Iranian Journal of Mathematical Sciences and Informatics
Vol. 12, No. 2 (2017), pp 127-139
DOL: 10.7508/ijmsi.2017.2.009

Order Almost Dunford-Pettis Operators on Banach Lattices

Halimeh Ardakani*, S. M. Sadegh Modarres Mosadegh
Department of Mathematics, Yazd University, Yazd, [ran.

E-mail: halimeh_ardakani@yahoo.com
E-mail: smodarres@yazd.ac.ir

ABSTRACT. By introducing the concepts of order almost Dunford-Pettis
and almost weakly limited operators in Banach lattices, we give some
properties of them related to some well known classes of operators, such
as, order weakly compact, order Dunford-Pettis, weak and almost Dunford-
Pettis and weakly limited operators. Then, we characterize Banach lat-
tices £ and F' on which each operator from E into F' that is order almost
Dunford-Pettis and weak almost Dunford-Pettis is an almost weakly lim-

ited operator.
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1. INTRODUCTION

A subset A of a Banach space X is called limited (resp. Dunford—Pettis),
if every weak* null (resp. weak null) sequence (x
on A, that is

*

*)in X* converges uniformly

lim sup [{a,z})| = 0.
n—o00o acA

Also, a subset A of a Banach lattice E is called almost limited (resp. almost
Dunford—Pettis) [9, 8] if every disjoint weak* null (resp. disjoint weakly null)
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*

sequence (z7) in E* converges uniformly on A.

We know that every limited (resp. almost limited) subset of a Banach lattice
E is Dunford—Pettis (resp. almost Dunford—Pettis), but the converse of these
assertions, in general, are false. The reader can be find some useful and addi-
tional properties of limited (resp. almost limited) and Dunford—Pettis (resp.
almost Dunford—Pettis) sets in [2, 6, 8, 9].

Based on the concept of Dunford—Pettis (resp. limited) sets, the class of order
Dunford—Pettis (resp. order limited) operators is defined in [3, 7, 12]. In fact,
an operator T from a Banach lattice F into a Banach space X is said to be or-
der Dunford—Pettis (resp. order limited) if it carries each order bounded subset
of E into a Dunford—Pettis (resp. limited) set of X, i.e., if for each z € ET,
the subset T'([—x, z]) is Dunford—Pettis (resp. limited) in X.

An operator T' : X — FE is called limited (resp. almost limited), whenever
T(Bx) is a limited (resp. almost limited) set. An operator T': X — Y is
called weakly limited whenever T'(Bx) is a Dunford-Pettis set in ¥ [14].

An operator T from a Banach lattice E into a Banach space Y is Dunford—
Pettis (resp. almost Dunford—Pettis), if it carries weakly null (resp. disjoint
weakly null) sequences in E to norm null ones [1, 17]. It is clear that T is
weakly limited if and only if 7* is Dunford—Pettis.

The aim of this paper is to introduce new classes of operators that we call order
almost Dunford—Pettis and almost weakly limited operators and give some in-
teresting applications. Also we will give some equivalent conditions for T'(A) to
be an almost Dunford—Pettis set, where A is an almost Dunford—Pettis (solid)
subset of a Banach lattice F and T is an operator from F to X.

It is evident that if E is a Banach lattice, then its dual E*, endowed with the
dual norm and pointwise order, is also a Banach lattice. The norm ||.|| of a
Banach lattice E' is order continuous if for each generalized net (x,,) such that
Zo 4 01in E, (z4) converges to 0 for the norm ||.||, where the notation z, | 0
means that the net (x,) is decreasing, its infimum exists and inf(z,) = 0. A
Banach lattice is said to be o0—Dedekind complete if for its countable subset that
is bounded above has a supremum. A subset A of E is called solid if |z| < |y
for some y € A implies that x € A and the solid hull of A is the smallest solid
set including A and is exactly the set Sol(A) = {y € E : |y| < |z|, for some
x e A}

Throughout this article, X and Y denote the arbitrary Banach spaces and X*
refers to the dual of the Banach space X. Also E and F' denote arbitrary
Banach lattices and ET = {x € F : © > 0} refers to the positive cone of the
Banach lattice E and B is the closed unit ball of E. If a, b belong to a Banach
lattice F and a < b, the interval [a, b] is the set of all z € F such that a < 2 <b.
A subset of a Banach lattice is called order bounded if it is contained in an
order interval. The lattice operations in F are weakly sequentially continuous,
if for every weakly null sequence (z,,) in E, |z,| = 0 for o(E, E*). The lattice
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operations in E* are weak sequentially continuous, if for every weak™ null se-
quence (f,) in E*, |f,| — 0 for o(E*, E).

We refer the reader to [1, 15] for unexplained terminologies on Banach lattice
theory and positive operators.

2. ORDER ALMOST DUNFORD-PETTIS AND ALMOST WEAKLY LIMITED
OPERATORS

In this section we will define new classes of operators so called order al-
most Dunford—Pettis and almost weakly limited operators and establish some
additional properties of them related to some operators.

Definition 2.1. An operator T from FE into F' is said to be order almost
Dunford—Pettis if it carries each order bounded subset of E into an almost
Dunford—Pettis set in F'.

Note that there exist operators which are order almost Dunford—Pettis, but
fail to be order Dunford-Pettis. Indeed, Id,  : foo — o is order almost
Dunford—Pettis, but it is not order Dunford—Pettis (because [—e,e] = By__ is
almost Dunford—Pettis, but it is not Dunford—Pettis). It is clear that each
order Dunford—Pettis operator is order almost Dunford—Pettis.

As in [1], an operator T from X into Y is said to be weak Dunford—Pettis, if it
carries relatively weakly compact sets in X to Dunford—Pettis ones.

By a simple proof we can investigate that each weakly limited operator 7T :
E — X is order Dunford—Pettis and weak Dunford—Pettis.

Definition 2.2. An operator T from X into F is said to be almost weakly
limited whenever T'(Bx) is an almost Dunford—Pettis set in E.

It is clear that 7" is almost weakly limited if and only if 7™ is almost Dunford-
Pettis.

An operator T : X — F is called weak and almost Dunford—Pettis if T" carries
each relatively weakly compact set in X to an almost Dunford—Pettis set in F,
equivalently, for every weakly null sequence (x,) C X, and every disjoint weak
null sequence (f,) C E* we have f,(Tx,) — 0 [5].

By a simple proof we can investigate that each almost weakly limited operator
is order almost Dunford-Pettis and weak and almost Dunford—Pettis.

ExaMPLE 2.3. Every weakly limited operator is almost weakly limited, but the
converse is false, in general. In fact, since the closed unit ball L'[0, 1] is almost
Dunford-Pettis, but it is not Dunford—Pettis, Idrijoq; : L*[0,1] — L'[0,1] is
almost weakly limited, but it is not weakly limited.

Also, the identity operator Id,_ : {s — ls is almost weakly limited, but it is
not weakly limited.



130 H. Ardakani, S.M. Modarres Mosadegh

A Banach lattice E has the Schur (resp. positive Schur) property, if every
weakly null (resp. weakly null with positive terms) sequence in E is a norm
null [1, 18].

Proposition 2.4. Every operator T from a Banach space X into a Banach
lattice E such that E* has the Schur (resp. positive Schur) property is weakly
limited (resp. almost weakly limited).

Proof. We note that dual Banach lattice E* has the Schur (resp. positive
Schur) property if and only if the closed unit ball Bg is Dunford—Pettis (resp.
almost Dunford-Pettis) set. O

EXAMPLE 2.5. In every Banach lattice we have the following assertions:

(a) Each limited operator is weakly limited, but the converse is false, in
general. Indeed Id., : co — co is weakly limited and it is not limited.

(b) Each limited operator is almost limited, but the converse is false, in
general. Indeed Idy_ : lo — {o is almost limited, but it is not limited.

(¢) Each almost limited operator is almost weakly limited, but the converse
is false, in general. Indeed Id. : ¢ — c is almost weakly limited, but it
is not almost limited.

By [15, Definition 3.6.1], a subset A in a Banach lattice F is L-weakly compact,
if every disjoint sequence in Sol(A) is norm null. Every L-weakly compact set
is relatively weakly compact and the converse holds for Banach lattices with
the positive Schur property [18]. An operator T from a Banach space X into
a Banach lattice E is L-weakly compact, if T(Bx) is an L-weakly compact set
in F.

Theorem 2.6. Fvery L-weakly compact operator is almost weakly limited, but
the converse is false, in general.

Proof. By [8, Proposition 2.8], every L-weakly compact set in a Banach lattice
is an almost Dunford—Pettis set. So every every L-weakly compact operator is
almost weakly limited.

Also by [9, Theorem 4.2], every L-weakly compact operator on a Banach lattice
is an almost limited operator and so is an almost weakly limited operator.
The converse is false. In fact, Id., : co — ¢o is almost weakly limited operator
and it is not L-weakly compact, because the closed unit ball ¢y is an almost
Dunford—Pettis set, but it is not an L-weakly compact set. O

Remember that a Banach lattice E is an AL-space if z Ay = 0 in F implies
=+ yll = [lzll + 1yl

Theorem 2.7. [8] Let E be an AL-space. Then for a norm bounded subset A
of E, the following statements are equivalent.

(a) A is L-weakly compact.
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(b) A is relatively weakly compact.
(¢) A is Dunford—Pettis.
(d) A is almost Dunford—Pettis.

An operator T from E into X is said to be an order weakly compact operator,
if it carries order intervals in E to relatively weakly compact sets in X. By
[13], an operator T from F into F is said to be order almost limited if it carries
each order bounded subset of E into an almost limited set of F'.

Theorem 2.8. Every order weakly compact operator from a Banach lattice
E into an AL-space E is an order almost limited and order Dunford—Pettis
operator.

Proof. For each z € ET, T[—z,x] is relatively weakly compact and so it is
L-weakly compact, by Theorem 2.7. Now, by [9] it is an almost limited set;
that is, T is order almost limited.

Also by Theorem 2.7, every relatively weakly compact set in an AL-space is
Dunford—Pettis and so each order weakly compact operator from a Banach
lattice F into an AL-space F is an order Dunford—Pettis operator. (I

By [11] an operator T from X into F is said to be weak and almost limited
operator, if it carries relatively weakly compact sets in X to almost limited
ones.

Theorem 2.9. Every L-weakly compact operator from a Banach space X to a
Banach lattice E is a weak and almost limited operator.

Proof. If T is an L-weakly compact operator then T(Bx) is an L-weakly com-
pact set in E and by [9], it is an almost limited set. Since each relatively weakly
compact set is bounded, so T carries each relatively weakly compact sets in X
to almost limited ones. (]

Theorem 2.10. FEvery L-weakly compact operator T from a Banach lattice E
into an AL-space is an order Dunford—Pettis operator.

Proof. If T is an L-weakly compact operator from a Banach lattice E into an
AL-space, then T(Bg) is an L-weakly compact set and so by Theorem 2.7, it
is a Dunford—Pettis set; that is, T is an order Dunford—Pettis operator. O

There is an order Dunford—Pettis operator which is not L-weakly compact. In
fact, Id., : co — co is an order Dunford—Pettis operator and it is not L-weakly
compact, because the closed unit ball ¢y is a Dunford—Pettis set, but it is not
an L-weakly compact set.

Recall that an element x belonging to a Riesz space F is discrete, if x > 0 and
ly| < z implies y = ta for some real number ¢. If every order interval [0,y] in
E contains a discrete element, then F is said to be a discrete Riesz space. An
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operator T from E into X is said to be an AM-compact operator, if it carries
order intervals in F to relatively compact sets in X [15].

It is clear that every AM-compact operator is an order Dunford—Pettis and so
order almost Dunford—Pettis operator, but the converse is false, in general. We
need the following lemma.

Lemma 2.11. [16] Let T be an operator from a Banach space into a discrete
Banach lattice with order continuous norm. Then the following statements are
equivalent.

(a) T is almost limited.
(b) T is L-weakly compact.
(¢) T is limited.

(d) T is compact.

Theorem 2.12. Every order almost Dunford—Pettis operator T from a Banach
lattice E into a discrete AL-space F' is AM-compact and this condition on F
can not be removed.

Proof. Foreach z € Et, T[—x, ] is almost Dunford-Pettis set and by Theorem
2.7 it is L-weakly compact and also by Theorem 2.11 it is relatively compact.
Hence T is an AM-compact operator.

There is an order almost Dunford—Pettis operator which is not AM-compact.
Indeed Idy,, : lso — ¢ is an order almost Dunford—Pettis operator, but it is
not AM-compact. Every order Dunford—Pettis operator is not AM -compact,
in general. Indeed Id. : ¢ — c is an order Dunford—Pettis operator, but it is
not AM-compact. O

Corollary 2.13. We have the following statements.

(a) Every almost limited operator from a Banach space X into a discrete
Banach lattice E with order continuous norm is limited.

(b) Every almost weakly limited operator from a Banach space X into an
AL-space E is weakly limited.

(¢) Every almost weakly limited operator from a Banach space X into an
AL-space E is almost limited.

(d) Every weakly limited operator from a Banach space X into a Grothendieck
space is limited.

Theorem 2.14. Every order bounded operator on a Banach lattice is an order
almost Dunford—Pettis operator.

Proof. We note that every order bounded operator maps order intervals into
order intervals. By [8, Corollary 2.2], each order interval of a Banach lattice is
an almost Dunford—Pettis set. O

Remember that a Banach lattice F is an AM— space if x Ay =0 in E implies
vyl = max{|lz[], lyl}-
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Corollary 2.15. If E is a AM -space with unit, then the identity operator Idg
is almost weakly limited.

Proof. Since in an AM-space E with unit, the closed unit ball Bg is an order
bounded set and so it is almost Dunford—Pettis, then the identity operator Idg
is almost weakly limited. (I

Theorem 2.16. Every order almost limited operator from E to F is an order
almost Dunford—Pettis operator, and the converse holds, if F' is an AL-space.

Proof. Since each almost limited set in a Banach lattice is an almost Dunford—
Pettis set, so each order almost limited operator is order almost Dunford-
Pettis, but the converse is false, in general. Indeed, Id. : ¢ — ¢ is order almost
Dunford—Pettis, but it is not order almost limited (because [—1,1] = B, is
almost Dunford—Pettis, but it is not almost limited).

If T is an order almost Dunford—Pettis operator from F to an AL-space, then
for each z € Et, T[—x, x| is almost Dunford-Pettis and by Theorem 2.7, it is
L-weakly compact and so almost limited. Hence T is order almost limited. [

Theorem 2.17. For an operator T from a Banach lattice into an AL-space,
the following are equivalent:

(a) T is order almost Dunford—Pettis,
(b) T is order Dunford—Pettis,

(¢) T is order weakly compact,

(d) T is order almost limited.

Proof. Tt follows from Theorem 2.7. O

We recall that a Banach lattice F has the weak Dunford—Pettis property if
every weakly compact operator on F is an almost Dunford—Pettis operator. A
Banach lattice E has the weak Dunford—Pettis property if and only if every
relatively weakly compact set in F is an almost Dunford—Pettis set [8, 19].

Theorem 2.18. Every order weakly compact operator T' from a Banach lattice
into a Banach lattice F with the weak Dunford—Pettis property is an order
almost DP operator, and this condition on F is essential.

Proof. Since every relatively weakly compact set in a Banach lattice F' with the
weak Dunford—Pettis is an almost Dunford—Pettis set, so every order weakly
compact operator T' from a Banach lattice into a Banach lattice F' with the
weak Dunford—Pettis property is order almost Dunford—Pettis operator, but an
order weakly compact operator is not necessarily order almost Dunford—Pettis.
In fact, the closed unit ball By, of the Banach lattice ¢5 is a relatively weakly
compact set in ¢o, but it is not almost Dunford—Pettis; that is, there exist a
relatively weakly compact set in £ which is not almost Dunford—Pettis. Since
L1[0,1] has order continuous norm by [1], every order interval in L'[0,1] is
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relatively weakly compact. So each operator T : L'[0,1] — f5 is order weakly
compact, but it is not order almost Dunford—Pettis (and so it is not order
almost limited). O

Every order almost Dunford—Pettis operator is not an order weakly compact
operator, in general. Indeed Id,_ : {0, — {~ is an order almost Dunford-Pettis
operator, but it is not order weakly compact.

Theorem 2.19. Ewvery operator T from a Banach lattice E with order contin-
wous norm into a Banach lattice with the weak Dunford—Pettis property is an
order almost Dunford—Pettis operator.

Proof. Since E has order continuous norm by [1], for each z € E* order interval
[—x, 2] is relatively weakly compact. So T[—=x, z] is relatively weakly compact
and so it is almost Dunford—Pettis. Hence T is an order almost Dunford—Pettis
operator. (Il

A Banach lattice F is said to be a K B-space, whenever every increasing norm
bounded sequence of Et is norm convergent and it is called a dual Banach
lattice if £ = G* for some Banach lattice G. A Banach lattice E is called a
dual K B-space if F is a dual Banach lattice and F is a K B-space. It is clear
that each K B-space has an order continuous norm.

Theorem 2.20. Every almost weakly limited operator from a Banach space X
into a Banach lattice E is almost limited, if one of the following assertions is
valid.

(a) The norm of the topological bidual E** is order continuous.
(b) E is a dual K B-space.

Proof. If E** has order continuous norm or F is a dual K B-space, then by [8,
Theorem 2.9], every almost Dunford—Pettis set in E is L-weakly compact and
so it is almost limited. So every almost weakly limited operator from X into
E is almost limited. O

Note that there exist operators which are order almost Dunford—Pettis and
weak and almost Dunford—Pettis, but fail to be (almost) weakly limited. In-
deed, Idy, : 1 — ¢; is order almost Dunford-Pettis and weak almost Dunford—
Pettis, but it is not (almost) weakly limited, because £, does not have the
(positive) Schur property and so the closed unit ball By, is not an (almost)
Dunford—Pettis set.

In the following result we characterize Banach lattices E and F' on which each
operator from F into F' which is order almost Dunford—Pettis and weak almost
Dunford—Pettis, is almost weakly limited. To establish this result, we will need
the following lemma.
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Lemma 2.21. For a Banach lattice E, E* does not have the positive Schur
property if and only if there exist a disjoint weakly null sequence (fy,) in (E*)T
and a sequence (xy,) in Bp+ and € > 0 such that |frn(x,)| > €, for all n.

Theorem 2.22. The following assertions are equivalent:

(a) each order almost Dunford—Pettis and weak and almost Dunford—Pettis
operator T : E — F is almost weakly limited;
(b) E* has order continuous norm or F'* has the positive Schur property.

Proof. (a) = (b). We use the technique of [13, Theorem 4.2]. Assume (b) is
false, i.e, the norm of E* is not order continuous and F* does not have the
positive Schur property. By [15] we may assume that ¢; is a closed sublattice
of E and there is a positive projection P from FE into /;.

On the other hand, from precedding lamma it follows that there exist a disjoint
weakly null sequence (f,,) in (F*)" and a sequence (z,,) in Bp+ and € > 0 such
that |f,(x,)| > €, for all n. Now, we consider the operator T = SoP : E —
{1 — F where S is the operator defined by

Sily—=F, (M) = > A
n=1

Since ¢; has the Schur property, then by [13, Theorem 4.2], T is weak almost
limited and order almost limited. So T is weak and almost Dunford—Pettis and
order almost Dunford—Pettis.

Now, we show that the operator T' is not almost weakly limited. Indeed, let
(fn) be a disjoint weakly null sequence in F*. As the operator P : E — {1 is
surjective, there exists ¢ > 0 such that 0.(B,,) C P(Bg). Hence

1T full = sup |T*(fa)(2)| = sup |fu(T(2x))] = sup [fn o S(P(z))]

r€EBE r€EBE rEBE

> 8 fn 0 S(en)| > 0| fn(an)| > d.e

(where (ey,) is the canonical basis of ¢1). Then ||T™* f,,|| > d.€ for all n. So T is
not almost weakly limited.

(b) = (a). Let (fy) be a disjoint weakly null sequence of F*. Since T is order
almost Dunford-Pettis, |T* f,,|(x) — 0 for each z € E*. Since E* has order
continuous norm, by [10, Corollary 2.7] every norm bounded disjoint sequence
(z,) C ET is weakly null. Hence, as T is a weak almost Dunford-Pettis
operator, T* fp(z) = fn(T(z,)) — 0. Therefore T is an almost Dunford—
Pettis operator.

If F* has the positive Schur property, the closed unit ball Br is an almost
Dunford—Pettis set and clearly every operator T' : E — F' is almost weakly
limited. (]
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Note that continuous linear images of Dunford—Pettis (resp. limited) sets or
sequences are Dunford—Pettis (resp. limited), but the same conclusion is false
for almost Dunford—Pettis sets (resp. almost limited) or sequences, in general.
In the following theorem, we stablish some conditions which guarantees the
continuous linear images of almost limited (resp. almost Dunford—Pettis) sets
are also almost limited (resp. almost Dunford—Pettis).

Recall from [15] that a positive linear operator T': E — F between two Banach
lattices is almost interval preserving, if T[0,z] is dense in [0,Tz], for every
z€ET.

Theorem 2.23. Let T : E — F be an almost interval preserving operator and
let A be an almost Dunford—Pettis (resp. almost limited) subset of E. Then
T(A) is almost Dunford—Pettis (resp. almost limited) in F.

Proof. Let (yX) be a disjoint weakly null (resp. disjoint weak* null) sequence
in F*. By [15, Theorem 1.4.19], T* is lattice homomorphism and so (T*yZ) is
a disjoint weakly null (resp. disjoint weak* null) sequence in E*. Since A is
almost Dunford—Pettis (resp. almost limited),

lim sup (T, y;)| = limsup [{(x, T*y;;)| — 0.
z€A z€A
This completes the proof. O

Corollary 2.24. FEvery almost interval preserving operator T : E — F between
two Banach lattices is an order almost Dunford—Pettis operator.

Proof. By [8, Corollary 2.2], for each x € E™, order interval [—z, z] is an almost
Dunford—Pettis set, and by Theorem 2.23, T'[—x, x] is an almost Dunford—Pettis
set. (]

Theorem 2.25. Every almost interval preserving operator T on an AM -space
E with unit is almost weakly limited.

Proof. If E is AM-space F with unit, then every norm bounded set in E is
order bounded and by [8, Corollary 2.2], it is almost Dunford—Pettis. So by
Theorem 2.23, the operator 7" on FE is almost weakly limited. O

By the tecnique in the proof of [16, Theorem 2.7], we have the following theorem
that is already established in [4, Theorem 3.14].

Theorem 2.26. Let E and F be two Banach lattices such that E* has the
weakly sequentially continuous lattice operations. If T : E — F is an operator,
then T(A) is an almost Dunford—Pettis set in F, whenever A is an almost
Dunford—Pettis solid set in E.

According to [16, Lemma 2.2], for almost limited sets, we have the following
lemma for almost Dunford—Pettis sets.
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Lemma 2.27. Let A be a norm bounded subset of a Banach lattice E. If for
every € > 0 there exists some almost Dunford—Pettis subset A, of E such that
A C A. + €Bg, then A is almost Dunford—Pettis.

Theorem 2.28. Let E, F and G be three Banach lattices. Then

(a) the class of order almost Dunford—Pettis operators is a norm closed
vector subspace of the space L(E, F) of all operators from E into F.

(b) if T : E — F is an order almost Dunford—Pettis operator, then for each
almost interval preserving operator S : F' — G, the composed operator
SoT is order almost Dunford—Pettis.

(¢) if T : E — F is an order bounded operator, then for each order almost
Dunford—Pettis operator S : F — G, the composed operator SoT is
order almost Dunford—Pettis.

Proof. (a). Clearly the class of order almost Dunford—Pettis operators is a
vector subspace of L(E, F') and by Lemma 2.27, this class is also norm closed.
(b). Let T : E — F be an order almost Dunford—Pettis operator. Then for
each x € ET, T([—x,x]) is almost Dunford—Pettis. Since S is almost interval
preserving, S(T'([—x,«])) is an almost Dunford—Pettis set in F', and so SoT is
order almost Dunford—Pettis.

(c). Let T : E — F be an order bounded operator. Then for each x € Et,
T([—z,z]) is order bounded. Since S is order almost Dunford—Pettis, then
S(T([—x,«])) is an almost DP set in F', and so SoT is order almost Dunford—
Pettis. O

By similar techniques of [7], we have the following theorems.

Theorem 2.29. Let T be an operator from a Banach lattice E into a Banach
lattice F'. If T* is almost Dunford—Pettis, then T is order almost Dunford—
Pettis.

Proof. Let (f,) be a disjoint weakly null sequence of F*. As the adjoint 7™ is
almost Dunford—Pettis, we deduce that ||T* f,,|| — 0. So for each x € ET order
interval T'[—z, z] is an almost Dunford—Pettis; that is,

sup |fu(2)l = sup [T"fu(y)| = |T" ful(x) = 0.

z€T|[—z,z] yE[—z,x]
We deduce that T is order Dunford-Pettis. O

Theorem 2.30. Let T be an operator from a Banach lattice E into a Banach
lattice F'. If T* is almost Dunford—Pettis, then T is weak and almost Dunford—
Pettis.

Proof. Let (x,,) be a weakly null sequence of E and (f,) be a disjoint weakly
null sequence in F*. We have to prove that f,(T(z,)) — 0. As T* is al-
most Dunford-Pettis, then ||T*f,|| — 0. On the other hand, since (z,) is a
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weakly null sequence of E, then (z,) is norm bounded and by the inequality
|T*(fr)(@n)| = |fn(T(xn))| < ||T* fnll, we conclude that T is weak and almost
Dunford—Pettis. O

Theorem 2.31. The following assertions are equivalent:

(a) Each order almost Dunford—Pettis and weak and almost Dunford—Pettis
operator T : E — F has an adjoint almost Dunford—Pettis operator;
(b) E* has order continuous norm or F* has the positive Schur property.

Proof. The proof is similar to [7, Theorem 3.1]. |

ACKNOWLEDGMENTS

The authors are grateful to the referees for their careful reading and sugges-
tions for improving this paper.

REFERENCES

1. C. D. Aliprantis, O. Burkishaw, Positive operators, Academic Press, New York and
London, 1978.

2. K. T. Andrews, Dunford-Pettis Sets in the Space of Bochner Integrable Functions, Math.
Ann., 241, (1979), 35-41.

3. B. Aqgzzouz, K. Bouras, Dunford-Pettis Sets in Banach Lattices, Acta Math. Univ. Come-
nianae, 2, (2012), 185-196.

4. H. Ardakani, S. M. S. Modarres Mosadegh, Strong Relatively Compact Dunford-Pettis
Property in Banach Lattices, accepted in Annals of functional Analysis.

5. K. Bouras, M. Moussa, Banach lattices with weak Dunford-Pettis property, Int. J. of
Info. and Math. Sciences, 6, (2010), 203-207.

6. J. Bourgain, J. Diestel, Limited Operators and Strict Cosingularity, Math. Nachr., 119,
(1984), 55-58.

7. K. Bouras, E. Kaddouri, J. Hmichane, M. Moussa, The class of ordered Dunford-Pettis
operators, Mathematica Bohemica, 138, (2013), 289-297.

8. K. Bouras, Almost Dunford-Pettis Sets in Banach Lattices, Rend. Circ. Mat. Palermo,
62, (2013), 227-236.

9. J. X. Chen, Z. L. Chen, G. X. Ji, Almost Limited Sets in Banach Lattices, J. Math.
Anal. Appl., 412, (2014), 547-563.

10. P. G. Dodds, D. H. Fremlin, Compact Operators on Banach Lattices, Israel J. Math.,
34, (1979), 287-320.

11. A. Elbour, N. Machrafi, M. Moussa, On the class of weak and almost limited operators,
arXiv:1403.0136v1.

12. A. E. Kaddouri, M. Moussa, About the Class of Ordered Limited Operators, Acta Uni-
versitatis Carolinae. Mathematica et Physica, 54, (2013), 37-43.

13. A. E. Kaddouri, K. EL. Fahri, J. Hmichane, M. Moussa, The class of ordered almost
limited operators on Banach lattices, submitted to Acta Math. Univ. Comenianae.

14. H. Z. Lin, The Weakness of Limited Set and Limited Operator in Banach Spaces, Pure
Appl. Math., 27, (2011), 650-655.

15. P. Meyer- Nieberg, Banach lattices, Universitext, springer- Verlag, Berlin, 1991.

16. N. Machrafi, A. Elbour, M. Moussa, Some Characterizations of Almost Limited Sets and
Applications, arXiv:1312.2770v1.



Order Almost Dunford-Pettis Operators on Banach Lattices 139

17. J. A. Sanchez, Operators on Banach Lattices (Spanish), Ph. D. Thesis, Complutense
University, Madrid, 1985.

18. J. A. Sanchez, Positive Schur Property in Banach Lattices, Exztraccta Math., 7, (1992),
161-163.

19. W. Wnuk, Banach Lattices with the weak Dunford—Pettis Property, Atti Sem. Mat.
Univ. Modena XLII, (1994), 227-236.



