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ABSTRACT. By using the integral arithmetic mean and the Lah-Ribari¢
inequality we give the extension of Wulbert’s result from [15]. Also, we
obtain inequalities with divided differences using the Lah-Ribari¢ inequal-
ity. As a consequence, the convexity of higher order for function defined
by divided difference is proved. Further, we construct a new family of
exponentially convex functions and Cauchy-type means by exploring at

linear functionals with the obtained inequalities.
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1. INTRODUCTION

Let f be a continous function on an interval I with a nonempty interior.

Then, define:
A [ f@d ey el x#y,
Wulbert in [15], proved that the integral arithmetic mean F defined in (1.1)

is convex on I? if f is convex on I. Zhang and Chu, in [16], rediscovered (with-
out referring to and citing Wulbert’s result) that the necessary and sufficient

F(x,y) = (1.1)
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condition for the convexity of the integral arithmetic mean F' is for f to be
convex on I.

Let f be a real-valued function defined on the segment [a,b]. The divided
difference of order n of the function f at distinct points zg, ..., z, € [a,b], is
defined recursively (see [1], [10]) by

f[xl] :f(zi)v (i:O,...,n)

and
1y, Zn) — flTo, .., Tn—
f[!l?o,...,xn]:f[ 1) s n] f[ 0 ) nl].
Tp — X0
The value f[xo,...,Z,] is independent of the order of the points xo, ..., Ty,.

The definition may be extended to include the case that some (or all) of the
points coincide. Assuming that fU ’1)(x) exists, we define

_ fU=0(x)
f[xa_tvx]_ (j—l)! . (1.2)

For divided difference the following holds:

flzo, ... zn) = Z 5/(;:)), where w(z) = H(m —z;),
i=0 v j=0

so we have that

= f(zi) .
i=0 H;’LZO,J'#(I@ - ;)

flzo, - xn] =

If the function f has continuous n-th derivative on [a, b], the divided differ-
ence f[xg,...,Z,] can be represented in integral form by

flxo, ..., xn) Z/ fm <Zuz$z> dug ... dun_1,
An i=0

where

n—1
A, = {(u07~--;un—1) DUy ZO,ZW < 1}

=0
and u, =1 — 30" u;.

The notion of n-convexity goes back to Popoviciu ([12]). We follow the
definition given by Karlin ([5]):

Definition 1.1. A function f : [a,b] — R is said to be n-convex on [a, ],
n > 0, if for all choices of (n + 1) distinct points in [a, b], n-th order divided
difference of f satisfies

flzo, ..y xn] > 0.
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In fact, Popoviciu proved that each continuous n-convex function on [a, b]
is the uniform limit of the sequence of n-convex polynomials. Many related
results, as well as some important inequalities due to Favard, Berwald and
Steffensen can be found in [6].

In [3] is proved the following Jensen inequality for divided differences:

Theorem 1.2. Let f be an (n+ 2)-convex function on (a,b) and x € (a,b)" 1.
Then
G(x) = flzo, ..., xn]

is a convezx function of the vector x = (zg,...,x,). Consequently,

f Zaixé,...,Zaixil SZaif[xé,...,x;] (1.3)
i=0 i=0 i=0
holds for all a; > 0 such that Y ;" ja; = 1.

Schur polynomial in n 4+ 1 variables xg, ..., x, of degree d = dy + ... + d,
(d;’s form nonincreasing sequence non-negative integers, i.e. dg > ... > d,,) is
defined as

n

det [w?"‘j ﬂ}

n

1,7=0

S(do,...,dn)(3307 cee ,Cﬂn) = )
det [ x) ]
v li,5=0
The numerator consists of alternating polynomials (they change the sign under
any transposition of the variables) and so they are all divisible by the denomi-
nator which is Vandermonde determinant. Schur polynomial is also symmetric
because the numerator and denominator are both alternating.
Using Schur polynomial and Vandermonde determinant (extended with log-

arithmic function)

1 9 x% ... xo™ ' zePlnlzg
1z x2 ... x™ ! xPIn%ay
V(x;p,q) = det 1 zo 2 ... x" 1 zPIn?z,
1 z, z,2 ... z," ! x,Pln%z,
we obtain:
Proposition 1.3. For monomial function h(x) = z"**, where k > 1 is an
integer, holds
V(x;n+k,0)
h[$0,...,xn} = S(]“O’.._’O)(xo,..‘,l'n):m
N—— y 10y

n—times

Tk—1

n 11
= E E g xilxig"'*xik'

11=01i2=0 i, =0
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For potential function f(x) = 2P = ™ TP~ where p is a real number, holds
V(x;p,0)

V(x;n,0)

Let f(x,y) be a real-valued function defined on I x J (I = [a,b],J =

[c,d]). Then the (I1,l3) divided difference of the function f at distinct points
x0, -2, €1, yo,...,y1, € J, is defined by (see [10])

(] = st

flzo, . an] =

= f([IOa"'axh])[yOa'-'7yl2]
1 2

_ ZZ f(ﬂfiayj) (1.4)

2 2 () 35)

where w(z) = Hi;o(x —x;), wly) = Hl?:o(y =)

Definition 1.4. A function f : I xJ — R is said to be (1, l3)-convex or convex
of order (l1,12) if for all distinct points zg,...,z;, € I,y0,...,Y1, € J,

f[xo7...,le } >0. (1.5)
Yoy -5 Yl

If this inequality is strict, then f is said to be strictly (I, ls)-convex.
Popoviciu in [13] proved the following theorem:

Theorem 1.5. If the partial derivative fiii;l;) of f exists, then f is (l1,l2)-
convez iff
flatl) > (1.6)

aligls =

If the inequality in (1.6) is strict, then f is strictly (l1,l2)-convez.

The well known Lah-Ribari¢ inequality is given in the following theorem (see
[7)):

Theorem 1.6. Let f be a real valued convex function on [m,M]. Then for
m<azp <M, pp>0(1<k<n)and >, _,pr =1 we have

M-z r—m
m

> pf(xi) < =l + oy f(M), (1.7)
k=1

where T =Y} _ PrTk.

The goal of this paper is to give the extension of Wulbert’s result from
[15] and also to obtain inequalities with divided differences using the Lah-
Ribari¢ inequality. As a consequence, we will proof the convexity of higher
order for function defined by divided difference. In the last section, a new family
of exponentially convex functions and Cauchy-type means are constructed by
looking to the linear functionals associated with the obtained inequalities.
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2. INEQUALITIES INVOLVING AVERAGES
The following result is an extension of Wulbert’s results:

Theorem 2.1. Let f be a real valued convex function on [m,M] and F is
defined in (1.1). Then form < zp,yp <M, p, >0 (1 <k <n)and > _, pr =
1 we have
- M- 5(z+7)
F <= 2\ JJ
Zpk (Tk, yi) < M—m
k=1
where T =Y} _, prTi and § =Y 1_; DkYk-
Consequently, for 1y + lo = 2 the integral arithmetic mean (1.1) is (l1,12)-
conver on [m, M]?.

Hz+y) —m

F
(m,m) + 25

F(M, M), (2.1)

Proof. By using the Lah Ribari¢ inequality (1.7) we get:

ZPkF Tk Y) Zpk f (sye + (1 = s)ax)ds
= / Zpkf syk + (1 — 8)zx))ds
M — m/ [ Zpk syr + (1 _S)Ik)] ds
+J\];(ﬁ/[7)n/0 Lz_lpk(syﬁ(l—s)xk) —m] ds

IN

= Afr(TiqM_J\;(T;/ (sg+ (1 —s)z)ds
+M m/ )2)ds ]\J;(ﬁﬂ)n
M3z +3) Yetg) —m

= e Flmm) - B RO M),

Now, if we put n = 2,21 = m,z0 = M,y1 = M,ys = m,p1 = py = %, then
the inequality (2.1) reduces to
F(m, M)+ F(M,m) < F(m,m)+ F(M,M).
Use the definition in (1.4) we get
(M —m)?(F[m, M])[M,m] > 0.

It is known that if this holds for all possible m, M > 0 then F is (1, 1)-convex
function (see [13]).

Wulbert in [15], proved that the integral arithmetic mean F' defined in (1.1)
is convex on [m, M]?, so we have FS:OO) > 0 and FJES;Q) > 0. So, by using
Theorem 1.5 function F' is convex of order (2,0) and (0, 2). O
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Remark 2.2. Theorem 2.1 is a generalization of the Lah-Ribari¢ inequality. For
Tk = Yk, k = 1,...,n the inequality (2.1) recaptures the Lah-Ribari¢ inequality
(1.7).

The following theorem is the integral version of Theorem 2.1:

Theorem 2.3. Let (Q, A, u) be a probability space, o, : Q — [m, M] be
functions from Li(p) and let f be an convex function on [m, M| and F s
defined in (1.1). Then

[ Flat snint < XD Ha+B)—m
. (2.2)
where & = [, a(u)du(u) and B = [, B(u)du(u).

Proof. By using the integral version of Lah-Ribari¢ inequality we get:

/F(a(u) / /f (sB(u) + (1 — s)or(w))dp(u)ds
M — m/ { / Bu )—(1—8)a(u))du(u)} ds
M m / [/ — (1= s)a(u))dp(u) — m} ds

B M — L(a+p) (a+p)—m
= —MQ—m F(m,m)—&—iM_m

IA

N[ =

F(M,M).

3. INEQUALITIES FOR DIVIDED DIFFERENCES

In the following theorem we proof the Lah-Ribari¢ inequality for divided
differences:

Theorem 3.1. Let f be an (n+2)-convez function on [m, M| and x € [m, M|"*1.
Then

Zaif[xé7...,x;] (3.1)

=0
£ (m) M 1 iﬂ? N FO (M) Z”:
nl(M —m) n—l—ljzo / n!(M—-m) [n+1 =

holds for all a; > 0 such that Ei:o a; =1 and T; = Zi o Gi x . Consequently,
forn=1

G(x) = flxo, 1]

is a (l1,l2)-convex function of the vector x = (xg,x1), when Iy + 1y = 2.
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Proof. Using the Lah-Ribari¢ inequality for convex function f("), we have

l l n
S aiflabeeeai) = Yoas [ £ S el | duo .. du
i=0 i=0 Ay, )

n =0 7=0
PRI / M zl: zn: i|dug...d
< — a; UT UQ Up—1
M=m Ja, =0 j=0 "
l n
f(n)(M) / .
— ; il — dug ... du,_
+M—m N ;az;uj% m | dug Up—1
n xn—&-l
(for g(z) = — and h(z) = nt 1)'>
F(m) / -
= M (n) d dity,
M—m A, g Jgo u LUJ UQ Un—1
l n
*Z(h/ (™) Zujsc; dug . ..du,_1
=0 An 7=0

n ]—0
l
f(n)(m) 7 (2 Y2 7 X2
= M—m M- glag, a3, ... 2] ;al hlag, @1, ..., 2y)]

Now, If we put n = 1,20 = m,2y = M,z} = M, 21 = m,a; = ay = % and
fact that f/(z) = f[z,z] = G(x,z), similarly as in Theorem 2.1, we can proof
that function G is convex function of order (1,1).

By using Theorem 1.2 and similarly as in Theorem 2.1, we also can proof
that function G is convex function of order (2,0) and (0, 2). O
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The integral version of Lah-Ribari¢ inequality for divided differences is given
with following theorem:

Theorem 3.2. Let p,g; : @ — [m, M],(i =0,...,n) be functions from Li(u)
and let f be an (n + 2)-convex function on [m, M]. Then

/Q p(@) Flgo @), - . gn () dpu(z)

f (m) 1~ F ()
n!(M —m) [M_ n+1 Zgl] + nl(M — m)

=0

1
— Zgi - 774%2)
i=0
holds for all p(x) > 0 such that [, p(z)du(z) =1 and g; = [, p(x)gi(w)dpu(u).

Proof. Using the integral Lah-Ribari¢ inequality for convex function f(™) we
have the following conclusion

/ p(@)f90(x), - . ga ()] da(z)
Q

/An (/Q (Z uigi(x ) dp(z > dug . .. du, 1
% /A (M - / p(@) <Z “igi(”3>> du(m)) dug ... dun_

IN

(n)
+‘§\47_(A:3 ( ( u;gi(x ) u(x) — m) dug ... dun,_1
f(n) n f(")
- n!(M(zl [ Z ] n\(M —m) n+1zg’_ml'

4. APPLICATIONS TO EXPONENTIAL CONVEXITY

Motivated by inequalities (2.1), (2.2), (3.1) and (3.2), under the same as-
sumptions, we define following functionals:

_ M@ty . 5@ty -—m o~ e[
Oi(f) = = fm) + 2 f(M) ,;yk—xk | fr,
(4.1)
wo(f) = Mo 2OED py ORI,

B(u)
- A(M/( : f(t )dt> dp(u), (4.2)
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o f™m) 1 - £ (M) 1 <
®s(f) = n!(M —m) M_n—|—1j§:;)xj +n!(M—m) n—|—1j§:;)$j_m

l
- Y aiflzh,. .., @] (4.3)
1=0

and

n

(™) (m 1
2alf) = n!J(cM(—azz) [M_n—&-lzgi

i=0

f (M)
n!(M —m)

+

1
nt 1 ;gi - m]
- / p(@)Flg0(@), . gn () dp(z). (4.4)

Similarly as in [11] we can construct new families of exponentially convex
function and Cauchy type means by looking at these linear functionals. Also, we
can proof the monotonicity property of the generalized Cauchy means obtained
via these functionals.

Here we present an example for such a family of functions:

ExampPLE 4.1. Consider a family of functions
Q={fs:(0,00) > R:seR}

defined by
%7 s ¢ {0,1},
folz) = { s(s—1)

ot s =7 € {01}

Here, (f;’;* (z) = 2572 = e(>=2)I"= 5 () which shows that f, is convex for z > 0
2

and s — ‘ih;

get that the mappings s — ®;(fs),7 = 1,2 are exponentially convex. Now we

get:

(x) is exponentially convex by definition. Arguing as in [11] we

1
‘I’i(fS) s=a
(‘E(ﬂ;)) ) s#q,
oo ) oo (FHES +E2), s=ag (o),
a9 = a0
exp *2(1%(;0) +1>7 S:q:O,
i R

where for s # —1,0,1

5(f) = M-1(z+7y) m* Hz+y) -m  M®
Pl M-—m s(s—1) M—m s(s—1)
B 1 z":pky;:Jrl $Z+1
3 —s =70 yp —an
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M-iz+y) 1 i@+y)-m 1

Dq(f- = - 2 9, - 42 4 ., __
1(f-1) M—-—m 2m+ M—m 2M
1 & Inyr — Inaxy
2;“ Yk — Tk
3(Z+7) - m— 3(& +g)
P — 2 1 2
1(fo) T —m nm 4+ 7 —m In M
+ . pkyklnyk—xklnxk 1
= Yk — Tk ’
M —35(z+7) 3@ +7) -
_ 2
o(f1) = T —m -mInm + 2 T —m -MInM
1o~ w2l 2] 1
— SN p VT TR | Dz ).
24 Yk — Tk 4

For similarly results for Jensen’s inequality involving averages of convex
functions see [2] and [4].
For a family of functions

Q:{fss((),oo)%R:seR}

defined by
folw) = Ty SE0 Lt
° (_1)n+1{j1;11($n+1_j)!5 5:] S {Ovla"'7n+1}7

analogous as above it is easy to prove that s — ®; ( fs) (i = 3,4) are exponen-

tially convex. In this case, we get fis q (<I>Z-7 Q) (i = 3,4) as follows

( f) s 7 4,

ﬂs’q (@Z’ Q) _ ( n+1(n+1)‘q> (fofs )+Zn+1 k‘is) , s=4q ¢ {O7 1, ey

exp <( 1)n+1(n+1)'<1> (fofs) +Zn+1 1 ) , s=gq¢ {O, 1, cn+ 1}.

2%, (fs) E—s

P M-—3@+9) me" 3@ +g) —m M

M—-m n!(s—n)(s—(n+1))+ M-m nal(s—n)(s—(n+1))
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For s =j € {0,1,...,n+ 1} we have
n—1n—1

fgn)(x): = . ZH]— E)ai~™ ”—i—H]—Z:ﬂ "lnax

i
(=)™ il (n+ 1 - j)! i=0 k=0

k#i
So, for s =j € {0,1,...,n—1}

o M-L1@+y mim L@+gp-m Mih o1 O V(R
Ds(f:) = 2 . 2 . — , :
3(fa) M—-—m n! * M—m n! kl;[oj ; V(x%,n,0)
and for [ € {0,1}

l n—1
®3(fart) = (-1 M@y T[S et + )
A M —m n!

1
z+y) —-m M! [Z?o T 1+lnM}
M —m n!

n+1

V(xi,n+1,1)
_Hn—i—l—kz V(xt,n,0) °

For similarly results for Jensen’s inequality for divided differences see [8] and
[14]. See also [9].
®,; (i =1,2,3,4) are positive, so then there exists &, §; € [m, M] such that

o ®ilf) L %()
TRy TR ST

Since the function & — €779 and & ~ £779 are invertible for s # ¢, we have

 i=3,4.

. s% (I)z .]Es o

) P (10}
D, (fq) P, (fq)

which together with the fact that ps 4 (®;, Q) and fis 4 (<I>,», fl) are continuous,

symmetric and monotonous, shows that s o (®;,Q) and fis 4 (<I>i, Q) are means.
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