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1. INTRODUCTION

If f and g are two continuous functions on [a, b] satisfying m < f(t) < M
and p < g(t) < Pforallte [a,b], m,M,p,P €R,

P90t — i [ F(0)d [ g(t)de| < LM —m)(P—p). (L)

a

8 —o

1
b—a

(1.1) inequality is well-known in literature as Griiss Inequality. It is defined as
the integral inequality that establishes as a connection between the product of
two functions and the product of the integrals [1].
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Griiss type inequalities are now vast and many extensions of the classical
inequalities were intensively studied by many authors. Integral inequalities
and applications have been addressed extensively by several researchers. For
example, we refer the reader to [4, 5, 6, 7, 8, 9] and the references cited therein.
Also, there are many extensions of Griiss type inequalities by using Riemann-
Liouville fractional integrals [2, 13, 14, 16].

2. PRELIMINARIES

In this section, we will give some definitions, lemmas and theorems which
we use later in this article.

Definition 2.1. [12] Let f € L]0, 00).The Riemann- Liouville fractional inte-
gral of order a > 0 is defined by

19 (1) = i Ji(t — 2)°71f (2) da, (2.1)
197 (1) = (1),

where I' is the gamma function.

Definition 2.2. [10, 11] A function f(¢) is said to be in the L, ;[0, c0) space
if

1
Lpal0.50) = { £ 151, ., = (H1AOF ) <o, 15p<oc, k20

(2.2)
For k =0,

L10.0) = {1111 = (R VOF )" <0, 1< < o0}

Definition 2.3. [10, 11] Let f € Lj4[0,00). The Generalized Riemann-
Liouville fractional integral I®*f (z) of order @ > 0 and k& > 0 is defined
by

11—
1ok fla) = B [F (@b — a1k £, (2.3)

1%Ff (2) = f(2),
where I' is the gamma function.
Definition 2.4. Let f € L]0, 00) and h(z) be an increasing and positive mono-
tone function on [0,00) and also derivative h'(z) is continuous on [0, c0) and

h(0) = 0. The space X} (0,00) (1 < p < o00) of those real-valued Lebesque
measurable functions f on [0, 00) for which

1fllxe = (Jo~ [F@OF 1 (t)d ) <00, 1<p<oo (2.4)
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and for the case p = oo
Ifllxm = ess sup [K()F().
0<t<o0o
In particular, when h(z) = z (1 <p < co) the space X7 (0,00) coincides

with the L,[0, 0o)-space and also if we take h(z) = % (1<p<oo, k>0)

the space X7 (0,00) coincides with the L, [0, co)-space.

Definition 2.5. [10, 11] Let f € X} (0,00) and h(z) be an increasing and
positive monotone function on [0, 00) and also derivative h'(z) is continuous on
[0,00) and h(0) = 0. The Riemann-Liouville fractional integral of a function
f(x) with respect to another function h(x) is defined by

IR f(8) = iy Jo (h(t) = h(x)*~Lf (2) W (x)da. (2.5)

For the convenience of establishing our results, we give the semi-group prop-
erty:

I () =170 f (1), a>0, 820, (2:6)
which implies the commutative property
I () =L f(1). (2.7)
From Definition 5, if f (¢) = h7(t), then we have

_ Wy +1)

I [ (1) = 6 tarD) ,a>0, 8>0. (2.8)

(2.5) — (2.8) results for (2.5) Riemann-Liouville fractional integral are reduced
(2.1) fractional integral and its properties when h(z) = .
In [15])some special applications and convergency cases of (2,5) are studied.
Dahmani et al. [2] gave the following fractional integral inequalities for the
integral (2.1) in Definition 1.

Theorem 2.6. Let f,g € L[0,00) and satisfy the following conditions:

mgf(t>§M7 pgg(t)gpa tE[O7OO>, maMap7P€R7

then for allt >0, a >0, 8 >0,

i) e I (fa)(t) = I F () I°g(8)| < (k) (M — m)(P - p),
(2.9)



4 E. Kacar, Z. Kacar, H. Yildirim

" <”:‘7a+”]ﬁ(fg)(t) + i [ (f9) () — I f(D) TP g(t) — Iﬁf(t)Iag(t))Q
= {(Mm —f“f(t)) (Iﬁf(t) _mr(éiil))

@ e B
+ (I ft) = mr(fwl)) (Mr(/§+1> o I'Bf(t))}
« o s
< { (Pt = 100)) (1P00) ~ prhiry)
o « s
+ (I 9(t) _pr(:wrl)) (PF(};H) - Iﬁg(t))}
(2.10)
Jessada Tariboon et al. [3] gave the following fractional integral inequalities
for functions in Theorem 2, Theorem 3, Theorem 4, and Lemma 1 which are

bounded with integrable functions.

Theorem 2.7. Let f € L[0,00). Suppose that
(Hy) there exist two integrable functions ¢4, @y on [0,00) such that

p1(t) < (1) < @y(t), Yt €10,00).
Then for ¢t > 0, o, 8 > 0, one has

Iy (I F(t) + T (I f(t) > Iy ()T, (1) + I F(If(2).  (2.11)

Theorem 2.8. Let f,g € L[0,00). Assume that
(Hy) holds and moreover one assumes that
(Hy )there exist two integrable functions v, ¥y on [0,00) such that

Py (t) < g(t) < 1hy(t), VE € [0, 00).
Then fort > 0, a, 8 > 0, the following inequalities hold:

(@) IOy (I f(t) + 1o () IPg(t) = Py (1) I%pa(t) + I F(1)I7g(2),
(0) 1Py () I1g(t) + Iy (t)I° f(t) > TP (1) Ty (t) + I° f(8) g (1),
(c) M f (1),
(d) I () M f(t).
(2.12)

(t)
Ty () 1Py (t) + I f (2
()P4 (

(t) (DI (t
FO)Ig(t) > 1oy () I g(t) + Py (t
(&) + IO g(t) () I7g(t)

) (
WP g(t) > I%p () IPg(t) + TP, (t

Lemma 2.9. Let f, 1,9, € L[0,00). Assume that the condition (Hy)holds.
Then, fort >0, a > 0, we have

e 102 () — (17 f (1) = {I%z() I2fE)I*f(E) = Iy (1))

~ e (palt) - VO - er(0)}

t) = 1%y ()1 f(2)

)

+r(a+1)1 ©1 (1) f(
L 02 f () — I oo (1)1 f (¢
1% (DI%0(t) — iy I P1(D)pa ().

(2.13)
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Theorem 2.10. Let f,g,¢1, ¢q, ¥1 ¥o € L[0,00) and satisfy the conditions
(H1) and (Hy) on [0,00). Then for allt > 0, o > 0, one has

a

s 1)) — 1 (OF(0)] < T or e T, b2), (214)
where T'(u, v, w) is defined by

T(u,v,w) = (I*w(t) — Iu(t))(I"u(t ) I*(t))
+p(§+1 *(u(t)u(t)) = I*o(0)1u(t)
e L (w(t)u(t) — I w(t)I*u(t)
() w(t) - F(Mm o(tu(t).
Main Results: In this section, we will obtain Griiss type inequalities by using

(2.5) h(z)-Riemann-Liouville fractional integral. Our first result is the following
theorem.

(2.15)

Theorem 2.11. Let f € X}(0,00) and h(z) be an increasing and positive
monotone function on [0,0), and also derivative h'(x) is continuous on [0, 00) and
also h(0) = 0. Suppose that there exist two integrable functions @, py on [0,00)
t>0, a,B >0 such that

p1(t) < f(t) < @o(t) VE € 0,00). (2.16)
Then we obtain the following inequality

Loy (VIR F() + IR oo (DI, £ (1) = IR pa(D I 0n (8) + I F (DI F(1). (2.17)
Proof. From (3.1), for all x > 0, y > 0, we have

(po(@) = f(2))(f(y) — ¢1(y)) =0,

@a(@) f(y) + o1 () [ () > @1 (y)pa (@) + f(2) f (). (2.18)
a—1p/
If we multiply both sides of (3.3) by ht) = hl_(‘y(cl)) G , and integrate
with respect to x on (0,t), we obtain
FWIReo(t) + o1 (IR f () = o1 (W) ea(t) + F(y) I3 £ (). (2.19)
If we multiply both sides of (3.4) by (h(t) = hég(;%))ﬂlh’(y)’ and integrate

with respect to y on (0,t), we get

Lior (DI F() + Tikos (D1, (1) 2 I po (D o1 (6) + IR f O£ (1) (2:20)
This proves the theorem. i
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Corollary 2.12. Let h(xz) = x in Theorem 5, then we have the inequality
(2.11) in Theorem 2.

k+1

Corollary 2.13. Let h(z) = 975, k > 0 in Theorem 5, then we have the
results in [13].

Corollary 2.14. Let f € X7 (0,00). Suppose that m < f(t) < M , Vt € [0, 00)
and m, M € R. Then fort >0, a >0, >0, we have

ORI he(t) s
pr0+ Mo g)
(52%) W (@+1) (2.21)

a B
> mF(a+1) TB+1) + IR f(O), (1)

Theorem 2.15. Let f and g be two integrable functions on [0,00) and h(z)
be an increasing and positive monotone function on [0,00), derivative h'(x) is
continuous on [0,00) and also h(0) = 0, t > 0, a, B > 0. Suppose that (3.1)
holds and moreover assume that there exist 1, and v, integrable functions on
[0,00) such that

P1(t) < g(t) < hy(t), VE€[0,00). (2.22)
Then the following inequalities hold:

S
Nasl

Loy (IR £(8) + Igea ()1 g(t) > 1wy ()15 0y
LYoy (DI g(t) + Iy (DI F(£) > Iy (1) I3y
I () Iy (1) + IR F(4) ) g(t) > Imw,fg(
Iy ()1 ( FOIg(t) > Io (I, g(t) +

/.\,.\,.\,.\
=
=

S
~—

1 t) + Ih
Proof. From (3.1) and (3.7) for V¢ € [0, 00), we have
(o) = f(2))(9(y) = 1(y)) = 0

then

(h(t) = h(x))*~'h' (z)

If we multiply both sides of (3.9) by

respect to z on (0,t), we get

9WIR o (t) + V1 () IR f () = by ()5 ea(t) + g(y) I3 f (1) (2.25)

(h(t) — h(y)" W (y)
r'B)

If we multiply both sides of (3.10) by and integrate

with respect to y on (0,t), we get
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Lo IR T8 + oo g(t) = Iioae0 () + I f O Ig (). (2:26)
This proves (a).
To prove (b) — (d), we use the following inequalities:

(0) (P2() = g(2))(f(y) — ¢1(y)) 2 0,

(©) (p2(x) = f(2))(9(y) —2(y)) <0,

(d) (p1(z) = f(2))(9(y) — 1 (y)) <0.
]

The following inequalities are the special case of Theorem 6.

Corollary 2.16. Let f,g € X}(0,00) ,t>0, >0, >0. Suppose that
there exist real constants m, M,n, N, such that

m < f(t) <M, n<g(t) <N, Vte(0,00).
Then we have
N IO RO

he(t)  RA(t) a
2 M e S T IR F()I (),

g o

) m s O tig(0) + N D )
~ N he(t)  RP(t)

- Dla+1)T(B+1)

A 5 )
() NM g P sy 1RO
) w1

> Mr(}ifmlﬁg(t) + Nmfﬁé (),

he(t)  hP(t) o
> mmffg(t) + nmfﬁf(t)

Corollary 2.17. Let f,g € L1[0,00) and h(z) =z, t >0, a >0, 8 > 0.
Suppose that there exist real constants m, M,n, N, such that

+ I, (IR g(1),

(d*) mn

m< ft) <M, n<g(t) <N, Vtel0,0).

Then we have the results in [3].
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Corollary 2.18. Let f,g € L 1[0,00) and h(z) = k+1 , k>0,t>0,a>0,

B > 0. Suppose that there exist real constants m, M,n, N such that
m< f(t) <M, n<g(t) <N, Vtel0,00).

Then we have the results in [13].

Lemma 2.19. Let f € X}(0,00) and assume @, ¢, be two integrable func-
tions on [0,00) and h(z) be an increasing and positive monotone function on
[0,00), derivative h'(x) is continuous on [0,00) and also h(0) = 0, t > 0,
a > 0. Suppose that the condition (3.1) holds. Then
ho(t)
Jo 2t — (T2 f(¢ 2

= (I () = IR FO) IR f (1) — Tt (1))
he(t)

—W(Iﬁ%(t) — IR fO)IR () — IR ey (1))
e e 050) ~ B I 0 229
e 05(0) ~ B 0
i 092(0) = i T 1 (B0a(0)
Proof. For any x,y > 0, we have
(2(y) = fFW)(f (@) = o1 (x)) + (pa(z) — f( N ) —e1(y)
—(pa(x) = f(2))(f(2) — 1 (2)) = (pa(y) = FW)(f () — 1 (¥))
= (@) + f(y) - 2f(x )f(y)+902(y)f($)+<ﬁ1(33)f(y) (2.29)

—@1(2)@2(y) + 02 (@) f(y) + 1 (W) f(2) — 1 (y)pa(x)
—pa(@) f(2) + 1 (2) () — o1 () f (@) = @2(y) f ()

+01 ()2 (y) — 01 (¥) f(y)-

h(t) — h(z))*~1h/
If we multiply both sides of (3.14) by (h() r(‘g(c))) (z) and integrate
«
with respect to x on (0,t), we get

(P2(y) = F)URF(E) = IFpa (D) + (I pa(t) — IR f () (f(y) — @1(}Lyo2)t
— I (@2 (t) = FO) (S () = 1(1) = (a(y) = FW)(F(Y) — ¢1(v)) )

Ly MNa+1)
:wﬁm+f%>(()> FOIEF() + ea)IEF(0) + ) IEen(t)

F g
—pa (IR (t) + F(W) oo (t) + o1 (I ) — 01 (W) I o (t)

IR0 (0) + TR0 (00) ~ B (010 = 20) () e
+<p1(y)<p2(y)r(]f$1) —eiy)f (y)r(a Er)l) :

(2.30)
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_ a—1p/
If we multiply both sides of (3.15) by (h(t) hIEZ(J))) My) and integrate
@

with respect to y on (0,t), we get

(Iea(8) = IR f () (5 f (1) = Tiipa (1))
+(IRea () = Iy f () (I t

) _
—(Iipo(t) — IR f (1)
_h()
e
—202 F(O) IR F () + Iy
—Jﬁwﬂﬂlﬁwgw-%n%ﬁ t
Iy ()T (t) — )
+H§§%Is<¢l<tm<t» O )70
_“ﬁlJﬁ%@V@D+F———I

INa+1)
Iy (1 () f (1)

RS
~
;"N
~
—~
~
~—
+
SV
S
—
~
~
~—
=3
-
—~
~
S~—

he(t)
" T(a+1)
(2.31)
This proves lemma. i

Corollary 2.20. Let h(xz) = x in Lemma 2, then we have inequality (2.13) in
Lemma 1.

Corollary 2.21. Let f € X7 (0,00) and h(z) be an increasing and positive
monotone function on [0,00), derivative h'(x) is continuous on [0,00) and also
h(0) = 0. Suppose that m < f(t) < M,Vt € [0,00) and m, M € R. Then for,
t>0,a>0, 8>0, we have

O 0 - (130

het) ) ha ()
_NQ9DW«M—f@Xﬂw—m»

$k+1

Corollary 2.22. Let f € Ly [0,00) and h(z) = w1 Suppose that m <
f(t) <M , vt e€[0,00) and m,M € R.Then fork >0,¢t >0, a >0, >0,
we have the results in [13].

Theorem 2.23. Let f, 9,01 ¢q,%; and by be siz integrable functions on [0, 00)
and h(zx) be an increasing and positive monotone function on [0,00), derivative
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K (x) is continuous on [0,00) and also h(0) = 0. Satisfying the conditions (3.1)
and (3.7) on [0,00). Then for allt >0 ,a >0, one has

‘r(}fﬁ)l)ff?(f(t)g(t)) — I3 f(t)I7g(t) (2.33)

< T 01,02 T (9,01, 05) |

where T (u, v, w) is defined by

T(u,v,w) = (Iyw(t) — Iiu(t)) (Tu(t) — T (t)

+ DB (Ou(0) ~ T OO + o O 1 (wlt)ulo)
~ Iwult) + B0 ult) - o e(Ou)

(2.34)

Proof. Let f and g be two integrable functions defined [0, 00) satistying (3.1)
and (3.7). Define

H(z,y) = (f(z) = f(¥)(9(x) —9(y), =,y €(0,t), t>0. (2.35)

Multiplying both sides of (3.20) by (h(t) = h(z))* 1h/2(Fz((Z()t) — h) >,

z,y € (0,t) and integrating the resulting identity with respect to = and y, from
0 to t, we can state that

Qrg fo Jo(h ) H(h(t) — h(y))* H (2, )W (y)h' (x)dady
- F(’; SR 0a) - a0
(2.36)
Applying the Cauchy-Schwarz inequality to (3.21), we have
<2F2 fo Ji (0 = i) A0) = ) () F0))(9(o) ~ s (I () )
2F2 fo fo )7 H(h(t) = h(y)*H(f (@) — f(y))h (y) (z)dwdy
QFQ fo Jo(h ) (h(t) — h(y))* (g(z) — g(y))2h (y) I () dady.
(2.37)

From (3.21) and (3.22) we obtain
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Since (po(t) = f(1))(f(t) — @1 () = 0 and (¢5(t) — g(£))(9(t) — ¥1(y)) =

for ¢ € [0, 00), we have

he(t)

Tla+ 1) 10 (P20 = SN ) — @1 (8)) 20, (2.39)
DB (al0) - )00 — 1 () 2 0. (2.40)
Thus, from Lemma 2, we obtain

O 20 - (130

< (o () = IR FO)UIRF () = I e (1))

he(@t) .,
+mlh (1 (@) — Ipe (DI f(D) (2.41)

mlﬁ%(t) — Iy (I f(1)
e ()15 ea (1) — r?:ﬁf)l)fﬁ(%(t)wz(t))

= T(fv 901,502)7

14%(0) ~ URo(0)* < (I alt) ~ o) (5 0(0) ~ T (1)
0, (09(0) - T T
) ~ Iga() 7900

R0
" o, (1 (0)

IMNa+1)
= T(9,¢1,¢2)~

(2.42)
From (3.22), (3.26), and (3.27), we get (3.18). 1

Corollary 2.24. If T(f7 @1,902) = T(fa m,M)a T(Qﬂ/ﬁﬂ/&) = T(g7pa P) and
m, M, p, P € R, then inequality (3.18) reduces to

(ha( ) S 0a(0) = IR 1O a()
W N\
g( o )) (M — m)(P — p).

(2.43)
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Corollary 2.25. Let h(z) = ‘f—ﬁ, k>0 ifT(f,<p17<p2) =T(f,m M), T(Qﬂ/ﬁﬂ/’g) =
T(g,p, P) and m, M,p, P € R, then we have the results in [13].

Corollary 2.26. Let h(ﬂ?) =, Zf T(f,‘ﬂlfpg) = T(fvm,M)? T(97¢1,¢2) =
T(g,p, P) and m,M,p, P € R, then we have the results in [3].
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