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We compare them to each other and with the class of continuous ho-
momorphisms. So, two topologies are presented on them and we de-
termine some properties on domain and range spaces led to Bourbaki-
completeness some of these classes of homomorphisms with the given
topologies. At the end of this note we focus on n-compact homomor-

phisms and B-compact homomorphisms briefly.
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1. INTRODUCTION

Boundedness is one of the most important tools in the study of metric spaces.
According to this, it has been tried to develop this concept on topological spaces
which are similar to the metric spaces such as uniform spaces and topological
groups. Boundedness in uniform spaces and topological groups can not be de-
fined as boundedness in metric spaces. So, some new boundedness such as to-
tally boundedness and Bourbaki-boundedness are defined in the metric spaces
which can be generalized to uniform spaces and topological groups. Totally
bounded subsets and Bourbaki-bounded subsets of metric spaces are bounded.
While the reverse inclusions are not true in general. For instance if we consider
in R the 0 — 1 discrete metric d, then every subset is bounded but only the
fnite ones are totally bounded and Bourbaki-bounded. Morever the class of
all totally bounded subsets and the class of all Bourbaki-bounded subsets of
uniform spaces and topological groups are bornology. In recent years many
research has been done on totally boundedness and Bourbaki-boundedness in
uniform spaces and topological groups [2,5,6,7,9,11,12,13,14,15]. Atkin [2]
has proved that Bourbaki-boundedness in topological vector spaces is equiva-
lent to the Von Neumann-boundedness. Troitsky [18] and Hejazian et al. [11]
have studied some classes of operators on topological vector spaces from the
perspective of Von Neumann-boundedness. Kocinac and Zabeti [17] have tried
to discuss similar concepts on topological groups.

In this note we investigate some topological properties of group bounded sets
and Bourbaki-bounded sets. Also we introduce two types of homomorphisms on
topological groups, G and H, from the perspective of Bourbaki-boundedness,
including, n—Bourbaki-bounded homomorphisms and B—Bourbaki-bounded
homomorphisms. We compare them to each other and with the class of con-
tinuous homomorphisms. So, two topologies are presented on homomorphisms
between the topological groups G and H. We determine some properties on
domain and range spaces led to Bourbaki-completeness some of these classes
of homomorphisms with the given topologies. At the end of this note we focus
on n-compact homomorphisms and B-compact homomorphisms briefly.

Recall that, a subset B of a topological group G is called Bourbaki-bounded
if for each neighborhood U of the identity element eq there exist a positive
integer n and a finite collection of points z1, zo, ..., xx in the group G such that
B C Ule 2;U™. In this definition, if n = 1, then B is called totally bounded
and if k = 1, then B is called gruop bounded.

All topological groups in this note are assumed to be Hausdorff and Abelian.

2. GROUP BOUNDED SETS AND BOURBAKI—BOUNDED SETS

In this section we investigate some topological properties of group bounded
sets and Bourbaki-bounded sets.
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Totally boundedness and Bourbaki-boundedness alone do not imply group
boundedness. For example, finite sets with more than one member in dis-
crete topological groups are totally bounded and so are Bourbaki-bounded but
they are not group bounded. In this respect, the following proposition can be
expressed:

Proposition 2.1. Any Bourbaki-bounded, connected topological group is group
bounded. In particular, any totally bounded, comnected topological group s
group bounded

Proof. Let G be a Bourbaki-bounded, connected topological group, and let U
be a neighborhood of the identity element eg. Choose symmetric neighborhood
V of eq with V2 C U. Then by the assumed Bourbaki-boundedness of G, there
exists a positive integer n and a finite set A C G such that G = AU™, where
AU™ = U,eazU™. If {A1, Ao} is any partition of A (Ay # 0, Ay # (), then
by the assumed connectedness, A; V™ () AoV"™ # (). Now, we prove the group
boundedness of G. For this purpose, let =,y be two arbitrary points of G and
x be a fix point. Without loss of generality, let x € £, V"™, where x; € A. If
y € 21 V"™ then

yr~l e xlvn(xlw)*l = xlelen =V cU"=yeaU"

If y ¢ x1V™, choose the point x5 in A such that x5 # x1 and 1 V"™ (2 V"™ # (.
Choose z1 € 2 V"™ (a2 V™. If y € 25V™ then

yr~t = yzflzlelxlx_l e U =y caU,
If y ¢ 25V™, choose the point z3 in A such that z3 # x1, 3 # xo and
(1 VP JzaV*) N x3V"™ # 0. Choose 2o € (z1 V" |Jz2V™)(23V™. By con-
tinuing this process, we obtain a sequence y, 21,21, 22, ...Tm, T of point such
that

yrt =y e e zg b mpa Tt € UREIN oy € U RERn,

This implies the group boundedness of G. g

In general, every compact subset C of a topological group G is not group
bounded. According to the following proposition, it’s necessary that C' must
be a component of some x € G.

Proposition 2.2. Let x be an arbitrary point of topological group G and C,
be it’s component in G. If C, be compact, then it is group bounded.

Proof. According to [8, p.163], the component C, of z in topological group G
is as Cp = (Cy,u, where U is a neighborhood of eg and Cp v = oo, U™,
Since for every natural number n, U™ C U"*! and C, is campact, there exists
a natural number k such that C, C zU* and so it is group bounded. (]
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Proposition 2.3. Let G be a topological group and H is a subgroup of G. If
H and G/H are Bourbaki-bounded, then G is also.

Proof. Let U be an arbitrary neighborhood of the identity element eg. Put
V .= U N H. Bourbaki-boundedness of H implies that there exist a positive
integer m and a finite collection of points x1,%s,...,2; € H such that
HC Ui:l x; V™. Also Bourbaki-boundedness of G/H implies that there exist
a positive integer n and a finite collection of points [y1], [y2], ..., [y:] € G/H
such that G/H C U§:1[?Jz](G/H)n Now, let = be an arbitrary element in G.
If x € H, then there exist 1 < ¢ <[ such that

x €z, V™ C ;U™ C g, U™,
If ¢ H, then
¢
o] =«H € G/H c | Jl(U/H)"
j=1
and so vH € [y;]J(U/H)" for some 1 < j < t and therefore, there exist
U1, U3, ..., Uy € U such that
oH = y;Houyug. v H = y;.uup. un H

and so
l
x€y;U"H Cy;U" U z; V™
i=1

|
-

«/L'zy.] U'rl V’Hl

i=1

N
-

—

ZiYj urum™

(2

= U xiijm—&-n

<.
[

3. BOURBAKI—BOUNDED HOMOMORPHISMS

In this section we introduce two types of homomorphisms on topological
groups from the perspective of Bourbaki-boundedness. We compare them to
each other and with the class of continuous homomorphisms.

Definition 3.1. A homomorphism 7" from a topological group G to a topo-
logical group H is said to be

(1) n—Bourbaki-bounded if there exists a neighborhood U of e¢ such that
T(U) is Bourbaki-bounded in H.

(2) B—Bourbaki-bounded if for every Bourbaki-bounded set B C G, the
set T'(B) is Bourbaki-bounded in H.
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The class of all n—Bourbaki-bounded homomorphisms (B—Bourbaki-bounded
homomorphisms) from a topological group G to a topological group H is de-
noted by Hom,p(G,H) (Hompp(G,H)). Also we denote by Hom.(G, H)
the class of all continuous homomorphisms from a topological group G to a
topological group H.

Proposition 3.2. For topological groups G and H the following holds:
Hom,p(G,H) C Hompp(G, H).

Proof. Let T : G — H be an n—Bourbaki-bounded homomorphism. Then
it is B—Bourbaki-bounded. Suppose B is a Bourbaki-bounded set in G. We
prove that T'(B) is Bourbaki-bounded in H. Since T' is n—Bourbaki-bounded,
there exists a neighborhood U of eg such that T'(U) is Bourbaki-bounded in
H. Bourbaki-boundedness of B implies that B C Ule ;U™ for some positive
integer n and a finite collection of points z1,z9,....,xx € G. Now let V be
an arbitrary neighborhood of ey. Bourbaki-boundedness of T'(U) implies that
there exist a positive integer m and a finite collection of points y1,y2,...,y; € H
such that T'(U) C ngl y; V™, and therefore
k k

7(B) c T(|Jz:U™) = | T(x:)T(U)"

i=1 i=1

E

c T(xi)(U yiVr"

7

J
U Yiy Y, an)

i1,enyin=1

I

(.
|
8

-
Il
_

J

Ty, in=1

I
C~=

.
Il

This implies that T'(B) is Bourbaki-bounded set in H. O

Proposition 3.3. For topological groups G and H the following holds:
Hom.(G,H) C Hompgp(G, H).

Proof. Let T : G — H be a continuous homomorphism. Then it is B—Bourbaki-
bounded. Suppose B is a Bourbaki-bounded set in G. We prove that T'(B) is
Bourbaki-bounded in H. Let V be an arbitrary neighborhood of ef;. There ex-
ists a neighborhood U of e such that T'(U) C V. Bourbaki-boundedness of B
implies that B C Ule ;U™ for some positive integer n and a finite collection
of points x1, za, ...,z € G. Therefore
k k E

T(B) c T(|Jz:U™) = | T(@)T(U)" C | T(xi)V".
i=1 j

i=1
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This implies that T'(B) is Bourbaki-bounded set in H. O

Corollary 3.4. Let B be a Bourbaki-bounded subset of topological group G and
H is a subgroup of G. Then B/H is Bourbaki-bounded subset of G/H.

Recall that, a topological group G is said to be locally Bourbaki-bounded if
there exists a Bourbaki-bounded neighborhood of eg.

Note that, if G is a locally Bourbaki-bounded topological group, then
Hom,p(G,H) = Hompp(G, H).
The inclution Hom,5(G,H) C Hompp(G, H) was expressed in proposition
3.2. To prove the inclution Hompg(G,H) C Hom,g(G,H),let T : G — H be
a B—Bourbaki-bounded homomorphism. Consider U as a Bourbaki-bounded
neighborhood of eg. Then T(U) is Bourbaki-bounded in H and so T is
n—DBourbaki-bounded.

Also note, the topological group G is locally Bourbaki-bounded if and only
if the identity homomorphism i : G — G is n—Bourbaki-bounded. For, let G
be a locally Bourbaki-bounded topological group. Consider U as a Bourbaki-
bounded neighborhood of e;. Then i(U) = U is Bourbaki-bounded in G and so
1 is n—Bourbaki-bounded. Conversely, if the identity homomorphism i : G — G
is n—Bourbaki-bounded, then there exists a Bourbaki-bounded neighborhood
U of eg such that i(U) = U is Bourbaki-bounded in G and so the topological
group G is locally Bourbaki-bounded.

Note that the converse of proposition 3.2 is not true as the following example
shows.

EXAMPLE 3.5. Let G be an infinite countable topological group and H be a
locally Bourbaki-bounded but not Bourbaki-bounded topological group. Con-
sider the topological group Hom(G, H) with the topology of pointwise conver-
gence and with the operation of pointwise multiplication such that Hom(G, H)
is an infinite group. Since the topology of pointwise convergence on Hom(G, H)
coincides with the topology of a subspaces of the cartesian product [], . Ha
where H, = H for every x € G and since all open sets in [[, . H, are in
the form HweG Wy, where W, is an open subset of H, and W, # H, only for
finitely many x € G, the topological group Hom(G, H) is not locally Bourbaki-
bounded. Now, the identity homomorphism 1g4,,(q,m) on Hom(G, H) is
B—Bourbaki-bounded but it is not n—Bourbaki-bounded since Hom(G, H) is
not locally Bourbaki-bounded. Note, if the group Hom(G, H) is finite then
it is locally Bourbaki-bounded and so the assumption |Hom(G, H)| = oo is
necessary.

Nevertheless, unlike in the case of bounded operators on topological vector
spaces, there is no more relation between continuous homomorphisms on topo-
logical groups and Bourbaki-bounded ones. The following example shows this
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fact. Before presenting the example, note that there are many spaces which are
Bourbaki-bounded. For example we can assume S with the topology inherited
from complex number, as a Bourbaki-bounded topological group.

EXAMPLE 3.6. Let (G, T;q) be the indiscrete topological group and let (G, T)
be a Bourbaki-bounded topological group. Now, consider the identity homo-
morphism i : (G, Tiq) — (G, T). This homomorphism is not continuous since
the inverse image of each open set in (G, 7)) is not open set in (G, T;4) but it is
n—Bourbaki-bounded since G is open set in (G, T) and i(G) = G is Bourbaki-
bounded set in (G, T) and also it is B—Bourbaki-bounded since every subset
of a Bourbaki-bounded topological group is Bourbaki-bounded.

4. BOURBAKI—COMPLETENESS OF HOMOMORPHISM SPACES

Let G and H be two topological groups. For every two homomorphisms T,
S in Hom(G, H) define T'S, T~! by

TS(z) :=T(z)S(z) and T '(x):= (T(x))™*, z€G.

Clearly, Hom(G, H) with these operations, forms a group with constant map-
ping F : G — H defined by E(z) = egy as the identity element. Also it is easy to
see that Hom,,p(G, H), Hompp(G, H) and Hom.(G, H) are subgroups of the
group Hom(G, H). Now we equip the group Hom(G, H) with two topologies:
One of them is Bourbaki-bounded—open topology which introduced by Hejec-
man in [12]. Bourbaki-bounded—open topology on Hom(G, H) is the topology
generated by the subbase consisting of all sets M(B,V) = {T € Hom(G, H) :
T(B) C V}, where B is an arbitrary Bourbaki-bounded subset of G and V is
an arbitrary neighborhood of ey in H. Another one is the famous topology
of uniform convergence. According to the following propositions, Hom(G, H)
with each of these topologies forms a topological group. We can assume these
topologies as subspace topology on the families Hom,,5(G, H), Hompg(G, H)
and Hom.(G, H).

Proposition 4.1. The group Hom(G, H) ‘s a topological group with respect to
the topology of uniform convergence.

Proof. We must prove that the operations of multiplication and inversion are
continuous. First, let {Tu}tacr, {Sa}tacr are two nets in Hom(G, H) which
are convergent to homomorphisms 7', S respectively. Let W be an arbitrary
symmetric neighborhood of ef;. Choose a neighborhood V of ey with V2 C W.
There exist a1, ap € I such that for each a > ay, T,T~!(z) € V foreveryz € G
and for each o > ag, S, S~1(x) € V for every x € G. Choose ag with oy > oy
and ag > as. Now, for each a > ayg,

(ToSa)(TS) M) = (T T (2))(SaS™ () € VEC W.
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This implies the continuity of multiplication operation. Also, since for suffi-
cently large o, T, T~ (x) € W for every z € G and W is symmetric neighbor-
hood, then,

(I5'T)(2) = (TaT ™ (2)) ' €W

for every z € GG. Therefore the operation of inversion is continuous. O

Proposition 4.2. The group Hom(G, H) ‘s a topological group with respect to
the Bourbaki-bounded—open topology.

Proof. We must prove that the operations of multiplication and inversion are
continuous. First, let {Tyu}tacr, {Sa}tacr are two nets in Hom(G, H) which
are convergent to homomorphisms 7', S respectively. Fix a Bourbaki-bounded
set B C G. Let W be an arbitrary symmetric neighborhood of ey. Choose a
neighborhood V of ey with V2 € W. There exist a1, o € I such that for each
a>ay, T,T~1(B) C V and for each a > ag, S5, S~ 1(B) C V. Choose o with
agp > aq and ag > as. Now, for each a > «g,

(TuS2)(TS) ™ (B) € (TLT~1(B))(SuS™(B)) € V2 C W.

This implies the continuity of multiplication operation. Also, since for suffi-
cently large o, T,T~1(B) C W and W is symmetric neighborhood, then,

(T;'T)(B) € (T.TH(B))™" C W.
Therefore the operation of inversion is continuous. O

In this section we investigate whether or not each class of homomorphisms
with the appropriate topologies is Bourbaki-complete. Also at the end of this
section we focus on n—compact homomorphisms and B—compact homomor-
phisms briefly.

Definition 4.3. A net {T, }aes in the topological group Hom(G, H) is called
Bourbaki-Cauchy if for every neighborhood V of the identity element ey there
exist a positive integer m and «g € I such that for each a, 8 > «y, TaTﬁ_l(:c) €
V™ for every z € G.

Since Hom (G, H), the set of continuous group homomorphisms, is closed
with the topology of uniform convergence, the following lemma is trivial.

Lemma 4.4. Let {T,}acr be a net of continuous homomorphisms and let S
be a cluster point of this net in the uniform convergence topology. Then S is
also a continuous homomorphism.

Lemma 4.5. Let {To}acr be a net of B—Bourbaki-bounded homomorphisms
and let S be a cluster point of this net in the uniform convergence topology.
Then S is also a B— Bourbaki-bounded homomorphism.


http://dx.doi.org/10.52547/ijmsi.17.2.45
http://ijmsi.ir/article-1-1318-en.html

[ Downloaded from ijmsi.ir on 2025-11-03 ]

[ DOI: 10.52547/ijmsi.17.2.45 ]

Homomorphisms on topological groups from the perspective of Bourbaki-boundedness 53

Proof. 1t is easy to prove that S is an algebraic homomorphism. We prove
that S is B—Bourbaki-bounded. Let V' be an arbitrary neighborhood of eg
and B be a Bourbaki-bounded set in G. Since S is a cluster point of the net
{Tw}aer, there exist a subnet {Sg}ses of the net {T,}aer and By € J such
that for each 8 > S, Sﬁ_IS(m) €V for every z € G. Fix 8 > . Since S3 is
a B—Bourbaki-bounded homomorphism, there exist a positive integer n and a
finite collection of points y1,ys, ..., yx € H such that Sg(B) C Ule y; V™, and
therefore

k k
SB) c Ss(B)V C (| JuiV")V = [JwV"t
i=1 i=1
This implies that S is B—Bourbaki-bounded. O

Lemma 4.6. Let G be a locally Bourbaki-bounded topological group. Let {Ty}acr
be a net of continuous homomorphisms and let S be a cluster point of this net

in the Bourbaki-bounded—open topology. Then S is also a continuous homo-

morphism.

Proof. 1t is easy to prove that S is an algebraic homomorphism. Let us prove
it’s continuity at zero. Let U be a Bourbaki-bounded neighborhood of e and
let W be a neighborhood of ef;. Choose a neighborhood V of ey with V2 C W.
Since S is a cluster point of the net {T}, }.cr, there exist a subnet {Sg}gcs of
the net {T, }aer and By € J such that for each B > By, SzS~1 € M(U,V).
Fix 8 > py. Since Sg is a continuous homomorphism, there exists U; C U such
that Sg(Uy) C V, and therefore

S(Uy) € Ss(Uh)V c VECW.
This implies that S is continuous. O

Lemma 4.7. Let {To}acr be a net of B—Bourbaki-bounded homomorphisms
and let S be a cluster point of this net in the Bourbaki-bounded —open topology.
Then S is also a B— Bourbaki-bounded homomorphism.

Proof. 1t is easy to prove that S is an algebraic homomorphism. We prove
that S is B—Bourbaki-bounded. Let V' be an arbitrary neighborhood of ey
and let B be a Bourbaki-bounded set in G. Since S is a cluster point of the
net {Tn}aecr, there exist a subnet {Sg}gey of the net {T,}aer and By € J
such that for each 8 > By, SzS~! € M(B,V). Fix 8 > [By. Since Sp is a
B—Bourbaki-bounded homomorphism, there exist a positive integer n and a
finite collection of points y1, Y2, ..., yx € H such that Sz(B) C Ule y; V", and
therefore

k k
S(B) c Ss(B)V c (| JuwiV")V = [JwV"t
i=1 i=1
This implies that S is B—Bourbaki-bounded. O
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The class Hom,p(G, H) can contain a Bourbaki-Cauchy net that it is not
clusters, i.e it has not any subnet whose limit is an n—Bourbaki-bounded ho-
momorphism. On the other word, Hom,p(G, H) is not Bourbaki-complete in
the assumed topology. The following example shows this fact:

EXAMPLE 4.8. Let Hom(G, H) be as in example 3.5. Consider the sequence
of homomorphisms T}, : Hom(G,H) — Hom(G, H) with T,,(f) = g, where g
is a homomorphism in Hom(G, H) as follows:

g(x1) = f(z1)
g(w2) = f(x2)

9(xn) = f(zn)
9(Tnt1) =em

9(Tny2) =en

Each T, is n—Bourbaki-bounded homomorphism. For, let V' be a Bourbaki-
bounded neighborhood of ey and U, be a neighborhood of e om () defined
by,
U, ={f € Hom(G, H) : f(x,) " f(x;) €V, i=1,2,..,n}.

Then, it’s easy to see that T, (U,,) is Bourbaki-bounded set in Hom(G, H). On
the other hand it’s easy to see that the sequence {T,}nen is convergent to
the identity homomorphism 1z om(q,m) on Hom(G, H). But we have seen in
Example 3.5 that 1pom(q,m) 18 not n—Bourbaki-bounded.

Now, we are going to find some conditions under which each class of consid-
ered homomorphisms is topologically Bourbaki-complete.

Definition 4.9. A group G is said to be Bourbaki-complete if every Bourbaki-
Cauchy net in G clusters (i.e, it has some convergent subnet).

Theorem 4.10. Let H be a Bourbaki-complete group. Then Hom.(G,H) is
Bourbaki-complete with respect to the topology of uniform convergence.

Proof. Let {T,}acr be a Bourbaki-Cauchy net in Hom,.(G, H). Then for every
x € G, {Tu(x)}aer is a Bourbaki-Cauchy net in H. Since H is a Bourbaki-
complete group, by definition 4.9, the net {T,(z)}.cr clusters and so it has
some convergent subnet in H. Let {Sg(z)}ges be a convergent subnet of
the net {To(x)}aer in H. Put S(z) := lim So(z). By lemma 4.4, S is also
a continuous homomorphism. Let W be an arbitrary neighborhood of ep.
Choose a neighborhood V of ey with V2 C W. Since {Sz(z)}ges is a cauchy
net in H, there exists By € J such that for each 8,7 > Sy, SgS;l(x) e V for
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every # € G. On the other hand for sufficiently large v, S;'S(x) € V, and
therefore for each 8 > [y,

SS~H(x) = SBS;l(J;)SW(x)S_l(x) cVicw,

i.e the subnet {Sg}ges of the net {T,}aer is convergent. This completes the
proof. O

Theorem 4.11. Let H be a Bourbaki-complete group. Then Hompg(G, H) is
Bourbaki-complete with respect to the topology of uniform convergence.

Proof. Let {T,}aer be a Bourbaki-Cauchy net in Hompp(G,H). Then for
every © € G, {T,(x)}aer is a Bourbaki-Cauchy net in H. Since H is a
Bourbaki-complete group, by definition 4.9, the net {7, (2)}aer clusters and
so it has some convergent subnet in H. Let {Sg(x)}ges be a convergent subnet
of the net {T,(z)}aer in H. Put S(z) := lim S, (z). By lemma 4.5, S is also
a B—Bourbaki-bounded homomorphism. Let W be an arbitrary neighborhood
of ey. Choose a neighborhood V' of ey with V2 C W. Since {Sz(z)}ses
is a cauchy net in H, there exists By € J such that for each 8,7 > B,
SpS ! (x) € V for every € G. On the other hand for sufficiently large -,
S1S(x) € V, and therefore for each 8 > fy,

S8~ (x) = SgS;l(x)S’v(x)S_l(a:) evicw,

i.e the subnet {Sg}ges of the net {T,}aer is convergent. This completes the
proof. O

Theorem 4.12. Let G be a locally Burbaki-bounded group and H be a Bourbaki-
complete group. Then Hom.(G, H) is Bourbaki-complete, with respect to the
Bourbaki-bounded— open topology.

Proof. Let {Ts}acr be a Bourbaki-Cauchy net in Hom,.(G, H). Then for every
xz € G, {Tu(x)}aer is a Bourbaki-Cauchy net in H. Since H is a Bourbaki-
complete group, by definition 4.9, the net {T,(z)}aer clusters and so it has
some convergent subnet in H. Let {Sg(z)}ges be a convergent subnet of
the net {T(2)}aecr in H. Put S(x) := lim Sy(x). By lemma 4.6, S is also
a continuous homomorphism. Let W be an arbitrary neighborhood of ey.
Choose a neighborhood V' of ey with V2 Cc W. Also let B be a Bourbaki-
bounded set in G. Since {S3(z)}ge is a cauchy net in H, there exists Sy € J
such that for each 3,7 > By, SBS;l(x) € V for every x € B. On the other
hand for sufficiently large v, S;'S(z) € V for every z € B, and therefore for
each 3 > fo,

SS~H(x) = SBS;l(x)SW(x)S_l(a:) cV2CcW; YxeB.

This implies that SgS~! € M(B,W), i.e the subnet {Sz}ses of the net
{Ta}aer is convergent. This completes the proof. O
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Theorem 4.13. Let H be a Bourbaki-complete group. Then Hompg(G, H) is
Bourbaki-complete with respect to the Bourbaki-bounded— open topology.

Proof. Let {Ty}acr be a Bourbaki-Cauchy net in Hompp(G, H). Then for
every * € G, {To(x)}aer is a Bourbaki-Cauchy net in H. Since H is a
Bourbaki-complete group, by definition 4.9, the net {7, (z)}aer clusters and
so it has some convergent subnet in H. Let {Sg(x)}ges be a convergent subnet
of the net {To(x)}aer in H. Put S(z) :=lim S, (x). By lemma 4.7, S is also a
B—Bourbaki-bounded homomorphism. Let W be an arbitrary neighborhood of
er. Choose a neighborhood V of ey with V2 C W. Also let B be a Bourbaki-
bounded set in G. Since {Sg(z)}ges is a cauchy net in H, there exists Sy € J
such that for each 3,7 > By, SﬁS;l(m) € V for every x € B. On the other
hand for sufficiently large v, S;'S(x) € V for every x € B, and therefore for
each 5 > fo,

SgS~H(x) = Sgsgl(x)Sfy(x)Sfl(x) cV2CcW; YxeB.

This implies that SgS~' € M(B,W), i.e the subnet {Sz}ges of the net
{Tw}acr is convergent. This completes the proof. O

Note that when the group G and H has the same conditions in the above
theorems, then Hom,,5(G, H) might fail to be a Bourbaki-complete topological
group. For, look Example 3.5 and Example 4.8.

Definition 4.14. A homomorphism 7' from a topological group G to a topo-
logical group H is said to be

(1) n—compact if there exists a neighborhood U of eg such that T'(U) is
compact in H.

(2) B—compact if for every Bourbaki-bounded set B C G, the set T(B) is
compact in H.

Lemma 4.15. Every closed subset of Bourbaki-complete topological group, is
Bourbaki-complete.

Proof. Let G be a Bourbaki-complete topological group and B C G be a closed
subset of G. If {z,}aecr be a Bourbaki-Cauchy net in B, then it is Bourbaki-
Cauchy net in G. Since G is Bourbaki-complete, by definition 4.9, it has some
convergent subnet as {ys}ges . Let {yg}ges is convergent to y. The subnet
{ys}pes is in B and since B is a closed set, it contains y. Therefore the subnet
{yg}pes is convergent in B. This implies Bourbaki-completeness of B. O

Theorem 4.16. Let T be an n—Bourbaki-bounded homomorphism from topo-
logical group G to topological group H. If H is Bourbaki-complete, then T is
n—compact.
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Proof. Since T is an n— Bourbaki-bounded homomorphism, there exists a neigh-
borhood U of eg such that T(U) is Bourbaki-bounded set in H. Bourbaki-
boundedness of T'(U) implies the Bourbaki-boundedness of T'(U). Since H is a
Bourbaki-complete topological group, by lemma 4.15, T(U) is also Bourbaki-

complete. Now, by using [15 , Theorem 17], proof is hold. O

Theorem 4.17. Let T be a continuous homomorphism from topological group
G to topological group H. If H is Bourbaki-complete, then T is B—compact.

Proof. Let B be a Bourbaki-bounded subset of G. By proposition 3.3, T'(B)
is Bourbaki-bounded set in H. Bourbaki-boundedness of T'(B) implies the
Bourbaki-boundedness of T(B). Since H is a Bourbaki-complete topologi-

cal group, by lemma 4.15, T'(B) is also Bourbaki-complete. Now, by using
[15 , Theorem 17], proof is hold. O

Corollary 4.18. Let T be a B—Bourbaki-bounded homomorphism from topo-
logical group G to topological group H. If H is Bourbaki-complete, then T is
B—compact.
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