ and a one-form
B = bi(x)y* on M and is of the form F = a¢ (ﬁ> , where ¢ is a smooth

a
function on M. («, 8)-metrics are the generalization of Randers metrics. A lot
of work [3, 13, 14, 17, 18, 22, 23] has been carried out on (a, 8)-metrics. Let
us recall Shen’s lemma [4, 6] which provides necessary and sufficient condition
for a function of « and S to be a Finsler metric.

Lemma 2.2. Let F = ad(s), s = B/a, where ¢ is a smooth function on
(=bo,bo), « is a Riemannian metric and B is a 1-form with ||8|la < bo. Then
F' is a Finsler metric if and only if the following conditions are satisfied:

d(s) >0, ¢(s)—s¢'(s)+ (b —s?)¢"(s) >0, V |s| <b< by.

There are so many classical examples of (a, 8)-metrics, below we mention
few of them:
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Randers metric, Kropina metric, generalized Kropina metric, Z. Shen’s square
metric, Matsumoto metric, exponential metric, infinite series metric.
Recall following definitions:

Definition 2.3. [10] Let (M, F) be an n-dimensional Finsler space and g =
bi(z)y" be a 1-form on M. Then the metric

F=F+p (2.1)
is called Randers changed Finsler metric, and the change defined in (2.1) is

called Randers change.

Definition 2.4. [20] Let (M, F) be an n-dimensional Finsler space and g =
bi(x)y" be a 1-form on M. Then the change F — F = f(F, ) is called §-
change of metric F, where f(F, () is a positively homogeneous function of F
and S of degree one.

Following are some examples of S-change of Finsler metric F":

F—F=F+§ (2.2)
F—F=F?%p (2.3)
F—F=F""/gm™ (m#0. —1) (2.4)
F— F=(F+p)?F (2.5)

Changes (2.2), (2.3), (2.4) and (2.5) are called Randers change, Kropina change,
generalized Kropina change and square change respectively.

Next, we construct some special Finsler metrics via Randers-8 change. Our
further studies will be based on these metrics. Let (M, F') be an n-dimensional
Finsler space and 8 = b;(x)y’ be a 1-form on M. Then, we construct the
following:

(1) Kropina-Randers change of F":

Applying Kropina change and Randers change simultaneously to F,
2

we obtain a new metric F = F + B, which we call Kropina-Randers

change of the metric F.
(2) Generalized Kropina-Randers change of F:
Applying Generalized Kropina change and Randers change simultane-

m—+1
+8 (m #0,—1), which

we call generalized Kropina-Randers change of the metric F.
(3) Square-Randers change of F':

ously to F, we obtain a new metric F = ——

Applying Square change and Randers change simultaneously to F, we

_ F 2
obtain a new metric F = % + 3, which we call square-Randers

change of the metric F.
Recall [11, 21] the following definition:
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Definition 2.5. Let (M, F') be an n-dimensional Finsler space. If
F = %/ai iy i, yry2. ym, with A = a;,4, 4, y"y"...y" symmetric in all
the indices, then F is called m!"-root Finsler metric.

mth-root Finsler metric has applications in Ecology [1]. This metric is gen-

eralization of Riemannian metric as the square root metric is a Riemannian
metric. We will focus on Randers- change of square root Finsler metrics in
this paper. We use following notations in the subsequent sections:

oF _ oF _ 0A 0A ) )
g~ Le gy ~ v g = A i = Av Agiy' = Ao, Agiysy® = Aoy,
B 9B i i B
@ = 51777 87(741 =b; or 51'7 51’2/ = ﬁO? ﬁw%ﬂy = ﬂOjv m; = b; — ﬁyz etc.

3. FUNDAMENTAL METRIC TENSORS AND CARTAN TENSORS
Definition 3.1. Let (M, F) be an n-dimensional Finsler space. The function
Lo
Gij 1= §F = FFyiyj + Fy'iij = hij + &fj
yiyd

is called fundamental metric tensor of the metric F.

Definition 3.2. Let (M, F) be an n-dimensional Finsler space. Then its Car-
tan tensor is defined as

1 0gi; Lo
Cijn(y) = 5 3y’z =1 (F?) s

which is symmetric in all the three indices ¢, 7, k.

For any Finsler metric F, we find fundamental metric tensor and Cartan
tensor for all the metrics constructed in the previous section.
Kropina-Randers change of F' is

_ F?
F=F+5 (3.1)
Differentiating (3.1) w.r.t. y¢, we get
_ 2F F? - ;32
Fy =y = ——b (3.2)
Differentiation of (3.2) further w.r.t. y’ gives
_ 2 2F 2F?
Fyiyi = 3 gij — = (biFyi +bjFy,i) + 5 bib;. (3.3)
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Now,

gij =FF . yiyd +F1F1
F? 2F 2F?
{B+ﬁ}{5 9ij — ﬂQ (bFJ +bF ) ﬁ?’ bzbj}

oF  F2_p | (2F F2_ g2
+ {5Fy - 52ﬂb} {5ij - Wﬂbj}'

Simplifying, we get

2(F* + %) 4F? AF? 34
gij:Tgij_F(be'i‘b‘Fyi) 7 —F,iF; + BT +1) bib;.
(3.4)

Hence, we have following:

Proposition 3.3. Let (M, F) be an n-dimensional Finsler space with F =
2

? + 8 as a Kropina-Randers change of F. Then its fundamental metric tensor
is given by equation (3.4).

Next, we find Cartan tensor for Kropina-Randers changed metric.
By definition, we have
9gi
oyk”

2C'ij (y>

From the equation (3.4), we get

0
202]k‘ a ak (gz])

_ F? ap .
:7(F2 +5) (2Ci5k) + M (hij ylyﬂ) 53 (b ihjk + b; hzk)

32 ;33 2 Ia
_12(BFy, — F°by) (biy; + by L AT AF? (yihjk + yjhix
CL Ia 32 2
8 — F%) yiy; 12 (BF?%y, — F%
+ (/Byk : k) yzy2] + (ﬁ yk5 k) bzbj
B F B
After simplification, we get
L AP+ 3 —4F? 4 —4F% 4
2C; :TQM + hij 55 —5 e + 7Y + i 53 —5bi + G
—4F? 4 12F* B
+ N (ngj + ﬁ2yj> & {b bjbe — g (bibry; + bibjy, + bjbiys)
8° B
~ e Yilithe (Yiy, b5 + yiyibr + yjykbi)}
_ 2(F? 4 B2 2F? 6F*
ik = %Cuk - F (hijmk + hjkmi + hm‘mj) — o Mimjimyg
(3.5)

Above discussion leads to the following:
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Proposition 3.4. Let (M, F) be an n-dimensional Finsler space, with F =
2

7 + B as a Kropina-Randers change of F. Then its Cartan tensor is given by

equation (3.5).

Next, generalized Kropina-Randers change of F' is

_ Fm+1
F= G +8 (m#0,-1). (3.6)
Differentiating (3.6) w.r.t. y¢, we get
Fm Fm+1

Differentiation of (3.7) further w.r.t. y’ gives

_ m m—1
Fyiyj 7(m+ 1)6 F iyd +m(m+ 1) ,Bm Fyiij
(3.8)
m—+1
m(m + 1)5 1 (biFys +0Fyi) +m(m+1) s Gz b;b;.
Now,
gij :FFyzyJ + Fy7Fyg
Ferl Fm mel
:{ g +,B} {(m—i— 1)5 Fyiyi +m(m+1) Fm FyiFy;
Fm Fm+
_m(m+1)5m+1 (biFyi +bjFyi) +m(m + )5m+2bb}
F Fmtl Fm
+{(m+1)ﬂmFyi+(1 5m+1>b}{(m+1)ﬂ Fy;
Fm+1
After simplification, we get
~ F2m mel
gij =(m+1) <ﬂ2m + 5’”_1) 9ij
F2m+1 Fm
2m -1 (39)
F2m+2 Fm+1
+ (1 +m@2m+1)———> FamTa + m(m Uﬁ’”“) bib;.

Hence, we have the following proposition:
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Proposition 3.5. Let (M, F) be an n-dimensional Finsler space with F =
Fm+1

+8 (m#0,-1) as generalized Kropina-Randers change of F. Then its

m

fundamental metric tensor is given by equation (3.9).

Next, we find Cartan tensor for generalized Kropina-Randers changed met-
ric.
By definition, we have

09ij

From the equation (3.9), we get
0

2Cijk = e (9i5)

F2m mel

6F'277172y]C _ F2mbk
621’7’7,-‘,—1

+(m-1)

+ (m+ 1){2m

YilYj
% (h” + F;)

—(m+1) (2m§22:: + (m — 1);:) (bihjk' ;bjhik)
ﬁF2m_1yk _ F2m+1bk
ﬂ2m+2
BEM2y, — Fbk} (biyj + bjyi>
5m+1 F
+(m+1) (2m1;22:: +(m — 1)22_3 (yihik;Qyjhik>
o BF 2y, — F*™by, o BF™ Py, — F™ 'y } Yiyj
ﬂQm—&-l ﬁm F2
BFZmyk _ F2m+2bk
62m+3

mel _ Fm+1

Bmeiiyk _ lebk}
Bm

—m(m+ 1){2(2m +1)

+(m—1)

+(m+1){4m +(m—1)

+m(m + 1){2(2m +1)

+(m—1) Bm+2

After simplification, we get

_ F2m mel
Cijk =(m +1) (5% + ﬂm—l) Cijk

(m+1) Fm-t

2 g™

m Fmtl
-5

Fm+1
<2m 6m+1 + (m - 1)) (hijmk + hjkmi + hkzm])

((Qm +1)(2m+ 2)5::: + (m? — 1)> mim;my.

(3.10)
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The above discussion leads to the following proposition:

Proposition 3.6. Let (M, F) be an n-dimensional Finsler space with F =
F7n+1

+ 5 (m #0,—1) as generalized Kropina-Randers change of F. Then its

m

Cartan tensor is given by equation (3.10).

Next, square-Randers change of F is

_ F 2
F= F+6)7° + 8. (3.11)
F
Differentiating (3.11) w.r.t. y*, we get
- B 2p
F= (1 — i ) Bt (5 +3) e (3.12)

Differentiation of (3.12) further w.r.t. 3/ gives

_ 32 23 23 2

Fy'iyj = (1 — ﬁ Fy'iyj — ﬁ (szyg + bijz) + ﬁFy’LFy‘] =+ szbj (313)
Now,

Gij = przyy + Fysz7

2 2
= {F + % + 35} {(1 - fm) Fyiyi — ;—52 (biFy + biFy:)

232 2

{0 F)nn (BB (o)

Simplifying, we get

_ 3 38° B 4p°  9p°
gij:<1+F—Fg_F4 gij + 3—F—ﬁ (biij+biji>

+( 36 9% 4pt 185 6/62)bibj.

(3.14)
—++)Fyiij+(11++2

F  F3 F4 F F
Hence, we have following;:

Proposition 3.7. Let (M, F) be an n-dimensional Finsler space with F =

(F + B)? : .
—— + B as a square-Randers change of F. Then its fundamental metric

tensor is given by equation (3.14).

Next, we find Cartan tensor for square-Randers changed metric.
By definition, we have
_ gy

2C35k(y) = T
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From the equation (3.14), we get

_ 0 B
2Ck = aF (Gij)

3 4
(1+?’6—%—ﬁ )Cijk:

F JICI
F2bk — Byr)  U(BZF?by — Byr)  ABPF2by, — Byk) Vil
+{ B F5 B F6 (h” T )
3_ Lﬂg B % bihjk + bjhik
3 2 F
1 ﬂQFQbk — ﬁ?’yk) B 18(5F2bk — 52yk) biyj + bjyi
F4 F
36 9ﬁ3 454 yih gk y]hzk
* F4 2
16 53F2bk Bly) | 21(B%F?b, — BPyx)  3(F2by — Byk) \ viy;
+ + 75 - 3 72
18(F2bk — Byr) |, 12(BFby, — f2yi)
+ { Ja2 + Jar bibj.
After simplification, we get
~ 36 35 p
C’L]k‘ (1 + ? - F - F4 Cz’jk
1/3 982 4p° 6.3
+§ <F - ﬁ - ﬁ (hwmk + hjkm,- + hkimj) F + ﬁ mimjmk.
(3.15)

The above discussion leads to the following proposition:

Proposition 3.8. Let (M, F) be an n-dimensional Finsler space with F =
(F+B)?

+ B as a square-Randers change of F. Then its Cartan tensor is

given by equation (3.15).

4. GENERAL FORMULA FOR INVERSE METRIC TENSOR gij OF FUNDAMENTAL
METRIC TENSOR g;;:

Let us put

2(F% + 5?%) 4F3 4F? 3F4
T:Poa _F:pu F:Pw F"‘l:/’s
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in (3.4). Then the fundamental metric tensor g;; for Kropina-Randers changed

2
Finsler metric F = N + [ takes following form
_ Yj Yi Yi Yj
9ij = PoYij + Py (bfj + bjf) + P Psbibs
- y &(b. %) (b» yi) Pr =Py Yili Ps =Py
oo e (o ) (o )+ (2 B (B
i.e.,
_ Yi Yj Yi Yj
g = po{gu+ A (b +5) (b + 2) +u L+ v}, ()
where
A:&7u:uandyzu_ (4.2)
Po Po Po

Similarly, for other two metrics constructed in section two, the fundamental
metric tensors obtained in (3.9) and (3.14) respectively, can be written in the
form of (4.1), where the values of A, u, and v can be computed from (3.9) and
(3.14) respectively.

Next, we find the inverse metric tensor g of fundamental metric tensor g,
for the metric F.

Let
Mij = Gij + A (bi + f) (bj + Fj)
Yi
= gij + Acicy, i =b; + =.
9ij + Acicj c + ja
Define
62 ZgijCiCj
— i (p, &)( . yJ)
g (bl+ ) (b + 2
28
=0+ 41
+ T +
Next,
det m;; = (1 + )\02) det g;;
= Xdet Gij,
where
2 2, 28
X=14+AX"=1+ X b+F+1 . (4.3)
Also,
mil — gij _ e :gij _ iAij
14 A2 X
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where

Al = i
= g"cng’t ey

) ()
(3 vy

Then (4.1) becomes

_ Yi Yj
Gij = Py {mij Jr,uffj +v bibj}-

Further, assume that

nij = mij —+ ‘Ll,didj, dl = %
Define
d? =m"d;d;
g A (i ¥ Y Y\ Y
=qg”7 —— [ V'V +b =+ = =
{9 X( T ETYEY )
A B8\°
=1-=(1+%
$(+7)
Next,
detnij:(1+ud2)detmij
:YXdetgij,
where
3 2
Y=1+pd=1 1-=(1+%5
+ +,u{ X<+F>}
Also,
L/ K dij
" 1+ pd?
_gii = A i _ P
X Y
A Yi Yi\ P i
— g _ Al R/ Rl > 1%}
g X(b’+F)<bJ+F> y B
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where
BY =d'd
= mihdhmjkdk
1 A AR
m{x (e p)) o
1 A B A2 BN\ (i o iy N2 A
(4.8)
From (4.4) and (4.5), we get
Gij = po {nij +v bibj}, (4.9)

Define

B = niib,

A B\? m
= - (VP+5) - =
X < + F ) Y
B A s
—wrE (14 2
FYy X + F

From (4.9), we have

det gi; = p (1 + 1/52) det ngj,

and the inverse metric tensor g¥ of fundamental metric tensor gi; is given by

| g .
gl = — <n” v blbﬂ) . (4.11)
Po 1+ vb?

From (4.7), (4.8) and (4.11), we get

X ouf oA B A2 B\?
Xy<x<”p)+x2<”p))

(yibj + yjbi)

by’ }
(4.12)

where the values of A\, u and v are obtained by (4.2), X by (4.3), Y by (4.6)
and b by (4.10).

Above discussion leads to the following theorem:
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Theorem 4.1. Let (M, F) be an n-dimensional Finsler space. Let F = f(F, 3)+
B be a Finsler metric obtained by Randers-f5 change of a Finsler metric F =

[, B), where o = \/a;;(z)y'y is a Riemannian metric and 8 = b;(z)y’ is a

1-form. If g;; is the fundamental metric tensor of F given by (4.1), then its

inverse fundamental metric tensor g is given by (4.12).

5. PROJECTIVE FLATNESS OF FINSLER METRICS

The notion of projective flatness is one of the important topics in differen-
tial geometry. The real starting point of the investigation of projectively flat
metrics is Hilbert’s fourth problem [8]. During the International Congress of
Mathematicians, held in Paris (1900), Hilbert asked about the spaces in which
the shortest curves between any pair of points are straight lines. The first an-
swer was given by Hilbert’s student Hamel in 1903. In [7], Hamel found the
necessary and sufficient conditions in order that a space satisfying a system of
axioms, which is a modification of Hilbert’s system of axioms for Euclidean ge-
ometry, be projectively flat. After Hamel, many authors (see [3, 15, 16, 19, 24])
have worked on this topic. Here, we find necessary and sufficient conditions
for Randers-/3 changed («, 8)-metrics, namely Kropina-Randers changed, gen-
eralized Kropina-Randers changed, and square-Randers changed metrics to be
projectively flat. For this, first we discuss some definitions and results related
to projective flatness.

Definition 5.1. Two Finsler metrics F' and F on a manifold M are called
projectively equivalent if they have same geodesics as point sets,

i.e., for any geodesic 7(f) of F', there is a geodesic o(t) := &(#(t)) of F, where
t = t(t) is oriented re-parametrization, and vice-versa.

Theorem 5.2. [6, 7] Let F and F be two Finsler metrics on a manifold M.
Then F' is projectively equivalent to F if and only if

leyjyl — ij = 0.

Here, the spray coefficients of both the metrics are related by G* = G* + Py,

zkY

where P = is called projective factor of F.

It is well known that if F is a standard Euclidean norm on R”, then spray
coefficients of F' vanish identically, i.e., G* = 0. As geodesics are straight lines
in R™, we have the following:

Definition 5.3. For a Finsler metric F' on an open subset I/ of R™, the
geodesics of F' are straight lines if and only if the spray coeflicients satisfy

Gi _ Pyz’

where P is same as defined in Theorem 5.2.
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Definition 5.4. [6] A Finsler metric F' on an open subset U of R™ is called
projectively flat if and only if all the geodesics are straight lines in U/, and a
Finsler metric ' on a manifold M is called locally projectively flat, if at any
point, there is a local co-ordinate system (z¢) in which F is projectively flat.

Therefore, by Theorem 5.2 and Definition 5.4, we have

Theorem 5.5. A Finsler metric F' on an open subset U of R™ is projectively
flat if and only if it satisfies the following system of differential equations

sz‘yjyi - Fx]‘ =0.

Firstly, we find necessary and sufficient conditions for F', Kropina-Randers
change of square root Finsler metric F) i.e.,

_ F?
F=—+p
g
to be projectively flat.
Let us put F2 = A in F, then
_ A
F=—+p. (5.1)
g
Differentiating (5.1) w.r.t. %, we get
_ Ay
Fu="5 -5 Ayt B (5.2)
Differentiation of (5.2) further w.r.t. y’ gives
— A Tqud A
_ Haiy
Fmiyj — B ﬁ2 i /82 /Ba: iyl T /32 BZ" 63 ﬁm ﬂ] + ﬁ:v tyd . (53)
Contracting (5.3) with y?, we get
. Aoy AoB; APy A 2A8005;
Fx nyl _ 405 _ O/BJ _ BOJ _ ]BO + 506] +/80j

B (2 (2 B2 63
= % {B*>Aoj — BA0B; — BABo; — BA;Bo + 2ABoB; + B>Bo; } -

From the equation (5.2), we have

A, A 1 9 3
i = — —5Pzi i = —=% ij — A I xd [ -
@ 3 Bgﬂ + 8 53 {5 BBui + B°Bai }

We know that F' is projectively flat if and only if

sl

F$iyjyi — F’Ij = 0. (54)

Substituting the values of inyj y' and F,; in (5.4), and simplifying, we get

A{2B0B; + B (Bzi — 50j)}+{53 (Boj — Bai) + B? (Aoj — Agi) — B (AoBj + Ajﬁo)} =0
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From the above equation, we conclude that F is projectively flat if and only if
following two equations are satisfied:

2B0Bj + B (Bes — Boj) = 0. (5.5)
B3 (Boj = Bai) + B2 (Aoj — Aws) — B (AoBj + Ajfo) = 0. (5.6)
Above discussion leads to the following theorem:

F2
Theorem 5.6. Let (M, F) be an n-dimensional Finsler space with F = F—'_B

as a Kropina-Randers change of square oot Finsler metric F = \/A. Then F
is projectively flat if and only if equations (5.5) and (5.6) are satisfied.
EXAMPLE 5.7. Let M be a surface (plane) embedded in the Euclidean space
R3, i.e., M — R3 by
x=(z!, 2*) = (a1, 2% 2= f(a', 2?)), (5.7)
where f : R?2 = R is a smooth function given by
f@', a?)=pat +qa®+r,

p, q, r are constants. M is the graph of z = f(2!, 2?) with Riemannian metric

[12] a = VA = Vaij(z)yty? induced from R? as follows :
N 1+f1-1 lefw2
R N (5.9

Choose a 1-form 8 = fy' + f.2y? on M.
We obtain Kropina-Randers change of square root Finsler metric F = v/A
as follows:

F=Dip=245=204p
where
a= (14 (fo)2)W")? + 2for fry'v? + (1 + (f22)?) (?)?,
B = foy' + fo2i,
ie.,

a= VI@+p)E)2+2pqyly?+ (1+¢%)(¥2)2,
B=py' +qv

Now, we calculate entities required to check projective flatness of I as follows:

A= =14 ) +2pqy' v+ A+ W2 B=py' +av>.
Azj =0, AO = Ag;ly =0, AOj = Amlyﬂyl =0,
Bei =0, Bo = Buiy' =0, Boj = Agiyiy’ =0, (5.9)
Aj = ij7 ﬁj = /Byja

61:By1:p7 ﬁ2:5y2ZQ7
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Al =Ap =2(14+p*) y' +2p q
AQ:Ay2:2(1+q2) y2+2pqy1.

The conditions (5.5) and (5.6) are clearly satisfied by these entities. Therefore,
the space M with the metric under consideration is projectively flat.

(5.10)

Next, we find necessary and sufficient conditions for F, generalized Kropina-
Randers change of square root Finsler metric F i.e.,

_ Fm+1
F= B +8 (m#0,-1)
to be projectively flat.
Let us put F2 = A in F, then
_ Alm+1)/2
F=—p—+5. (5.11)

Differentiating (5.11) w.r.t. z%, we get

_ m+1 1)/ M (m+1)/2
F,= 25 Am=D/2 4, WA( V285 + Bai. (5.12)

Differentiation of (5.12) further w.r.t. y/ gives

_ _m + 1 -1
m(m +1) (m-1)/2 M (m+1)/2
_ WA( 1/ AgiBj — WA( +1)/ Buiyi
m(m+1) . m(m+1 m
B %’4( 1)/25951'/1]- + (Bm-i-2)BjA( OB+ Baiys-
(5.13)
Contracting (5.13) with y?, we get
_ ; m+1 m—1
Fpiyiy :Wm 3)/2{ﬂ2AA0j + 7ﬁ2A0Aj — mBAAYS;
2 A~ mBABRA, + 2y A2 + — 2 g A 2y

From the equation (5.12), we get

_ m+1
Fri = 2/m+2

2m 2
A(m—S)/Q QAA PR A2 ; e m+2A(—m+3)/2 e
B AA, — BB, + ——p .
Substituting the above values in equation (5.4) and simplifying, we get

mT_lﬁonAj + A{B? (Ao — Ap) —mp (Aoﬁj + BoAz)}

B

+2mA2 {”TH_l (/Bmﬂ 6()]) +6350} 5m+2A( m+3)/2 (BO 7530]) =


http://dx.doi.org/10.61186/ijmsi.18.2.31
http://ijmsi.ir/article-1-1554-en.html

[ Downloaded from ijmsi.ir on 2026-02-19 ]

[ DOI: 10.61186/ijmsi.18.2.31]

Projectively Flat Finsler Spaces with Transformed Metrics 47

From the above equation, we conclude that F is projectively flat if and only if
following four equations are satisfied:

mT_152AOAj = 0. (5.14)

82 (Aoj — Ags) = mB (AoBj + BoA;) = 0. (5.15)
miﬂ (Bzi — Boj) + BjBo = 0. (5.16)

Boj = Bai- (5.17)

Further, from the equation (5.14), we see that

either m =1 or AgA; = 0.

Now, if m = 1, then (5.16) reduces to (5.5) and (5.15), (5.17) reduce to (5.6).
But the equations (5.5) and (5.6) are necessary and sufficient conditions for
Kropina-Randers change of square root Finsler metric to be projectively flat.
Therefore, we exclude the case m = 1 for general case.

Then

AgA; = 0. (5.18)
Also from the equations (5.16) and (5.17), we get
BoB; = 0. (5.19)

Above discussion leads to the following theorem:

Fm+1
+
Bm

Theorem 5.8. Let (M, F) be an n-dimensional Finsler space with F =

B (m # —1,0,1) as generalized Kropina-Randers changed of square root Finsler
metric F = \/A. Then F is projectively flat if and only if equations (5.15),
(5.17), (5.18) and (5.19) are satisfied.

EXAMPLE 5.9. Take surface M, Riemannian metric o, and 1-form 3 as defined
in Example 5.7. We obtain generalized Kropina-Randers change of square root
Finsler metric F = v/A as follows:

Fmtl A(m+1)/2 amt1!

+ﬂ:67m B: ﬁ,n +ﬂ7 (m#_lvoal)

The conditions (5.15), (5.17), (5.18) and (5.19) are clearly satisfied by all the
entities in (5.9) and (5.10). Therefore, the surface M with generalized Kropina-
Randers change of Finsler square root metric is projectively flat.

Next, we find necessary and sufficient conditions for F, square-Randers
change of square root Finsler metric F) i.e.,
(F+B)?

o TP
FoP
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to be projectively flat.
Let us put F2 = A in F, then

2
o Al/2 B
F=AY% 4 7z T 36 (5.20)
Differentiating (5.20) w.r.t. z%, we get
1 1
F.= 5,4*1/2,4367; +28A7Y28,, — 55214*3/214,07; + 38,1 (5.21)

Differentiation of (5.21) w.r.t. 3/ gives
_ 1 1
Fiyi :iA*WAwiyj — ZA*/?AjAwi +2BA7Y2B 0 + 28; A7 2B,
. 1 .
— BAT32 A, B, — 552A*3/2Aziy1 —BBATI2 AL + %52A*5/2AjAmi

+ 353313/]
(5.22)

Contracting (5.22) with y*, we get

_ 1
Fruyy' =7A7)? [2A2Aoj — AA; Ao + 8BA%By; + 8B, A28y — 4BAA,; By

— 262 AAy; — 4BB;AAg + 38%A; Ao + 12A5/250j} .
From the equation (5.21), we get
Fy = iA*E’/Q [2A2Aﬂ 1 8BA%8,; — 28%AA,; + 12A5/25ﬂ] .
Substituting the values inyj y' and F,; in (5.4) and simplifying, we get
3824, A0 + 2A{ B (A, — Aoj) — 2B (A;80 + BjAo) — Aj Ao}
+ 247 {Ao; — Agi + 48580 + 48 (Boj — Bas)} +124°2 {Bo; — B} = 0.

From the above equation, we conclude that F is projectively flat if and only if
following four equations are satisfied:

A;Ag = 0. (5.23)

52 (A — Aoj) - 20 (Ajﬂo + 5j140) —A;A0 = 0. (5.24)
4B (Boj — Bei) + Aoj — Azs + 4880 = 0. (5.25)

Boj = Bas- (5.26)

Above discussion leads to the following theorem:

Theorem 5.10. Let (M, F) be an n-dimensional Finsler space with F =

(F+p5)? : .
—F + B as a square-Randers change of square root Finsler metric F =

VA. Then F is projectively flat if and only if the equations (5.23), (5.24),
(5.25), and (5.26) are satisfied.
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EXAMPLE 5.11. Take surface M, Riemannian metric a;, and 1-form  as defined

in Example 5.7. We obtain square-Randers change of square root Finsler metric
F = /A as follows:

*_(F+5)2 _al/2 B _ §
F=rpm 4 =AYV 4 p 436 =a+ — +36.

One can easily see that the conditions (5.23), (5.24), (5.25), and (5.26) are
satisfied by all the entities in (5.9) and (5.10). Therefore, the surface M with
metric under consideration is projectively flat.
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