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ABSTRACT. The structure of an o (g g)-topological ring is richer in com-
parison with the structure of an «g g)-topological group. The theory
of a(g,p)-topological rings has many common features with the theory
of a(g p)-topological groups. Formally, the theory of o g, g)-topological
abelian groups is included in the theory of a(g, g)-topological rings.

The purpose of this paper is to introduce and study the concepts
of a(g, g)-topological rings and « (g )-topological R-modules. we show
how they may be introduced by specifying the neighborhoods of zero,
and present some basic constructions. We provide fundamental concepts
and basic results on « (g, g)-topological rings and o (g )-topological R-

modules.
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1. INTRODUCTION

Since the 1940s, systematic investigation of topological rings has been ac-
tively carried out using the frame of topological algebra. Several parts of the
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theory of topological rings have been exposed in mathematical texts. For ex-
ample, topological fields (of real, complex, p-adic numbers, etc.) are under
analysis from different points of view while taking into account complexly their
algebraic, topological, metrical, ordered, and other structures.

One of the first fundamental results in the theory of topological rings was
obtained by L. S. Pontryagin in the classification of locally compact skew fields
and was included in his famous book [20] on topological groups. Some proper-
ties of topological rings and modules were also noted in books [3, 16]. Intensive
research during the last fifty years has been carried out in the field of normed
and Banach algebras as well; those algebras form one of the most important
classes of topological rings (see, for example [5, 7, 8, 9, 18]). The theory of
topological linear spaces [4], one of many rich chapters on functional analy-
sis, is also a good introduction to the theory of topological modules. Another
source of topological modules is the theory of topological Abelian groups, in
particular, duality theory [20].

In 2013, Ibrahim [10] introduced a strong form of a-open sets called ag-open
via operation and studied some of its properties. Khalaf and Ibrahim [12, 13, 14]
continued studying the properties of operations defined on the family of a-open
sets introduced by Ibrahim [10].

2. PRELIMINARIES

Let A be a subset of a topological space (G, 7). We denote the interior
and the closure of a set A by Int(A) and CI(A) respectively. A subset A
of a topological space (G,7) is called a-open [19] if A C Int(Cl(Int(A))).
By aO(G, 1), we denote the family of all a-open sets of G. An operation
B : aO(G,7) — P(G) [10] is a mapping satisfying the condition, V' C V# for
each V € aO(G, 7). We call the mapping 8 an operation on aO(G, 7). A
subset A of G is called an ag-open set [10] if for each point z € A, there exists
an a-open set U of G containing 2 such that U? C A. The complement of an
ag-open set is said to be ag-closed. We denote the set of all ag-open sets of
(G, 1) by aO(G, 7)s. The ag-closure [10] of a subset A of G with an operation
B on aO(Q) is denoted by agCl(A) and is defined to be the intersection of
all ag-closed sets containing A. An operation § on aO(G, 1) is said to be a-
regular if for every a-open sets U and V of each z € G, there exists an a-open
set W of x such that W8 C U N V5B,

Definition 2.1. [12] Let (G, 7) be a topological space and = € G, then a subset
N of G is said to be ag-neighbourhood of z, if there exists an ag-open set U
in G such that x € U C N.

Definition 2.2. [14] Two subsets A and B of a topological space (G, 7) are
called ag-separated if (agCI(A) N B)U (AN agCl(B)) = ¢.
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Definition 2.3. [14] A subset C of a space G is said to be ag-disconnected if
there are nonempty ag-separated subsets A and B of G such that C' = AU B,
otherwise C' is called ag-connected.

Definition 2.4. [14] A set C is called maximal ag-connected set if it is ag-
connected and if C € D C G where D is ag-connected, then C' = D. A
maximal ag-connected subset C' of a space G is called an ag-component of G.

Definition 2.5. [10] A topological space (G, 7) with an operation 8 on aO(Q)
is said to be:
(1) agTyp if for any two distinct points x,y € X, there exists an ag-open
set U such that either x e U and y ¢ U or y € U and = ¢ U.
(2) agTh if for any two distinct points @,y € X, there exist two ag-open
sets U and V containing x and y, respectively, such that y ¢ U and
x ¢ V.
(3) agTh if for any two distinct points z,y € X, there exist two ay-open
sets U and V' containing x and y, respectively, such that U NV = ¢.

Definition 2.6. [13] A function f : (G,7) — (G, 7) is said to be o (,5')-OPEN
if for any ag-open set A of (G, ), f(A) is ag-open in (@', 7).

Definition 2.7. [10] A mapping f : (G,7) — (G,7) is said to be g5
continuous if for each = of G and each ag-open set V' containing f (z), there
exists an ag-open set U such that © € U and f(U) C V.

Definition 2.8. [10] A mapping f : (G,7) — (G,7) is said to be g g)-
homeomorphism, if f is bijective, (g, g)-continuous and flis a(g,p)-continuous.

Corollary 2.9. [14] A function [ : G — G is Qg 5"y -continuous if and only
if f~Y(V) is ag-open in G, for every ag -open set V in G

Some parts of the theory of topological rings were systematically investigated
in a number of review papers [6, 15, 17, 21, 22, 26] as well as monographs
[2, 1, 23, 24, 25, 27, 28] and most of these references contains the following
definitions.

Definition 2.10. A group G is an algebraic structure consisting of a non-
empty set equipped with an operation on its elements that satisfies four condi-
tions, namely closure, associativity, identity and invertibility. Moreover, if the
operation is abelian then G is called an abelian group

Definition 2.11. Let G be an abelian group and B C GG. Then B is called a
subgroup, if B is a group with respect to the existing operations.
A subset C of an abelian group G is called symmetric if —C' = C.

Definition 2.12. A ring is a set R (possibly without the unitary element) with
two associative operations (addition and multiplication) such that:
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(1) R is an abelian group with respect to addition.
(2) The left and right distributive laws: a - (b+¢) = a-b+ a - ¢ and
(b+c)-a=b-a+c-a are satisfied for all a,b,c € R .

An element a of a ring R with the unitary element 1 is called invertible
if there exists b € R such that a-b =b-a = 1. If all non-zero elements of R
are invertible, then R is called a skew field (a division ring). A commutative
skew field is called a field.

Definition 2.13. By an R-module M (unless otherwise stated) we mean a left
module over a ring R, that is, an abelian group M with given left multiplication
by elements of R such that the following conditions are satisfied:
(1) 7-(m1+me)=7r-m1+71-ma.
(2) (r14re2)-m=r;-m+ry-ms.
(3) r1-(ram) = (r172) - m, for all r1, 79,7 € R and my,ma,m € M (if R is
a ring with the unitary element 1, and 1-m = m for any m € M, then
M is called unitary).

Definition 2.14. Let G be an abelian group (R-module, ring) and B C G.
Then B is called a subgroup (submodule, subring), if B is a group (R-module,
ring) with respect to the existing operations.
Let R be a ring and I C R, then I is a called left (right) ideal if I is a
subgroup of the additive group of Rand r-i €1 (i-r€ 1) foralli eI, r € R.
If I is both left and right ideal of a ring, then I is called a two-sided ideal
or, briefly, an ideal of the ring.

A non-empty subset S of the group G is a subgroup of G if z+5 = S = S+x
for every x € S. Equivalently, if for every x,y € S,z —y € S.
It is obvious that the group G and {0} both are subgroups of G.

Definition 2.15. Let n € N, R be a ring and A,B C R. Let M be an
R-module, D, E C M, and C be a subset of either R or M, then put:
(1) A-C={a-clae A,ce C}.

(2)

(3)

(4) A" = {35 bilb; € AM 1< i<k keN}.
(5) (A: By ={r € Rlr- B C A}.

(6)

(

7 (D: Ay ={meM|A-mC D}

If E is a subgroup of the group M, then (E : D)p and (E : A)y are
subgroups of the groups R(+) and M, respectively.

If E is a submodule of the R-module M, then (F : D)g is a left ideal of the
ring R.

If E and D are submodules of the R-module M, then (E : D)g is an ideal
of the ring R.
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If F is a subgroup of the group M and A is a right ideal of the ring R, then
(E : A)p is a submodule of the R-module M.

Definition 2.16. Let M be an R-module, SC M and Q C R. If @-S C S,
then the subset S is called @-stable.

Definition 2.17. Let R be a ring. A left (right) annihilator of a subset U of
R is defined by lgr = {a € R|aU =0} (rgr = {a € R|Ua = 0}).

Definition 2.18. Let (G, +) be abelian group and 7 be a topology on G. A
triple (G, +, 7) is said to be a topological group if the following conditions are
satisfied:
(1) For any two elements a,b € G and U € 7 such that a +b € U, there
exist VW erwithaeV,beWand V+W CU.
(2) For any element a € G and U € 7 such that —a € U, there exists V € 7
witha € V and -V CU.

Definition 2.19. Let (R,+,-) be a ring and (R, 7) be a topological space.
Then, (R,+,-,7) is called a topological ring if the following conditions are
satisfied:
(1) (R,+,7) is topological group.
(2) For each elements a,b € R and U € 7 such that a - b € U, there exist
VWerwithaeV,beWand V-W CU.

Definition 2.20. Let (K, +, ) be a skew field (field) and (K, 7) be a topological
space. Then, (K, +,-,7) is called a topological skew field (field) if the following
conditions are satisfied:

(1) (K,+,-,7) is topological ring.

(2) For any non-zero element # € K and any open set U containing z~!

)

there exists an open set V containing the element = such that (V' \

{oh~tcu.

Definition 2.21. Let (R, +,-,7) be a topological ring. A left R-module M is
called a topological left R-module if on M is specified a topology such that M
is a topological abelian group and the following condition is satisfied:

For any r € R and m € M and arbitrary open set U containing the element
r-m in M, there exist an open set V containing the element r in R and an
open set W the element m in M such that V-W C U.

We recall the following definitions and results from [11].

Definition 2.22. Let (G,+) be abelian group and 7 be a topology on G.
A triple (G,+,7) is said to be an (g g)-topological group if the following
conditions are satisfied:
(1) For any two elements a,b € G and U € aO(G, 7)g such that a+b € U,
there exist VW € aO(G,7)g witha e V,be W and V+ W CU.
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(2) For any element a € G and U € aO(G, 7)s such that —a € U, there
exists V € aO(G,7)s with a € V and -V C U.

Definition 2.23. A family B, of subsets of an a g, z)-topological abelian group
G is called a basis of ag-neighborhoods of x € G if any subset of B, is an ag-
neighborhood of = and any ag-neighborhood of the element z contains some
subset from B,.

Proposition 2.24. Let a family By of subsets of an c g, gy-topological abelian
group G be a basis of ag-neighborhoods of zero in G and 3 be an a-regular
operation on «O(G). Then, the following conditions are satisfied:

(1) 0€Nyep, V-
(2) For any subsets U and V' from By, there exists a subset W € By such
that W CUNV.
(3) For any subset U € By, there exists a subset V € By such that V+V C
U.
(4) For any subset U € By, there exists a subset V € By such that =V C U.
Besides, if a € G, then B, = {a + V|V € By} is a basis of ag-neighborhoods
of the element a.

Proposition 2.25. Let G' be an o (g, g)-topological abelian group, a € G, B and
C be subsets of G. Then, the following statements are true:

(1) The mappings [ : G — G and f, : G = G, where f(x) = —x and
fa(x) = x + a, are both ag g)-homeomorphisms from the topological
space G onto itself.

(2) The following conditions are equivalent:

(a) B is ag-open (ag-closed).
(b) —B is ag-open (ag-closed).
(¢c) B+ a is ag-open (ag-closed).
(3) If the subset B is ag-open, then B+ C is also an ag-open.

Theorem 2.26. For any « (g g)-topological abelian group G and 8 an a-regular
operation on aO(Q), the following conditions are equivalent:

(1) G is an agTh-space.
(2) {0} is ag-closed subset in G.
(3) If Bo is a basis of ag-neighborhoods of zero of G, then (¢ p, V = {0}.
(4) G is an agTy-space.
(5) G is an agTi-space.

Theorem 2.27. Let B be a subgroup of an a(g, g)-topological group (G,+,T).
Then (B, +,a0(G)g|B) is a topological group.

Proposition 2.28. Let S be a subset of an a (g g)-topological abelian group G
with a basis By of ag-neighborhoods of zero. Then, agCIl(S) = Ny ¢p, (S+V).
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Proposition 2.29. Let B be a subgroup of an a g gy-topological abelian group
G. Then agCI(B) is a subgroup of the a (g gy-topological group G.

Proposition 2.30. For an ag,gy-topological abelian group G, the following
statements are true:
(1) Ifa € G, and C(G) is an ag-component containing zero, then C(G)+a
is an ag-component of a.
(2) IfC(G) is an ag-component containing zero, then C(Q) is an ag-closed
subgroup.

3. a(s,3)- TOPOLOGICAL RING AND MODULES

In this section, we give some fundamental concepts and basic results on
a(g,p)-topological rings and modules. Moreover, we define and discuss the
properties of submodules, subrings and ideals by using a-operations.

Definition 3.1. Let (R,+,-) be a ring and (R,7) be a topological space.
Then, (R, +,-,7) is called an « (g g)-topological ring if the following conditions
are satisfied:
(1) (R,+,7) is a(g,p)-topological group.
(2) For each elements a,b € R and U € aO(R,7)s such that a-b € U,
there exist V,W € aO(R,7)g witha € V,be Wand V-W CU.

EXAMPLE 3.2. Consider the ring (R, +,-) = (Z3,+3,3). Let 7 be the discrete
topology on Z3. For each A € aO(Z3,7), we define § on «O(Z3,7) by

[ {L2y iA={1),
AB_{ Zs if A £ {1}.

Then, (Z3,+3,-3,7) is an g, g)-topological ring.

Remark 3.3. By virtue of Definition 3.1, the additive group of any «g g)-
topological ring is an o g, g)-topological abelian group.

Definition 3.4. Let (K, +,-) be a skew field (field) and (K, 7) be a topological
space. Then, (K, +,-,7) is called an a(g g)-topological skew field (field) if the
following conditions are satisfied:

(1) (K,+,-,7) is a(g,g-topological ring.

(2) For any non-zero element z € K and any ag-open set U containing

x71, there exists an ag-open set V containing the element x such that
(VA{oph~tcu.

ExXAMPLE 3.5. Consider the field (K, +,-) = (Z5, +5,5). Let 7 = {¢, Z5,{0},
{4},{0,4}}. For each A € aO(Zs,7), we define B on aO(Zs,7) by AP = Zs.
Then, (Z5,+s5,5,7) is an a (g, g)-topological field.

Remark 3.6. The multiplicative group of non-zero elements of the o (g, g)-topological
field is an (g g)-topological abelian group.
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Definition 3.7. Let (R, +,-,7) be an g g)-topological ring. A left R-module
M is called an o g )-topological left R-module if on M is specified a topology
such that M is an «, ,y-topological abelian group and the following condition
is satisfied:

For any » € R and m € M and arbitrary o,-open set U containing the
element 7 - m in M, there exist an ag-open set V' containing the element r in
R and an a-open set W the element m in M such that V- W C U.

ExAMPLE 3.8. Consider the ring (R,+,:) = (R,+,-), where R is the set of
all real numbers. Let 7 be the indiscrete topology on R and 7, = {¢,{0}}
be a topology on the ring ({0}, +,). For each A € aO(R, 1), we define 8 on
aO(R,7) by AP = A and for each B € aO({0},71), we define v on aO({0}, 1)
by BY = {0}. Then, left R-module {0} is an a(g )-topological left R-module.

Remark 3.9. In a similar way it is possible to investigate a(,, g)-topological
right R-modules over an (g g)-topological ring. Any o g g)-topological ring
R is both an a(g,g)-topological left R-module and an a g, g)-topological right
R-module.

Proposition 3.10. Let R be an a g g)-topological ring, M an o (g . -topological
R-module, r € R, a € M, and Q) a subset in R, B a subset in M. Then the
following statements are true:
(1) The mapping f, : M — M, where fp(x) =7 -2, x € M, is an oy -
continuous mapping of the topological space M into itself.
(2) The mapping fo : R — M, where fo(x) = x-a, v € R, is an o g -)-
continuous mapping of the topological space R to the topological space
M.
(3) a,CUQ - B) 2 asCU(Q) - a, CU(B).

Proof. (1) Let € M and r € R, then f.(z) =r-x. Let U be any ay-open
set of M containing r - x, then by Definition 3.7, there exist ag-open
set V in R containing r and a,-open set W in M containing x, such
that V- W C U. This gives that f.(W) =r-W CV-W C U. This
proves that f, is an «, ,)-continuous mapping.

(2) Let z € R and a € M, then f,(z) = z-a. Let U be any «.-open set
of M containing z - a, then by Definition 3.7, there exist ag-open set
V' in R containing x and a,-open set W in M containing a, such that
V- W C U. This gives that f,(V) =V .-a CV-W CU. This proves
that f, is an o g )-continuous mapping.

(3) Let y € agCl(Q) - a,CI(B) and let U be an a,-open set containing
the element y. Then, y = b- ¢, where b € agCl(Q) and ¢ € o, CI(B),
and, hence, there exist ag-open set V in R containing b and a.-open
set W in M containing ¢, such that V- W C U. By virtue of the fact
that VNQ # ¢ and WN B # ¢, elements by e VNQ and c; e WNB
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can be found. Thus, by -c; € Q- B and by -¢c; € V- W C U, that is
(Q-B)NU # ¢. Consequently, a,Cl(Q - B) 2 agCl(Q) - a,Cl(B).
O

The proof of the following corollary is obvious and hence omitted.

Corollary 3.11. Let R be an o g g)-topological ring, a € R, and let B and C
be subsets in R. Then, the following statements are true:

(1) The mappings R, : R — R and L, : R — R, where Ry(z) = = - a
and Lo(v) = a -z, for v € R, are o g g)-continuous mappings of the
topological space R into itself.

(2) OéﬁCl(B . C) D) Ongl(B) . Ongl(C).

Proposition 3.12. Let R be an o (g g)-topological ring with the unitary element
and M be an o (g )-topological R-module. Let a € R be an invertible element,
then:

(1) The mapping fo : M — M is o, )-homeomorphism.

(2) The mappings Ry : R — R and L, : R — R are ag, g)-homeomorphisms.

Proof. Let B be an a.-open subset of M, and by € f,(B). Then by = f,(b) =
a-b for some b € B. From b = a~! - b; and Definition 3.7, follows the existence
of an a,-open set U; of the element b, in M such that a~!'-U; C B. Then,
Ui Ca- B = f,(B) and, hence, f,(B) is a,-open containing the element b; in
M, that is, f,(B) is an oy-open subset of M. Hence, f, is a(,,-)-open mapping.

In the same manner it can be proved that R, and L, are o (g g)-open map-
pings too.

In view of the fact that all the mappings f,, R, and L, are bijections, the
proposition is proved completely. O

Corollary 3.13. Let R be an ag,g)-topological ring with the unitary element,
a € R be an invertible element and x € R. Then, the following statements are
equivalent:

(1) U is an ag-neighborhood of the element x in R.
(2) U -a is an ag-neighborhood of the element = - a in R.
(3) a-U is an ag-neighborhood of the element a - x in R.

Proof. (1) = (2). Obvious, since R, : R — R is an a(g g)-homeomorphism
(Proposition 3.12)and x - a = Ry (z) and U - a = R, (U).

(2) = (3). The mapping 0, : R — R, where 0,(2) = a- (2 -a"!) for
z € R, is the composition of the (g g)-homeomorphism mappings R, and L,
(Proposition 3.12), hence, it is an o g)-homeomorphism. Since 6,(z-a) = a-x
and 0, (U -a) =a-U.

(3) = (1). The equality L,-1(a-z) = z and L,-1(a-U) = U are obtained by
considering the o (g g)-homeomorphism L,-1 : R — R. Then, from Proposition
3.12, it follows that U is an ag-neighborhood of z. O
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The proof of the following results are clear, so it is omitted.

Corollary 3.14. Let a be an invertible element of an o g g)-topological ring R
with the unitary element. Then, the following statements are equivalent:

(1) U is an ag-neighborhood of 0 in R.
(2) U -a is an ag-neighborhood of 0 in R.
(3) a-U is an ag-neighborhood of 0 in R.

Corollary 3.15. Let a be an invertible element of an g g)-topological ring
R with the unitary element and let B C R. Then, the following conditions are
equivalent:

(1) B is ag-open (ag-closed).

(2) a- B is ag-open (ag-closed).

(3) B-a is ag-open (ag-closed).

An element a € (R, 7) is called an ag-accumulation point (an ag-limit) of a
sequence ai, g, ... in (R, 7) if for any ag-neighborhood V of @ and any n € N
(for some n € N) we get that a; € V for some ¢ > n (for all ¢ > n).

Proposition 3.16. Let K be an o g,g)-topological skew field and let 0 # a € K.
If element a is an ag-accumulation point (an ag-limit) of a sequence of non-
zero elements ay,as, ... € K, then the element a™' is an ag-accumulation point
(an ag-limit) of the sequence ayt,ay?t, ... in the skew field K.

Proof. Let U be an ag-neighborhood of the element a~!, and let V be an ag-
neighborhood of the element a such that (V'\ {0})~! C U. By virtue of the fact
that @ is an ag-accumulation point (an ag-limit) of the sequence a1, as, ..., we
get that for any n € N (there exists n € N) there exists ¢ > n (for any ¢ > n)
such that a; € V. Since a; ' # 0, then a;' € (V' \ {0})7! C U, that is, a! is
an ag-accumulation point (an ag-limit) of the sequence a; ', a5 *, ... g

Proposition 3.17. Let K be an o g gy-topological skew field. Then, the map-
ping 0 : K\ {0} — K\ {0}, where 6(z) = z=! for & # 0, is an agp)-
homeomorphism of the topological subspace K \ {0} onto itself.

Proof. By Definition 3.4, 6 is an « g g)-continuous mapping. Since § = 61,
then 6 is an a(g g)-homeomorphism. O

Proposition 3.18. Let By be a basis of ag-neighborhoods of zero of an g g)-
topological ring R and 8 be an a-regular operation on cO(R). Then, the fol-
lowing conditions are satisfied:
(1) 0€Nyep, V-
(2) For any subsets U and V' from By, there exists a subset W € By such
that W CUNV.
(3) For any subset U € By, there exists a subset V € By such that V+V C
U.
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(4) For any subset U € By, there exists a subset V € By such that =V C U.

(5) For any subset U € By, there exists a subset V € By such that V-V C
U.

(6) For any subset U € By and any element a € R, there exists a subset
V € By such thata-V CU andV -a CU.

Proof. Since By is a basis of ag-neighborhoods of zero of the additive a g g)-
topological group R(+), the fulfillment of conditions (1) — (4) follows from
Proposition 2.24. The fulfillment of conditions (5) and (6) results from defini-
tion of o (g g)-topological ring with regard to 0-0=0and 0-a =a-0 =0 for
any a € R. O

Proposition 3.19. Let R be an a(g g)-topological ring, By be a basis of o, -
neighborhoods of zero of an (g -topological R-module M and vy be an a-
reqular operation on aO(M). Then conditions (1) to (4) of Proposition 2.24,
are satisfied together with the following conditions:

(1) For any subset U € By, there exist a subset V. € By and an og-
neighborhood W of zero in R such that W -V C U.

(2) For any subset U € By and any element r € R, there exists a subset
V € By such thatr-V CU.

(3) For any subset U € By and any element a € M, there exists an og-
neighborhood W of zero in R such that W -a C U.

Proof. To prove these conditions, it is necessary to use Proposition 2.24, con-
dition of Definition 3.7, and to take account of 0-a =1r-0= 0 for any r € R
and a € M. O

Proposition 3.20. Let By be a basis of ag-neighborhoods of zero of an g g)-
topological skew field K and 8 be an a-regular operation on «O(K), then con-
ditions (1) to (6) of Proposition 3.18, are satisfied together with the following
condition:

e For any U € By, there exists V € By such that (1+V)\{0})~* C 1+U.

Proof. The conditions (1) to (6) of Proposition 3.18 are satisfied since we have
an (g, g)-topological ring.

For the last condition,let U € By, then 1 + U is an ag-neighborhood of the
unitary element on the strength of Proposition 2.25. Since 17! = 1, then there
exists an ag-neighborhood W of the element 1 such that (W \ {0})~! C 1+ U.
On the strength of Proposition 2.24, the family B; = {1+ V|V € By} of subsets
of the skew field K is a basis of ag-neighborhoods of 1. Consequently, there
exists V € By such that 1+V C W. Thus, ((1+V)\{0})"t C (W \{0})~! C
1+ U, concluding the proof. O

The proof of the following corollary is obvious and hence omitted.
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Corollary 3.21. Let R be an o (g g)-topological ring, M be an a4 )-topological
R-module, a € R, m € M, S C R, N C M, 8 an a-regular operation on
aO(R) and vy an a-regular operation on aO(M). Let also Byo(R) be a basis of
ag-neighborhoods of zero in R, and Bo(M) be a basis of a,-neighborhoods of
zero in M. Then, the following statements are true:
(1) R has a basis of ag-neighborhoods of zero consisting of symmetric ag-
open neighborhoods.
(2) M has a basis of a,-neighborhoods of zero consisting of symmetric
a-open neighborhoods.
(3) R has a basis of ag-neighborhoods of zero consisting of symmetric as-
closed neighborhoods.
(4) M has a basis of a,-neighborhoods of zero consisting of symmetric
ay-closed neighborhoods.
(5) The element a has a basis of ag-neighborhoods consisting of cg-open

neighborhoods.
(6) The element m has a basis of «,-neighborhoods consisting of «.,-open
neighborhoods.
(7) The element a has a basis of ag-neighborhoods consisting of ag-closed
neighborhoods.
(8) The element m has a basis of ay-neighborhoods consisting of c.,-closed
neighborhoods.
(9) agClL(S) = Nuepy(r) (S + U)-
(10) o, CU(N) = ﬂVeBO(M)(N +V).
(11) The subset yep, (g U is ap-closed in R.
(12) The subset (Vv cp,(ar) V is ay-closed in M.

Proof. The proof is clear. (I

Proposition 3.22. Let a be an invertible element of an a (g g)-topological ring
R with the unitary element, By (R) be a basis of ag-neighborhoods of the element
x € R. Then, {a-U|U € By(R)} and {U - a|U € B,(R)} are bases of ag-
neighborhoods of the elements a-x and x-a, respectively. In particular, if x = 0,
then, {a-U|U € By(R)} and {U -a|lU € Bo(R)} are bases of ag-neighborhoods
of zero.

Proof. The proof results from Corollary 3.13 and Corollary 3.14. (]

Corollary 3.23. Let 8 be an a-regular operation on «O(R), then for any
a(g,p)-topological ring R, then the following statements are equivalent:

(1) R is an ag-Ta-space.

(2) {0} is ag-closed subset in R.

(3) If Bo is a basis of ag-neighborhoods of 0 of R, then (\y,cp, V = {0}.
(4) R is an ag-Ty-space.

(5) R is an ag-T1-space.
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Proof. The proof is similar to the proof of Theorem 2.26. (|

Definition 3.24. Let R be an g g)-topological ring, M be an a3 ,)-topological
R-module. A subset @ of the ring R (a subset N of R-module M) is called a
subring of the a (g gy-topological ring R (a submodule of the a(g ,)-topological
R-module M) if @ is a subring of R (if N is a submodule of R-module M)
and ring @) (R-module N) is endowed with the family aO(R)3|Q (acO(M),|N)
induced by the aO(R)s (aO(M),).

Theorem 3.25. Let Q be a subring of an ag g)-topological ring (R, +,-,T).
Then (Q,+,-,aO(R)3|Q) is a topological ring.

Proof. Due to Theorem 2.27, (Q,+, «O(R)3|Q) is a topological abelian group.
Let x, y be elements of @ and U € aO(R)g|@ containing x -y, then U = U1 NQ,
where U; € aO(R)s containing z-y. Let V4 and W; be ag-open sets containing
x and y respectively such that V,-W; C Uy. Then V =V NQ and W = W1NQ
are in aO(R)g|Q containing x and y respectively, besides,

V-Ww=WVinQ) - Win@Q)C(Vi-W)NQCU;nQ="U.
Thus, (Q,+, -, ®O(R)s|Q) is a topological ring. O

Remark 3.26. Let N be a submodule of an «(g ,)-topological R-module M.
Then (N, +,-,a0(M),|N) is a topological R-module.

Definition 3.27. Let K be an a(g g)-topological skew field (field). A subset
H of K is called a skew subfield (a subfield) of the a g g)-topological skew field
(field) K, if H is a skew subfield (subfield) of K and H is endowed with the
family «O(K)g|H induced by the aO(K)z.

Proposition 3.28. Let H be a skew subfield (subfield) of an o (g, gy-topological
skew field (field) (K,+,-,7). Then, (H,+,-,a0O0(K)g|H) is a topological skew
field (field).

Proof. By Theorem 3.25, (H,+,-,aO(K)g|H) is a topological ring.

Let 0 # = € H and U € aO(K)g|H containing the element z~!. Then,
there exists an ag-open set U containing =" in (K,7) such that UNH = U .
Since K is an (g g)-topological skew field (field), then it is possible to find
an ag-open set V containing z in (K, 7) such that (V' \ {0})~! C U. Then,
VNH e aO(K)g|H containing z, besides,

(VnHE)\{o}h) =" = [(V\{o})n(H\ {o})]~! ,
=WV \{o) nEN\{H TS (VN{OY) I NHCUNH=U.

This completes the proof. O

Proposition 3.29. Let Q) be a subset of an a (g g)-topological ring R, and N be
a subset of an a(g )-topological R-module M. If N is a QQ-stable subset, then
a,CI(N) is an agCl(Q)-stable subset.
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Proof. Since N is a )-stable subset, then Q- N C N. Then, due to Proposition
3.10, agCl(Q) - ayCI(N) C a,Cl(Q - N) C ayCI(N), that is, a,CI(N) is an
apCl(Q)-stable subset. O

Proposition 3.30. Let R be an (g g)-topological ring and M be an o (g -
topological R-module. Let Q be a subring of the ring R, and N be a Q-submodule
of R-module M, then:

(1) apCl(Q) is a subring of the a (g, gy-topological ring R.

(2) ayCI(N) is an agCl(Q)-module.

Proof. By Proposition 2.29, agCI(Q) and a,CI(N) are subgroups of g g)-
topological abelian group R and «,, .)-topological abelian group M respec-
tively. Since @ is a (-stable subset of the a(g g)-topological R-module R and
N is a )-stable subset of the a(g ,)-topological R-module M, then, due to
Proposition 3.29:

(1) apCl(Q) is an apCl(Q)-stable subset of the a3 g)-topological R-module
R, that is, agCl(Q) is a subring of R.

(2) a,CIl(N)is an agCl(Q)-stable subset of the a (g )-topological R-module
M, and since agCl(Q) is a subring of R, then a,CI(N) is an agCl(Q)-
module.

O

The proof of the following results are clear, so it is omitted.

Corollary 3.31. Let R be an og g)-topological ring and M be an g -
topological R-module.

(1) Let Q be a subring of a ring R, agCl(Q) = R and N be a Q-submodule
of an g ~)-topological R-module M. Then, a,CI(N) is a submodule
of the g )y-topological R-module.

(2) Let N be a submodule of R-module M. Then, aCI(N) is a submodule
of the a g )-topological R-module.

Corollary 3.32. Let R be an (g g)-topological ring and I be a left (right,
two-sided) ideal of the ring R. Then, agCl(I) is a left (right, two-sided) ideal
of the ring R.

Corollary 3.33. Let Bo(M) be a basis of a.y-neighborhoods of zero of an a g -
topological R-module M, then My = ﬂVeBO(M) V' is the smallest o, -closed
submodule of M.

Proof. Due to Proposition 2.28, My = a,Cl({0}), then, according to the Corol-
lary 3.31 (2), My is an a.,-closed submodule of M. Let N be an a.-closed sub-
module of M, then, from {0} C N results that My = o,CI({0}) C a,Cl(N) =
N, that is, My is the smallest c,-closed submodule of M. (I
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Corollary 3.34. Let By(R) be a basis of ag-neighborhoods of zero of the a (g gy-
topological ring R, then Ry = ﬂVGBO(R) V' is the smallest ag-closed two-sided
ideal of R.

Proof. The result follows from Corollary 3.33, considering R as a left and right
a(,~)-topological R-module. |

Remark 3.35. If 8 is an a-regular operation on aO(R), then in view of Theorem
2.26, it is easy to see that in an o g g)-topological ring R (ag,)-topological R-
module M) the smallest ag-closed ideal (smallest «.,-closed submodule) equals
zero if and only if R (R-module M) is ag-Ts-space (a.-Tr-space).

The proof of the following result is clear, so it is omitted.

Corollary 3.36. If a subgroup of the additive group of an g, g)-topological
ring R (ag ) -topological R-module M) is ag-open (a-open), then it is also
ag-closed (o, -closed). In particular, any ag-open subring, any ag-open left
(right, two-sided) ideal of the ring R or o -open submodule of any R-module
M is ag-closed (or a.-closed).

Remark 3.37. An ag-connected (g, g)-topological ring R has no ag-open sub-
groups of additive group, in particular ag-open subrings, ag-open left (right,
two sided) ideals different from the R.

Remark 3.38. An a-connected g, )-topological module M does not contain
ay-open subgroups of the additive group, in particular a,-open submodules,
different from M.

Corollary 3.39. The a.-component containing zero of an o g ~)-topological R-
module M is an o -closed submodule, and the og-component containing zero
of an a g gy-topological Ting R is an ag-closed two-sided ideal.

Proof. Let C'(M) be the a.,-component containing zero of an R-module M.
Then, due to Proposition 2.30, C'(M) is an a-closed subgroup of the additive
group of M. Let r € R, then the mapping f,. : M — M, where f.(m)=17r-m
for m € M, is an «(, ,y-continuous mapping of the topological space M to
itself. Then r-C(M) = f.(C(M)) is an c.,-connected subset in M and besides,
0 € r-C(M). Therefore, r- C(M) C C(M), that is, C(M) is an «.-closed
submodule of the module M.

Considering R as left and right g g)-topological R-modules, we obtain that
the ag-component C(R) of the o g z)-topological ring R is an ag-closed two-
sided ideal of R. O

Proposition 3.40. Let R be an «(g g)-topological ring, N be an an-closed
non-empty subset of an ag ~)-topological R-module M, x € M, a € R and vy
be an a-regular operation on aO(M). Then, the subset (N : z)r is ag-closed
in R, and the subset (N : a)ar is cy-closed in M.
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Proof. Let Bo(M) be a basis of a,-neighborhoods of zero of M, r € agCI((N :
z)r), m € ayCIl(N : a)p) and U € By(M). Due to conditions Proposition
3.19, there exist ag-neighborhood of zero V,, in R and «.-neighborhood of zero
W, in M such that V, - C U and a- W, C U. We can choose elements
ry € (N : 2)g and m,, € (N : a)p such that r — r, € V,,, and m — m,, € W,,.
Thenr-z—7r,-z=(r—7r,) x€Vy-x CUanda-m—a-my, =a-(m—my) €
a-W,CU. Sincer,-x€ Nanda-m, € N,thenr-z €r,-x+UCN+U,
and analogously a -m € N + U. Hence,

r-z,a-m € Nyep, N +U) =a,CI(N) =N,

that is, » € (N : )g and m € (N : a)p. Thus, (N : z)g is ag-closed in the
a(g,p)-topological ring R and (N : a)ys is ay-closed in the a(g )-topological
module M. ]

Corollary 3.41. Let R be an (g g)-topological ring, N be an . -closed non-
empty subset of an « (g )-topological R-module M, X C M, A C R, 8 be an
a-regular operation on aO(R) and v be an a-regular operation on aO(M).
Then, the following statements are true:

(1) (N : X)gr is an ag-closed subset in R, and (N : A)pr is an o -closed
subset in M.

(2) If N is a subgroup of the additive group M, then (N : X)g is an ag-
closed subgroup of the additive group of R and (N : A) s is an ay-closed
subgroup of the additive group of M.

(3) If N is a subgroup of the additive group of M and A is a right ideal of
R, then (N : A)nr is an ay-closed submodule of M.

(4) If N is a submodule of M, then (N : X)g is an ag-closed left ideal of
R.

(5) If X and N are submodules of M, then (N : X)g is an ag-closed
two-sided ideal of R.

Proof. Since (N : X)p = (Ve x(NV :x)r and (N : A)yr = (Nyea(N : a)nr, then
(N : X)g is ag-closed and (N : A)yr is ay-closed by Proposition 3.40. Thus,
the statement (1) is proved. The statements (2)-(5) result from (1) and from
the corresponding statements of Definition 2.15. (]

Corollary 3.42. Let R be an o g g)-topological ring, A C R, and let X be
a subset of an ayTy g )-topological R-module M. Let 3 be an a-regular
operation on aO(R) and v be an a-regular operation on aO(M). Then, the
following statements are true:

(1) (0: X)g is an ag-closed left ideal of R.

(2) If X is a submodule of M, then (0 : X)g is an ag-closed two-sided
ideal of R.

(3) If A is a right ideal of R, then (0 : A)a is an ay-closed submodule of
M.
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Proof. The proof is similar to Corollary 3.41. O

Corollary 3.43. In an agly o g g)-topological ring R a left annihilator (0 :
A)r of any non-empty subset A C R is an ag-closed left ideal of R, where 5 is
an a-reqular operation on aO(R).

Proof. The proof is similar to Corollary 3.41. (|
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