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ABSTRACT. We prove that fuzzy generalized bi-I-ideal and fuzzy inte-
rior I'-ideal in a right weakly regular ordered I'-semigroup are fuzzy I'-
ideal. We also show that every fuzzy generalized bi-TI'-ideal in a duo right
weakly regular ordered I'-semigroup is a fuzzy interior I'-ideal. Then, by
using fuzzy I'-ideals, fuzzy bi-I-ideals, fuzzy generalized bi-I'-ideals and
fuzzy interior I'-ideals, left simple, right simple and simple ordered I'-
semigroups have been characterized. Finally, we characterize right weakly
regular ordered I'-semigroups by its fuzzy I'-ideals, fuzzy bi-I'-ideals, fuzzy

generalized bi-I'-ideals and fuzzy interior I'-ideals.
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1. INTRODUCTION AND PRELIMINARIES

Zadeh [20], in 1965, introduced the concept of a fuzzy set while Rosenfeld [14]
first introduced and studied the notion of a fuzzy subgroup. In 1979, Kuroki [8]
introduced fuzzy sets in semigroup theory while in [9, 10, 11], Kuroki studied
some properties of fuzzy ideals, fuzzy bi-ideals, fuzzy generalized bi-ideals and
fuzzy semiprime bi-ideals of a semigroup. Fuzzy sets in ordered semigroups
were first studied by Kehayopulu and Tsingelis in [4]. In 1986, Sen and Saha
[18] introduced the notion of a T'-semigroup as follows: Let S and T’ be two
non-empty sets. S is called a I'-semigroup if there exists a mapping from
S xT'x S to S which maps (a,«,b) — aabd satisfying (ayb)uc = avy(buc) for
all a,b,c € S and v,u € I'. Later on in 1993, the notion of an ordered I'-
semigroup was introduced by Sen and Seth [19] as follow: Let S and I' be
non-empty sets. The triplet (S,T', <) is called an ordered I'-semigroup if S is
a I'-semigroup and (S, <) is a partially ordered set such that a < b = aye <
byc and ¢ya < b for all a,b,c € S and v € I'. The notion of a I'-semigroups
has been extended to fuzzy settings by Sardar and Majumder [15, 16, 17]. They
have studied fuzzy ideals, fuzzy prime ideals, fuzzy semiprime ideals and fuzzy
ideal extensions in I'-semigroups.

In 2014, Kanlaya and Tampan [2] had proved that in a regular (left regular,
right regular) ordered T'-semigroup S, every fuzzy generalized bi-ideal of S is
a fuzzy bi-ideal. They also proved that in an intra-regular (left regular, right
regular) ordered I'-semigroup, every fuzzy interior ideal of S is a fuzzy ideal.
In this paper we prove that if S is right weakly regular ordered I'-semigroup,
then every fuzzy interior I'-ideal of S is a fuzzy I'-ideal and every fuzzy gen-
eralized bi-I-ideal of S is a fuzzy bi-I'-ideal. We also prove that if S is duo
right weakly regular ordered I'-semigroup, then every fuzzy generalized bi-I'-
ideal of S is a fuzzy interior I-ideal. We then characterize right weakly regular
ordered I'-semigroup by fuzzy (right I'-ideal, left T'-ideal) I'-ideals, fuzzy quasi
I-ideals, fuzzy generalized bi-I'-ideals, fuzzy bi-I'-ideals and fuzzy interior I'-
ideals. Lastly after proving that in a right weakly regular ordered I'-semigroup
S, for each fuzzy right I'-ideal f and fuzzy I'-ideal g of S, f o g is a fuzzy quasi
I'-ideal, we investigate some properties of fuzzy interior ideals and fuzzy gen-
eralized bi-ideals of left simple, right simple and simple ordered I'-semigroups.

Let S be an ordered I'-semigroup. For a subset A of S define (A] = {x €
S|z < aforsome a € A}. A non-empty subset T of S is said to be a I'-
subsemigroup of S if for all x,y € T and v € T, zyy € T. A non-empty
subset A of an ordered I'-semigroup S is called left (right) I'-ideal of S if
STA C A (AT'S C A) and for any a € A,b € S such that b < a, then b € A.
A non-empty subset J of an ordered I'-semigroup S is called a I'-ideal of S if
J is both a left I'-ideal and a right I'-ideal of S. An ordered I'-semigroup S is
called left (right) duo if every left (right) I'-ideal of S is a I'-ideal of S, and S is
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called duo if it is both left and right duo. An ordered I'-semigroup S is called
left (right) simple if it does not contain any proper left (right) I-ideal, and S
is called simple if it does not contain any proper I'-ideal. A I'-subsemigroup
B of an ordered I'-semigroup S is called a bi-I'-ideal of S if BT'STB C B and
a € B,(S3)b<a=be B. A T'-subsemigroup I of an ordered I'-semigroup S
is called an interior I'-ideal of S if STITS CTanda€ I,(S3)b<a=bel.

Let S be an ordered I'-semigroup and let A be any non-empty subset of
S. Then by L(A), R(A),J(A),I(A) and B(A), we denote the left I'-ideal, the
right I'-ideal, the I'-ideal, the interior I'-ideal and the bi-I'-ideal of S generated
by A respectively. It is easy to verify that L(A) = (AU STA4], R(A) = (AU
AT'S], J(A) = (AUSTAUATSUSTATS], I(A) = (AU ATAU STAT'S] and
B(A)=(AUAT AU AT'ST A].

If A = {a}, we write (a] instead of ({a}], L(a) instead of L({a}), R(a)
instead of R({a}), J(a) instead of J({a}), I(a) instead of I({a}) and B(a)
instead of B({a}) respectively in the sequel.

Lemma 1.1. [1] Let (S,T, <) be an ordered T'-semigroup and A, B be non-
empty subsets of S. Then

(1) Ac(A];
IfA C B, then (A] C (B];

) A
2)
) ((All = (A];
)
)

w

(AIl(B] € (AT'BJ;

If L is left ideal and R a right ideal of S, then the set (LT'R] is an ideal

of S;

(6) If A, B are ideals of S, then (AU'B], (BT'A], AU B, AN B are ideals
of S;

(7) (STa]((al’'S], (STal'S)) is a left (right, two-sided) ideal of S for each
a€S;

(8) ((AJI(B]] = (AI'BJ.

(
(
(4
(5

An ordered T-semigroup S is called regular (left regular, right regular) if
for each z € S, there exist y € S and o, € T such that z < zayBz(x <
yaxfx,r < zaxPy); and S is called intra-regular if for each x € S, there exist
y,z € S and a, B,y € T such that z < yaxfxyz; S is called right weakly
regular if x € (xI'STzI'S] for each x € S and S is called semisimple if for each
x € S, there exist y,z,a € S and «, 3,7,0 € I such that z < yaxfayxdz.

Let (S, T, <) be an ordered I'-semigroup. A mapping f from S to real closed
interval [0,1] is called the fuzzy subset of S (or fuzzy set of S). We denote
by fa the characteristic function of a subset A of S, which is defined as the
mapping of S into [0, 1] by

1 ifereA
fA(x){ 0 ifadA



148 A. Mahboob, B. Davvaz, N. M. Khan

So for any element a of S, characteristic function fr,) of the subset {a} of S
denoted by f, in the sequel, is

1 fxr=a

fa(x){ 0 if x # a.
Let f and g be two fuzzy subsets of S. Then fNg, fUg and f o g defined as

(fng)z) = min{f(z),g9(z)} = f(z) N g(z)
(fUg)x) = max{f(x),g(z)} = f(z)Vg(x)

and

V {fwArglz)}r  ifA#¢
(fog)(z)= (y,2)€EA,
0 if A, = ¢,

where A, is arelation on S defined as A, = {(y, z) € SxS |z < yaz for some a €
I'}. We define an order relation < on the set of all fuzzy subsets of S by

f=2g& f(x)<g(x)foralzesS.

If f, g are fuzzy subsets of S such that f < g, then, for every fuzzy subset h
of S, foh<gohand ho f < hog. We denote by 1 the fuzzy subset of S
defined by 1: S — [0,1]|xz — 1(z) = 1. It may be easily checked that if S is
an ordered I'-semigroup, then the set of all fuzzy subsets of S with respect to
multiplication “o” and the order “<” is an ordered I'-semigroup and the fuzzy
subset 1 is the greatest element of the set of all fuzzy subsets of S.

Definition 1.2. Let (S,T', <) be an ordered I'-semigroup. A fuzzy subset f of
S is called a fuzzy I'-subsemigroup of S if for all z,y € S and « € I such that

f(zay) = min{f(z), f(y)}.
Definition 1.3. Let (S,T', <) be an ordered I'-semigroup. A fuzzy subset f of
S is called a fuzzy left (right) I'-ideal of S if
(1) flzay) > f(y)(f(zay) > f(z)) for all z,y € S and o € T and
(2) for any z,y € S, x <y implies f(x) > f(y).
A fuzzy subset f of S is called a fuzzy I'-ideal of S if it is both a fuzzy left
and a fuzzy right I'-ideal of S.

Definition 1.4. Let (S, T, <) be an ordered I'-semigroup. A fuzzy I'-subsemigroup
f of S is called a fuzzy bi-I'-ideal of S if

(1) f(razBy) > min{f(x), f(y)} for all z,y,z € S and a, 8 € T and
(2) for any x,y € S, z <y implies f(z) > f(y).

Definition 1.5. Let (S,I', <) be an ordered I'-semigroup. A fuzzy subset f of

S is called a fuzzy generalized bi-I'-ideal of S if

(1) f(zazBy) > min{f(z), f(y)} for all z,y,z € S and a, B € T and
(2) for any z,y € S, x <y implies f(x) > f(y).
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Definition 1.6. Let (5, T', <) be an ordered I'-semigroup. A fuzzy I'-subsemigroup
f of S is called a fuzzy interior I'-ideal of S if

(1) f(zazBy) > f(z) for all z,y,z € S and o, B € T and
(2) for any x,y € S, z <y implies f(z) > f(y).

Definition 1.7. An ordered I'-semigroup S is called fuzzy left (right) duo if
every fuzzy left (right) I'-ideal of S is a fuzzy I'-ideal of S, and S is called fuzzy
duo if it is both fuzzy left and fuzzy right duo.

Definition 1.8. A fuzzy subset f of an ordered I'-semigroup S is called idem-
potent if fo f = f.
2. COINCIDENCE OF Fuzzy I'-IDEALS

Remark 2.1. In an ordered I'-semigroup S every fuzzy I'-ideal is a fuzzy interior
I'-ideal but the converse need not be true in general.

EXAMPLE 2.2. Let S = {0,a,b,c¢} and T' = {a, 8} be the non-empty sets.
Define binary operations as:

oz‘Oabc B‘Oabc
0/0 O O O O[O O O O
al0 b 0 a ala a a a
b0 b 0 c¢c b|0O 0 0 O
c|0 0 0O b cla a a c

Define order relation on S as, <= {(0,0), (a, a), (b,1), (¢, ), (0,a), (0,b), (0,c)}.
Clearly S is an ordered I'-semigroup. The fuzzy set p : S — [0, 1] defined by
#(0) = 0.9, u(a) = 0.7, u(b) = 0.6, u(c) = 0.1 is a fuzzy interior I'-ideal of S but
not a fuzzy I'-ideal since p(aca) = pu(b) = 0.6 # u(a).

Proposition 2.3. Let (S,T', <) be a right weakly regular ordered I'-semigroup.
Then every fuzzy interior I'-ideal of S is a fuzzy I'-ideal of S.

Proof. Let S be a right weakly regular ordered I'-semigroup. Let a,b € S, since
S is right weakly regular, there exist x,y,u,v € S and «, 3,7,1n,(,0 € I" such
that a < acxfBayy and b < bnulbdv. Now for any A € T', aAb < acxfayyAb =
(aax)Bay(yAb). Then for any fuzzy interior I'-ideal f of S, we have

f(arb) = f((aaz)Bay(yAb)) = f(a).
Also, as aAb < a\bnuCbdv = a\bn(ulbdv), we have
flanb) = f(aAbn(ucbév)) = f(b).
Hence f is a fuzzy I'-ideal of S. (]

Remark 2.4. In an ordered I'-semigroup, every fuzzy bi-I'-ideal is a fuzzy gen-
eralized bi-I'-ideal but the converse need not be true in general.
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EXAMPLE 2.5. Let S = {0,a,b,c} and I" = {a} be two non-empty sets. Define
a binary operation as:

» O OoO|o

b
0
0
a
a

o T OlR
o o o o|lo
o o o oW

a

Also define order relation on S as, <:= {(0,0), (a,a), (b,b), (c,¢)(0,a),(0,b)}.
Clearly S is an ordered I'-semigroup. The fuzzy set p : .S — [0,1] defined by
#(0) = 0.6, pu(a) = 0, u(b) = 0.3, u(c) = 0 is a fuzzy generalized bi-I'-ideal of S
but not a fuzzy bi-I'-ideal since p(bab) = p(a) = 0 % min{u(b), u(b)}.

Proposition 2.6. Let (S,T', <) be a right weakly regular ordered T'-semigroup.
Then every fuzzy generalized bi-I'-ideal of S is a fuzzy bi-I'-ideal of S.

Proof. Let S be a right weakly regular ordered I'-semigroup. Let a,b € S,
since S is right weakly regular, there exist x,y € S and «a, 8,7 € I' such that
a < aaxBayy. Now for any n € T', anb < aaxBayynb = aa(zBayy)ndb. Then
for any fuzzy generalized bi-I-ideal f of S, we have

f(anb) = f(ac(xBayy)nb) = min{f(a), f(b)}.
Hence f is a fuzzy bi-I'-ideal of S. (]

Remark 2.7. In an ordered I'-semigroup S, every fuzzy right I'-ideal (resp. fuzzy
left T-ideal, fuzzy T'-ideal) is a fuzzy generalized bi-I'-ideal(fuzzy bi-I'-ideal) but
the converse need not be true in general.

EXAMPLE 2.8. Let S = {0,a,b,c} and T" = {«, 3,7} be the non-empty sets,
define binary operations as:

a0 a b ¢ B‘Oabc 'y‘()abc
0/0 OOO 0|0 OOO OO 0 00O
ala a a a a|0 a 0 0 al0 b 0 a
b{0O O O b b|0O 0O b 0 blO0O b 0 c
c|0 0 0 ¢c ¢|0 0 0 c¢c ¢c|0O 0 0 Db

Define order relation on S as, <:= {(0,0), (a, a), (b,b), (¢, ), (a,0), (b,0), (¢,0)}.
Clearly S is an ordered I'-semigroup. The fuzzy set p : .S — [0,1] defined by
#(0) = 0.6, u(a) = 0.7, u(b) = 0.8, u(c) = 0.9 is a fuzzy generalized bi-T-ideal
(and fuzzy bi-T-ideal), but not a fuzzy right T'-ideal (left I'-ideal) of S, since
u(bBe) = u(0) = 0.6 # 0.8 = u(b)((aab) = p(a) = 0.7 # 0. = p(b).

Proposition 2.9. Let (S,T,<) be a left duo (right duo, duo) right weakly
reqular ordered I'-semigroup. Then every fuzzy generalized bi-I'-ideal of S is a

fuzzy right T'-ideal (fuzzy left T'-ideal, fuzzy T'-ideal) of S.
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Proof. Let f be any fuzzy generalized bi-I'-ideal of S and xz,y € S, v € T.
Since S is left duo right weakly regular, (STz] is a I'-ideal of S. Therefore

xyy € (2I'STzT'S|T'S
C (aT'(STz]TS|T'S

(2 (STz]]T'(S]

(2T (STz]T'S|

(«]T(STa]]

= (2I'ST'x].

N 1N 1NN

Therefore there exist z € S and «, § € ' such that zvy < zazfx. As f is fuzzy
generalized bi-T-ideal of S, f(zyy) > f(zazfz) > min{f(x), f(z)} = f(z).
Hence f is a fuzzy right I'-ideal of S. (]

Proposition 2.10. Let (S,T',<) be a duo right weakly regular ordered T -
semigroup. Then every fuzzy generalized bi-I'-ideal of S is a fuzzy interior
I'-ideal of S.

Proof. Let f be any fuzzy generalized bi-I'-ideal of S and z,a,y € S, € T.

Since S is duo right weakly regular, (2I'S] is a I'-ideal of S. Therefore we have
zay € (zDSTal'S|Ty

(2 S|TST STy

(2I'SITST'y

(aTS)ITy

SNING)

C (
< (
C(
< (
C (aT'STy).

Thus there exist z € S and 3,7 € ', such that zay < xf8zvyy. As f is fuzzy gen-
eralized bi-I'-ideal of S, f(zay) > f(zBzvyy) > min{f(x), f(y)}. Therefore f
is fuzzy T'-subsemigroup. Again, as S is duo right weakly regular, (aI'S], (STa]
are a I'-ideal of .S, we have

zaafy € xa(al' STal'S]By = xa((al'S|T'(al'S)) By
C ST ((al'SIT(aI'SITS

(SIT((aT' ST (al'STIT(S]

ST (al'SIT (al'SIT'S]

(aT'SIT(aI' S]]

= (al'STal'S]

al’(STa]T'S)

(a]T(STa]]

= (aI'STa].

-
c

-
-

~ o~ o~ o~ o~ o~
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This implies that there exist b € S and v,n € I', such that zaafy < ayzna. As
f is a fuzzy generalized bi-T-ideal of S, f(zaafy) > f(ayzna) > min{ f(a), f(a)}
= f(a). Hence f is fuzzy interior I-ideal of S. O
Lemma 2.11. [2] Let (S,T, <) be an ordered I'-semigroup. Then A is a left
D-ideal (resp. right T-ideal, T'-ideal, generalized bi-T'-ideal, bi-T'-ideal, interior
D-ideal) if and only if fuzzy subset fa is fuzzy left T-ideal (resp. fuzzy right T'-
ideal, fuzzy T'-ideal, fuzzy generalized bi-I'-ideal, fuzzy bi-I'-ideal, fuzzy interior
I'-ideal) of S.

Proposition 2.12. Let (S,T', <) be a right weakly regular ordered T'-semigroup.
Then S is left duo (right duo, duo) if and only if S is fuzzy left duo (fuzzy right
duo, fuzzy duo).

Proof. Let S be any left duo right weakly regular ordered I'-semigroup and f
be any fuzzy left I'-ideal of S. Let a,b € S and v € I'. Since S is left duo right
weakly regular, (STa] is a I'-ideal of S. Therefore

avyb € (al'STal'S|T'b
al'(STa]'S|T'S
a2I'(STa]]T'S

< (
C (
C (ST(STa]]T'S
(
= (ST

N

(STa]T'S
all's
C (STa].

Thus there exists z € S and a € T such that ayb < zaa. As f is a fuzzy left
I-ideal of S, f(ayb) > f(zaa) > f(a). Therefore f is a fuzzy right I'-ideal of
S. Hence f is fuzzy left duo.

Conversely, assume that S be a fuzzy left duo. Let A be any left I'-ideal of
S. Then, by Lemma 2.11, characteristic function f4 of A is fuzzy left I'-ideal
of S. By hypothesis, f4 is fuzzy right I-ideal of S. Again, by Lemma 2.11, A
is right I'-ideal of S. Hence S is left duo. ]

Lemma 2.13. [3] Let (S,T, <) be an ordered T'-semigroup. If S is left simple
(right simple, simple), then S = (STa](S = (aI'S], S = (STal'S]) for each
a€sS.

Proposition 2.14. Let (S,T, <) be a left (right) simple ordered T'-semigroup.
Then every fuzzy interior I'-ideal of S is fuzzy left T'-ideal (resp. fuzzy right
I'-ideal) of S.

Proof. Since S is a left simple ordered I'-semigroup, S = (STa] for each a € S.
Let f be any fuzzy interior I'-ideal of S and z,y € S. Since S is left simple,
there exists z € S and « € IT' such that x < zay. Then zvy < zayyy. So
flayy) > f(zayyy) > f(y). Hence f is a fuzzy left I'-ideal of S. O
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Proposition 2.15. Let (S, T, <) be a left and right simple ordered T'-semigroup.
Then every fuzzy generalized bi-I'-ideal of S is fuzzy interior I'-ideal of S.

Proof. Let f be any fuzzy generalized bi-I'-ideal of S and xz,y € S. Since S
is left simple, there exists z € S and o € T" such that y < zaxz. Therefore
xny < xnzax, implies that f(zny) > f(znzaz) > min{f(x), f(z)} = f(x) >
min{ f(z), f(y)}. Therefore f is fuzzy I'-subsemigroup of S.

Next, take any x,a,y € S. Since S is left and right simple ordered I'-
semigroup, there exist r,s € S and «,8 € I such that z < aar and y <
spa. Now for any n,& € I', analy < aarnaspa = aa(rnas)Ba, implies that
f(analy) > flaa(rnags)Ba) = min{f(a), f(a)} = f(a). Hence f is a fuzzy
interior I'-ideal of S. O

The proof of the following proposition is straightforward.

Proposition 2.16. Let (S,T, <) be a left (right) simple ordered T'-semigroup.
Then every fuzzy generalized bi-I'-ideal of S is fuzzy bi-I'-ideal of S.

3. CHARACTERIZATIONS OF RIGHT WEAKLY REGULAR ORDERED
I'-SEMIGROUPS

Theorem 3.1. [12] Let (S, T, <) be an ordered T'-semigroup. Then the following
are equivalent:
(i) S is right weakly regular;
(ii) Each right T'-ideal of S is idempotent;
(iii) AN B = (BT'A] for each right T'-ideal B and T'-ideal A of S.

Corollary 3.2. [6] Let (S,T,<) be an ordered T-semigroup, [ a fuzzy right
I'-ideal and g a fuzzy left T'-ideal of S. Then fog = fAg.

The results of following Corollary is well known and is easy to prove.

Corollary 3.3. Let (S,T,<) be an ordered I'-semigroup and A, B are subsets
of S. Then the following are true:

(1) AC B if and only if fa < f5;:
(2) fan fB = fans;
(3) fao fp = fiars-

Theorem 3.4. Let (S,T, <) be an ordered T'-semigroup. Then S is right weakly
regular if and only if for each fuzzy right T'-ideal f and fuzzy T'-ideal g of S,
fng=/feg.

Proof. Let S be a right weakly regular ordered I'-semigroup. Let f be a fuzzy
right I'-ideal and g be a fuzzy I'-ideal of S. Take any a € S. Since S is right
weakly regular, there exist z,y € S and «, 8,7 € T' such that a < aazfBayy
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i.e., (aaz,ayy) € A,. Then we have

(fog)a)=\/ {f@)Af@)}

(p9)€EAa
> flaazx) A glavy)
> fla) Agla) = (F N g)(a).
This implies f N g C fog. Thus, by Corollary 3.2, fNg= fog.

Conversely assume that fNg = fog for each fuzzy right I'-ideal f and each
fuzzy I'-ideal g of S. Let a € BN A, where B and A are right I'-ideal and
I'-ideal of S respectively. Therefore, by Lemma 2.11, the fuzzy subsets xp and
4 are fuzzy right I'-ideal and I'-ideal of S respectively. By hypothesis

(xBNa)(a) < (xBoa)(a)

= xp(a) A _Ala) < (xpoa)(a).
Since a € Band a € A, we have g(a) =1 =4 (a). Thus g(a)A4(a) =1A1=1.
Therefore (poa)(a) > 1. So (poa)(a) = 1. By Corollary 3.3, poa =(pra-
Thus we have (graj(a) = 1. So a € (BI'A]. Therefore BN A C (BT'A]. Also
as (BTA] C BN A, BN A= (BT'A]. Hence by Theorem 3.1, S is right weakly
regular. (Il

Theorem 3.5. [12] Let (S,T', <) be an ordered T'-semigroup. Then S is right
weakly regular if and only if BN I C (BLI] for each bi-I'-ideal B and each
interior I'-ideal I of S.

Theorem 3.6. Let (S,T', <) be an ordered T'-semigroup. Then S is right weakly
reqular if and only if for each fuzzy bi-I'-ideal f and each fuzzy interior I'-ideal

gofS,fngcC fog.

Proof. Let S be a right weakly regular ordered I'-semigroup, f a fuzzy bi-I'-
ideal and g a fuzzy interior I'-ideal of S. Take any a € S. Since S is
right weakly regular, there exist x,y € S and «,8,7 € I such that a <
aaxfayy. This implies that a < (aax)B(acxBayy)vy = (acxfa)a(zBayyyy).
So (aazxfBa,xzBayyyy) € Aq. Now

(fog)a)=\/ {f@)Af@)}

(p,q)€EAa
> f(aazxBa) A g(zBayyyy)
> f(a) Agla) = (fNg)(a).

SofngCfog.

Conversely assume that f N g C f o g for each fuzzy bi-I'-ideal f and each
fuzzy interior I'-ideal g of S. As each fuzzy right I'-ideal of S is a fuzzy bi-I'-
ideal and each fuzzy I'-ideal of S is a fuzzy interior I'-ideal. Therefore, by
hypothesis, f N g C f o g for each fuzzy right I'-ideal f and each fuzzy I'-ideal
g of S. Hence by Theorem 3.4, S is right weakly regular. O
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Theorem 3.7. [12] Let (S,T', <) be an ordered I'-semigroup. Then S is right
weakly reqular if and only if BNIN R C (BTITR] for each bi-I'-ideal B, each
interior I'-ideal I and each right I'-ideal R of S.

Theorem 3.8. Let (S, T, <) be an ordered T'-semigroup. Then S is right weakly
reqular if and only if for each fuzzy bi-I'-ideal f, each fuzzy interior I'-ideal g
and each fuzzy right T'-ideal h of S, fNgNh C fogoh.

Proof. Let S be a right weakly regular ordered I'-semigroup, f a fuzzy bi-I'-
ideal, g a fuzzy interior I'-ideal and h a fuzzy right I'-ideal of S. Take any a € S.
Since S is right weakly regular, there exist z,y € S and «, 3,7 € I" such that

a < acxfayy. Now a < (acx)B(aazBayy)yy < (aczfa)a(zBac)B(ayyyyy).
So (aazxfa, zBacxBayyyyyy) € Aq. Now

(fogoh)(a) = \/ {f)A(goh)(a)}
(p,9)EA,
> f(aazxBa) A (g o h)(xBacxBayyyyyy)
> fla) A { \V {g(r) ANh(s)}}.

(r,s) eArﬁaarﬁavyvy’vy

Since (mﬁaaz, a7y7y7y) € Axﬁaaa:ﬂa*yy’yy'yya
V {9(r) AR(s)} > g(zBaczx) A h(ayyvyyy)

("'ss)eAmﬁaamﬁnrvyvyvy
> g(a) A h(a).

So we get (fogoh)(a)> f(a) Ag(a) Ah(a). Hence fngNh C fogoh.

Conversely assume that fNgNh C fogoh, for each fuzzy bi-I-ideal f,
each fuzzy interior I'-ideal g and each fuzzy right I'-ideal h of S. Take any
a € BNINR, where B is a bi-I'-ideal, I is an interior I'-ideal and R is a
right T'-ideal of S. By Lemma 2.11, xp, x5 and xpr are fuzzy bi-I'-ideal, fuzzy
interior I'-ideal and fuzzy right I'-ideal of S respectively. Then, by hypothesis

(xB N xrNa)(a) < (xB o x1°xr)(a)

= xs(a) Axr(a) Ax@) < (xs o x1oxr)(a).
Since a € B,a € I and a € R, we have xg(a) = 1 = xs(a) = xr(a). Thus
xs(a) A xr(a) A x@a) =1A1A1=1. Therefore (xp o xsoxr)(a) > 1. So

(xB o x1 o xr)(a) = 1. Now, by Corollary 3.3, x5 © X1 © Xr = X(Brira}.- S0
X(srirg)(a) = 1 implies a € (BI'IT'R]. Therefore BNINR C (BT'IT'R]. Hence

by Theorem 3.7, S is right weakly regular. O

Theorem 3.9. Let (S,T', <) be an ordered I'-semigroup. Then S is right weakly
reqular if and only if each fuzzy right T'-ideal of S is idempotent.

Proof. Let S be a right weakly regular ordered I'-semigroup and f a fuzzy
right I'-ideal of S. Take any a € S. Since S is right weakly regular, there exist
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x,y € S and «, 8,7 € T such that a < aaxfavy i.e., (aax,ayy) € A,. Now

(fofa =\ {f@) At}

(p,9)€Aa
> flaaz) A flavyy)
> fla) A f(a) = f(a).
This implies f C fo f. Also, as f is fuzzy right I'-ideal of S, fo f C f.
Therefore f = fo f.

Conversely assume that each fuzzy right I'-ideal of S is idempotent. Take
any a € S. Let A = (aUal'S], the right I'-ideal generated by the element a of S.
By Lemma 2.11, x 4 is fuzzy right I-ideal of S. By hypothesis, (x4 o xa)(a) =
xa(a) =1 as x(araj(a) = (xa ©xa)(a), x(ara(a) = 1. Therefore a € (AT'A].
Now, we have

a € (AT A] = ((aU al'SIT(a U al'S]]
((aUal’'S)T'(a U al'S))
= (aTaUal'al'S U al'STa U al'STal'S)
C (al’STal'S].

Hence S is right weakly regular. O

Corollary 3.10. Let (S,T, <) be an ordered T'-semigroup. Then the following
are equivalent:

(1) S is right weakly regular;

(2) Every fuzzy right T-ideal is idempotent;

(3) fNgC fog for each fuzzy right T-ideal f and fuzzy T-ideal g of S.

Corollary 3.11. [5] Let (S,T, <) be an ordered T'-semigroup. A fuzzy subset
f of S is a fuzzy right T'-ideal of S if and only if

(1) fol=f; and

(2) ifz <y, then f(z) = f(y).

Corollary 3.12. [6] An ordered T'-semigroup S is intra-regular if and only if
for each fuzzy right T'-ideal f and each fuzzy left T'-ideal g of S, fANg <go f.

Theorem 3.13. Let (S,T', <) be an ordered I'-semigroup. Then the following
are equivalent:

(1) S is both intra-reqular and right weakly reqular;

(2) fngNh C fogoh for each fuzzy quasi-I'-ideal f, each fuzzy right
I'-ideals g and h of S;

(3) fNngNh C fogoh for each fuzzy bi-T'-ideal f, each fuzzy right T'-ideals
g and h of S;

(4) fNngnNhC fogoh for each fuzzy generalized bi-I'-ideal f, each fuzzy
right T'-ideals g and h of S.
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Proof. (1) = (4) Let S be both intra-regular and right weakly regular ordered
I'-semigroup. Let f be any fuzzy generalized bi-I-ideal and g, h be the fuzzy
right T'-ideals of S. Let a € S. Since S is right weakly regular and intra-regular
ordered I'-semigroup, there exist x1,y1,z2,y2 € S and oy, 81,71, 2, P2,72 € T
such that a < acyx181a71y1 and a < xoasaf2ay2y2 which implies that

a < aoq 1 1 (z2a2af2a72y2) 1191

= (ac1 @1 frr2)az(aB2av2y27191)

ie., (aoyx1P122, af2av2y2v1y1) € Ay. Therefore

(fogoh)(@ =\ {f)A(gon)(a)}

(p,q)€Aa

> flaaix1B172) A (g o h)(aBzayay27v1y1)

> fla) AN{ V {g(r) Ah(s)}}-

(r,8)€Aagyavayavivy

Since (a7 a72y271y1) € Aaﬁzavzyz’ylyu

V {9(r) AR(s)} = g(a) A h(av2y27191)

(r,8)€EAaBrargyarve

> g(a) A h(a).

Finally we get (fogoh)(a) > f(a)Ag(a) Ah(a). Therefore fNgNh C fogoh.
(4) = (3) Obvious, as each fuzzy bi-TI'-ideal is fuzzy generalized bi-I'-ideal.
(3) = (2) Obvious, as each fuzzy quasi-T'-ideal is fuzzy bi-T-ideal.
(2) = (1) Let (2) holds i.e., fNngnNh C fogoh for each fuzzy quasi-I'-
ideal f, each fuzzy right I'-ideals g and h of S. Let g be any fuzzy right
I-ideal of S. Since fuzzy subset 1 is a fuzzy quasi-ideal of S, by hypothesis,
g=gNlNgCgologCgogCgol Cg. Sog=gog. Therefore by Theorem
3.9, S is right weakly regular.

Next, since each fuzzy left I'-ideal f is fuzzy quasi-I'-ideal and the fuzzy
subset 1 is fuzzy right I'-ideal of S, we have, fNg=1NfNgClofog C fog.
Hence by Corollary 3.12, S is intra-regular. O

Corollary 3.14. [6] Let (S,T, <) be an ordered T'-semigroup f, g fuzzy subsets
of S, and a € S. Then the following are equivalent:

(1) (fog)(a) #0;
(2) There exists (x,y) € Aq such that f(x) # 0 and g(y) # 0.

Corollary 3.15. [6] Let (S,T, <) be an ordered T'-semigroup, [ a fuzzy subsets
of S and a € S. Then the following are equivalent:

(1) (fo1)(a) #0;
(2) There exists (x,y) € Aq such that f(x) # 0.
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Corollary 3.16. [6] Let (S,T, <) be an ordered T'-semigroup, g a fuzzy subsets
of S and a € S. Then the following are equivalent:

(1) (Log)(a) #0;
(2) There exists (z,y) € A, such that g(y) # 0.

Theorem 3.17. Let (S,T',<) be an ordered T'-semigroup. Then S is right
weakly regular if and only if for each fuzzy subset f of S, f X folo fol.

Proof. Let f be a fuzzy subset of S and a € S. Since S is right weakly
regular, there exist x,y € S and «, 5,7 € T such that a < aazfayy i.e.,
(aax,avy) € Ay. Now

(folofol)(a) = \/ {(fo)® A(fol)()}

(p,9) €A,

(f o D(acx) A (f o 1)(avy).

Since (a, ) € Agar and (a,y) € Aqyy, we have

(f o D(aaz) A (f o 1)(ary)
={ V {rtopaf Vo aus)h

(u,v)€Aqan (r,8)EAa~y
> (f(a) A1(z)) A (f(a) A1(y))
= fla) A fla) = f(a).

Therefore f <X folo fol.

Conversely suppose that a € S. Since f, is a fuzzy subset of S, by hypothesis,
1= fola) < (faolofyol)(a) <1. So (foolof,o01)(a)# 0. By Corollary
3.14, there exists (z,y) € A, such that (fs 01)(z) # 0 and (f, 01)(y) # 0. By
Corollary 3.15, there exists (u,v) € A, and (r,s) € A, such that f,(u) # 0
and f,(r) # 0. This implies that a = u = r. As (z,y) € A, (u,v) € A, and
(r,s) € Ay, we have a < zay,z < ufv and y < rvys for some a, 5,7 € I
Therefore a < uBvarys. Since a = v = r, a < afvaays. Hence S is right

Y

weakly regular. |

Corollary 3.18. [5] Let (S,I', <) be an ordered I'-semigroup. A fuzzy subset
f of S is a fuzzy left T'-ideal of S if and only if

(1) 1o f=2f;

(2) if x <y, then f(z) = f(y).

Theorem 3.19. Let (S,T',<) be an ordered T'-semigroup. A fuzzy subset [ of
S is a fuzzy interior I'-ideal of S if and only if

(1) Tofol X f and

(2) if x <y, then f(z) = f(y).
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Proof. Let f be any fuzzy interior I'-ideal of an ordered I'-semigroup S, and
let a € S. If A, = ¢, then (1o fol)(a) =0< f(a). On the other hand

(tofol)@= \/ {(lef)y)AL()}

(y,2)€EAq

=\ (o).

(y,2)€Aa

It is sufficient to show that for each (y, z) € A,,

\ 1o < fla)

(y,2)€Aa

So take any (y,z) € A,. If Ay = ¢, then equation (1) holds. So let A, # ¢.
Then

(o)) = \ {l@Afl= \ flw),

(z,w)eAy (z,w)EAy

Now we need to show only that f(w) < f(a) for each (z,w) € A,. So take
any (x,w) € A,. Then y < zaw for some a € I'. As (y,2) € Ag,a < yBz
for some 3 € I'. Therefore a < zawpfz. Since f is an interior I'-ideal of .5,
fla) > f(zawpBz) > f(w). Hence f(w) < f(a) for each (z,w) € A,.

Conversely assume that z,a,y € S and a, 8 € I'. Since (1o fol) <X f, (1o
fol)(zaaBy) < f(xaafy). Since (zaa,y) € Azaasy;

(Lo fol)(waafy) = \/  {(Lof)p)Al(a)}

(P,9)€Azaapy

> (Lo f)(zaa) AL(y) = (Lo f)(waa).

Since (z,a) € Azqa,

(Lo fiwaa) =\ {L(r) A f(s)} = Lx) A f(a) = f(a).

(r,s)€Azaa

Thus f(zaaBy) > f(a). Hence f is a fuzzy interior T-ideal of S. O

Theorem 3.20. Let (S,T,<) be a right weakly regular ordered T'-semigroup.
Then the following holds:

(1) Each fuzzy interior T-ideal of S is idempotent;
(2) Each fuzzy T-ideal of S is idempotent;
(3) FEach fuzzy right T-ideal of S is idempotent.

Proof. (1). Let S be a right weakly regular ordered I'-semigroup and f be
any fuzzy interior I'-ideal of S. Take any a € S. Since S is right weakly
regular, there exist z,y € S and «,8,7 € T such that a < aazxfayy <

(aazBayy)azfayy = ((aax)Bayy)a(zBayy) ie., ((aax)Bayy, xBayy) € Aq.
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Now

(foN =\ {f@) At}

(P,9)EAQ

> f((aox)Bayy) A f(xBayy)

> fla) A f(a) = f(a).
This implies f C fo f. Again, as S is right weakly regular, by Theorem 3.17
f=Xfolofol. Therefore fofC folofolof=fo(lofol)of. Asf
is a fuzzy interior I'-ideal, fo(lo fol)o f C fofofClo folC f. Thus
fofC f. Hence f = fof.
(2). Obvious, as each fuzzy I'-ideal is a fuzzy interior I'-ideal of S.
(3). Follows by Theorem 3.9. O

Proposition 3.21. Let (S,T, <) be a right weakly reqular ordered I'-semigroup,
[ a fuzzy right T'-ideal and g a fuzzy U'-ideal of S. Then fog is a fuzzy quasi-I"-
ideal of S.

Proof. Let (S,T, <) be a right weakly regular ordered I'-semigroup, f a fuzzy
right I'-ideal and g a fuzzy I'-ideal of S. Then, by Theorem 3.4, f Ag = fog.
Since fAg =2 f,9, (fAg)ol X folgol. As f is a fuzzy right I'-ideal,
fol = f. Therefore (f Ag)ol <X f. Again 1o (fAg) X1lof,log. Asgis
fuzzy T-ideal, 1og < g. Hence 1o (f Ag) = g. Therefore 1o (f Ag) = g. Thus
(fAg o)A (Lo(fAg) = fAg.

Next, take any z,y € S such that x < y. Then we have to show that
(fAg)(x) > (fog)(y). Since f and g are fuzzy right I-ideal and fuzzy T-ideal

of S, f(x) = f(y) and g(x) > g(y). Now
(f Ng)(x) = min{f(z),g(x)}
> min{f(y), 9(y)} = (f A 9) ().
Therefore f o g is fuzzy quasi-I-ideal of S. (]

Definition 3.22. An ordered I'-semigroup S is called semisimple if for each
a € S, there exist z,y,z € S and «, 8,7, € I' such that a < zaafyvyadz.

Corollary 3.23. [2] Every fuzzy interior I'-ideal of a semisimple ordered T'-
semigroup S is a fuzzy I'-ideal.

Theorem 3.24. Let (S,T, <) be an ordered T'-semigroup. Then the following
are equivalent:
(1) S is semisimple;
(2) Ewvery fuzzy T-ideal of S is idempotent;
(3) every fuzzy interior T'-ideal of S is idempotent;
(4) fAg=fog, for every fuzzy T-ideal f and g of S;
(5) fAg=fog, for every fuzzy T'-ideal f and every fuzzy interior I'-ideal
g of S;
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(6) fAg og, for every fuzzy interior f and every fuzzy I'-ideal g of S;
(7) fAg=fog, for every fuzzy interior I'-ideal f and g of S;

(8) fog—gOf and fo f=f for each fuzzy T'-ideal f and g of S;

(9) fog=gof and fof = f for each fuzzy interior T'-ideal f and g of S.

Proof. (1) = (7) Assume that (1) holds. Let f and g be any fuzzy interior
I'-ideals of S. By Corollary 3.23, f and g are fuzzy I'-ideals of S. So fog C
folC fand fogClogCg. Therefore fogC fAg.

Next take any a € S. Since S is semisimple, there exist z,y,z € S and
a, B,7,8 € T such that a < zaafyyadz i.e., (zaafy,adz) € A,. Hence

(fog)a)= \/ {fp)rg(@)}

(P,a)EAQ

> f(zaaBy) A g(adz)

> fla) Agla) = (F N g)(a).
Therefore f Ag C fog. Hence fAg= fog
(7) = (6) Obvious, as every fuzzy I'-ideal is fuzzy interior T-ideal.
(6) = (4) Obvious, as every fuzzy I'-ideal is fuzzy interior T-ideal.
(1) = (5) = (4) = (2).
(7) = (3) = (2) and (7) = (9) = (8) = (2).
(2) = (1) Assume that (2) holds. Take any a € S. Let J(a) = (aUal'S U
STa U STal'S], the I'-ideal generated by a. Then, by Lemma 2.11, f;(,) is a
fuzzy I-ideal of S. So f(s(ayrs(a)(@) = (fray(a) © fra) (@) = fay(a) =1.
Implying that a € (J(a)I'J(a)]. Therefore

€ ((aUal’SUSTa U STal'SIT'(a U al'S U STa U STal'S]]
=((aUal’'SUSTaU STal'S)T'(a U al'S U STa U STal'S)]

= (al'aUal'al'S U al'STal'S U aI'STa U aI'STal'S U al'ST'STaIl'S
U STal'al'S U STal'STa U STal’'STal’S U STal'STa U STal'STal'S
U STal'STST U STal'ST'STal'S]

C (STal'STal'S].

Hence S is semisimple. O

Conclusion: In ordered semigroups, the class of regular ordered semigroups
play an important role in studying the structures of ordered semigroups, for in-
stance, Kehayopulu and Tsingelis [7] studied the class of regular orddered semi-
groups by employing fuzzy ideals of ordered semigroups. Thereafter many au-
thors such as [2, 5, 6, 13] had studied the class of regular ordered I'-semigroups.
In this paper, we enhance the understanding of right weakly regular class of
ordered I'-semigroups through its fuzzy I'-ideals, fuzzy bi-I'-ideals, fuzzy gener-
alized bi-I'-ideals and fuzzy interior I'-ideals which will motivate the researchers
towards this new class in ordered I'-semigroups. Since ordered I'-semigroups
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are the generalizations of ordered semigroups, all the results of this paper hold
true for ordered semigroups by simply taking the set I' as any singleton set
which is the main application of the results of this paper and a reasonable
justification of the new notions introduced.
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