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Abstract. In this paper we look at the K-theory of a speciﬁc C ∗ -algebra
closely related to the irrational rotation algebra. Also it is shown that
any automorphism of a C ∗ -algebra A induces group automorphisms of
K0 (A) amd K1 (A) in an obvious way. An interesting problem for any
C ∗ -algebra A is to ﬁnd out whether, given an automorphism of K0 (A)
and an automorphism of K1 (A), we can lift them to an automorphism of
A or Mn (A) for some positive integer n.
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1. Introduction
We look at a particular C ∗ -algebra and attempt to calculate its K and Ext
groups.
Let T 2 be the 2-tours and let C(T 2 ) have standared generators u and w. We
can think of C(T 2 ) as acting by multiplication on the Hilbert space L2 (T 2 , dt)
where dt is the Lebesgue measure on T 2 .
Let α be the automorphism of C(T 2 ) given by
α(u) = λu;
∗ Corresponding

α(w) = uw,
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where λ = e2πiα for some irrational number α (as in the case of the irrational
rotation algebra this double meaning for α will cause no confusion). If we
regard T 2 as R/Z × R/Z, then α is induced by the homeomorphism
(s, t) → (s + α, s + t).
For any irrational α we deﬁne
Bα = C(T 2 ) ×α Z.
Regard C(T 2 ) as a subalgebra of Bα and let the action of α be implemented
by the unitary v in Bα , so that α(f ) = v ∗ f v for f in C(T 2 ).
Now α is induced by a minimal homeomorphism on T 2 so Bα is simple.
Hence, in the same way as for the irrational rotation algebra, the standard
covariant representation of Bα on L2 (T 2 ) is faithful and also irreducible. There
is a unique, normalized trace τ on Bα which is also faithful. τ acts on ﬁnite

sums of the form
fi v i (fi in C(T 2 )) via the formula


i
fo dt.
τ(
fi v ) =
T2

τ then extends by continuity to the whole of Bα .
Bα can also be thought of as the crossed product of the irrational rotation
algebra Aα (generators u and v with uv = λvu) by the automorphism ϑ where
ϑ(u) = u;

ϑ(v) = vu.

In our original deﬁnition of Bα the subalgebra generated by u and v is isomorphic to Aα ([6, Proposition 1.3]) and conjugation by w is the same as the
action of ϑ on Aα . The simplicity of Bα ensures the two possible deﬁnitions
do indeed give the same algebra.
We now consider the K-theory of Bα . We use the six term exact sequence
of Pimsner and Voiculescu ([1, 2.4]) in two diﬀerent ways. Considering Bα as
C(T 2 ) ×α Z we obtain,
K0 (C(T 2 ))
↑
K1 (Bα )

1−α−1
∗

−→
i

∗
←−

K0 (C(T 2 ))
K1 (C(T 2 ))

i

∗
−→

1−α−1
∗

←−

K0 (Bα )
↓
K1 (C(T 2 ))

which gives
0

Z2
−→ Z 2
↑
K1 (Bα ) ←− Z 2

−→ K0 (Bα )
↓
←−
Z2

where the bottom right hand map takes [u]1 to 0 an [w]1 to −[u]1 . Hence,
K0 (Bα ) ≈ Z 3 ; K1 (Bα ) ≈ Z 3 .
K0 (Bα ). Two generators, [1]0 and k = [E]0 − [1]0 come from K0 (C(T 2 )). It
is easy enough to construct E explicity in M2 (C(T 2 )) by using the six term
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exact sequence of K-groups associated with the quotient sequence of topological
spaces
T → T 2 −→ Susp(T ),
where Susp(X) = X × [0, 1]/X × {0} ∪ X × {1} for X a topological space.
The inclusion T ⊂ T 2 is as one of the factors of T × T = T 2 . Alternatively,
we can start with the non-trivial element of K0 (C(S 2 )) constructed in [10, 8.5]
and use the continuous map : T 2 → S 2 (think of T 2 as a square with opposite
edges identiﬁed, then identify all edges to a point).
From the way that E is constructed we see that τ (E) = 1, so τ doesn’t
distinguish between k = [E]0 − [1]0 and zero.
To obtain the third generator for K0 (Bα ) we use the second crossed product
structure to obtain a six term exact loop
K0 (Aα )
↑
K1 (Bα )

1−v∗−1

−→

K0 (Aα )

←−

K1 (Aα )

−→
1−ϑ−1
∗

←−

K0 (Bα )
↓
K1 (Aα )

which gives
0

−→ Z 2
Z2
↑
K1 (Bα ) ←− Z 2

−→ K0 (Bα )
↓
←−
Z2

where the bottom right hand map takes [u]1 to 0 and [v]1 to −[u]1 . The diagram
gives us a generator [p]0 where p is a projection in Aα and has trace α there.
τ restricts to the unique normalized trace on Aα so τ (p) = α, and since the
members of K0 (Bα ) given so far have integer trace, this is indeed the missing
generator.
The order on K0 (Bα ). The subgroup generated by [1]0 and [p]0 ordered in
the same way as K0 (Aα ) via τ . To see how k ﬁts in, note that there is an
automorphism of Bα given by
u → λu∗ ; v → v ∗ ;

w → w.

This automorphism restricts to an automorphism of C(T 2 ) which reverses the
orientation of T 2 , thus sending [E]0 to [2]0 − [E]0 and k to −k. Hence both k
and −k are positive in K0 (Bα ) and so k plays no part in the ordering. Thus
the ordering is,
1[1]0 + mk + n[p]0 ≥ 0 if and only if 1 + nα ≥ 0 where 1, m, n are integers.
K1 (Bα ). The two exact loops immediately give [v]1 and [w]1 as two of the
generators. The third is obtained from the second exact loop using [1, Lemma
1.2]. That is, it is represented by a unitary
z = 1n − F + F x(W ∗ ⊗ 1n )F in Bα ⊗ Mn
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where x and F in Aα ⊗ Mn and F is a projection. It is always possible to
choose an x so that z is unitary. In this case F has trace α, so by [6, Cor. 2.5]
F is unitarily equivalent in Mn (Aα ) to a projection p in Aα of trace α. Thus if
we can choose an x in Mn (Aα ) to make z unitary then we can do it all in Aα
so that z is unitary in Bα .
We can give a fairly concrete example of an x and therefore of a z as follows.
For z to be unitary we must have
pxw∗ pwx∗ p = p.
Now w∗ pw is a projection in Aα of trace α so, again by [6, Cor. 2.5], it is
unitarily equivalent in Aα to p. Let x be the unitary that implements this
equivalence, that is, xw∗ pwx∗ = p, and it is ﬁnished.
To sum up, the three generators, [v]1 , [w]1 and [z]1 of K1 (Bα ) all have representatives in Bα .
Ext(Bα ). The Universal Coeﬃcient Theorem already tells us that Ext(Bα )
Z 3 and Ext0 (Bα ) Z 3 . To ﬁnd a concrete example of an extension of Bα we
apply the Pimsner-Voiculescu six term exact sequence for Ext to Aα ×ϑ Z. We
get
−→

Ext(Bα )
↑

0

Ext0 (Aα ) ←−

1−(ϑ−1)∗

Ext(Aα )
Ext0 (Aα )

−→

Ext(Aα )
↓

←−

Ext0 (Bα )

which gives
Ext(Bα ) −→ Z 2
↑
Z2

0

←−

Z2

−→

Z2
↓

←−

Ext0 (Bα ).

Let S be the forward unilateral shift operator on H = L2 (N ) and let M be the
multiplication operator by (1, λ, λ2 , · · · ). Then the map ρ1 : Aα → Q given by
ρ1 (u) = π(M );

ρ1 (v) = π(S)

is an extension of Aα . The other generator of Ext(Aα ) is ρ2 where
ρ2 (u) = π(S);

ρ2 (v) = π(M ∗ ),

(see [5]). The top right hand map on our exact loop takes ρ1 to “−ρ2 ” and ρ2
to zero. Thus our ﬁrst generator for Ext(Bα ) comes from ρ1 . Indeed, if we let
1
N be the operator on H which is multiplication by (1, λ, λ3 , · · · , λ 2 j(j−1) , · · · )
then the map σ1 : Bα → Q given by
σ1 (u) = π(M );

σ1 (v) = π(S);

σ1 (w) = π(N )

extends ρ1 and is the required generator of Ext(Bα ).
Of the three generators for Ext(Bα ), σ1 appears to be the only one with an
easy formula that can be written down.
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Before we close this section, we consider the following example which plays
an important role in the next section.
Example 1.1. We apply [1, 2.4] to the irrational rotation C ∗ -algebra, Aα
(see [8], [9]) we know that K0 (C(T ))
Z and K1 (C(T ))
Z (It should be
noted that it is possible to write C(T ) as C ×Id Z and use [1, 2.4]). The
generator for K1 (C(T )) is u, the identity map: T → C where T regarded as
being embedded in C as the set of complex numbers of modules one. It is clear
that [α(u)]1 = [u]1 so
Id∗ − (α(−1))∗
is the zero map on K1 (C(T )). It is also the zero map on K0 (C(T )) so we obtain
the exact loop,
0
−→ Z −→ K0 (Aα )
Z
↑
↓
K0 (Aα ) ←−

Z

0

←−

Z

which splits into two exact sequences. Thus K0 (Aα ) Z 2 and K1 (Aα ) Z 2 .
It appears, at ﬁrst, that K-theory can not tell us anything about whether
the Aα are isomorphic for various values of α.
However, [1, 2.4] tells us nothing about the order structure on K0 and it is
this which was used by M. Pimsner, D. Voiculescu [2] and by M. Rieﬀel [7] to
distinguish between the Aα .
It is important to note that any trace τ on a C ∗ -algebra A induces an orderpreserving group homomorphism
τ∗ : K0 (A) → R
deﬁned by,
τ∗ ([P ]0 ) = τ (P )
for each [P ]0 in the positive part of K0 (A). In [2], [4] M. Pimsner and D.
Voiculescu showed that Aα can be embedded in an AF -algebra whose K0 -group
is known to be Z 2 , ordered as Z + αZ. Thus the range of τ∗ on projections
in Aα lies within Z + αZ (They later proved this result in a simpler way in
[1] by looking in detail at the six term exact sequence for crossed products [1,
2.4]). In [7] M. A. Rieﬀel gave a method of constructing projections in Aα with
a given trace β, one for each value β in (Z + αZ) ∩ [0, 1]. Projections of this
form will be known as Rieﬀel projections.
Putting these together we have that
{τ (p) : p in P (Aα )} = (Z + αZ) ∩ [0, 1].
As an immediate consequence of this we have the following theorem.
Theorem 1.2. [1, Corollary 2]. Let α and β be two irrational numbers in
[0, 1]. Then Aα Aβ if and only if α = β or α = 1 − β. 
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2. Automorphism of the Irrational Rotation Algebra
We start with K0 (Aα ). It is clear that for a group automorphism to lift in
the way described above it must preserve the order structure. We know (see
Z 2 ordered as Z + αZ ⊆ R. This is a total
Example 1.1) that K0 (Aα )
ordering so the only order-preserving automorphism is the identity map which
lifts to any automorphism of Mn (Aα ). The interesting part is to see which
automorphisms of K1 (Aα ) lift.
Theorem 1.2. An automorphism of K1 (Aα ) lifts to an automorphism of
Mn (Aα ) for some positive integer n if and only if it lifts to an automorphism
of Aα .
Proof. It suﬃces to prove the “only if” implication. Let the automorphism
of K1 (Aα ) be ρ and suppose that ρ lifts to an automorphism v of Mn (Aα ).
Denote by ej (where 1 ≤ j ≤ n) the projection in Mn (Aα ) which has 1 in j th.
place down the diagonal and zero’s every where else. Then, extending the trace
τ on Aα to a trace τ on Mn (Aα ), we see that v(e1 ) is a projection in Mn (Aα )
of trace 1. Thus by [6, Corollary 2.5] there is a unitary u1 in Mn (Aα ) with
u1 v(e1 )u∗1 = e1
writting v1 = Ad(u1 ) o v we see that v1 is also a lifting of ρ. Now (1n −
e1 )Mn (Aα )(1n − e1 ) is isomorphic to Mn−1 (Aα ) and is ﬁxed by v1 . Thus we
can ﬁnd a unitary u2 in Mn (Aα ) such that v2 = Ad(u2 ) o v1 ﬁxes e1 and e2
obviously v2 is a lifting of ρ. Proceeding in this way we ﬁnally obtain vn which
can be written in the form ϕ ⊗ Id. Where we think of Mn (Aα ) as Aα ⊗ Mn .
Then ϕ is also a lifting of ρ and it is ﬁnished. 
Z 2 as integer-valued column vector with generators
We regard K1 (Aα )
 
 
1
0
and [v]1 =
. Aut (K1 (Aα )) GL(2, Z) and we can try to
[u]1 =
0
1


a b
lift
directly as
c d
v : u → ua v b ; v → uc v d .
Note that any automorphism of Aα is determined by eﬀect on u and v.
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