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ABSTRACT. Let R be a finite commutative ring. Let Z(R) and J(R) be
the set of all zero-divisor elements and the Jacobson radical of R, respec-
tively. The zero-divisor Cayley graph of R, denoted by ZCAY(R), is the
graph obtained by setting all the elements of Z(R) to be the vertices and
defining distinct vertices z and y to be adjacent if and only if z—y € Z(R).
The induced subgraph of ZCAY(R) on the vertex set Z(R) \ J(R) is de-
noted by ZCAY*(R). In this paper, the basic properties of ZCAY(R) and
ZCAY*(R) are investigated and some characterization results regarding
connectedness, girth and planarity of ZCAY(R) and ZCAY*(R) are given.
Finally, we study the clique number of ZCAY(R).
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1. INTRODUCTION

The study of algebraic structures, using the properties of graph theory, tends
to an exciting research topic in the last decade, see for example [1, 2, 4, 10].
The Cayley graph introduced by Arthur Cayley in 1878 is a useful tool for
connection between group theory and the theory of algebraic graphs. Let G
be an abelian group and S be a subset of G. The Cayley graph CAY(G, S) is
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a graph whose vertices are elements of G and in which two distinct vertices x
and y are joined by an edge if and only if z —y € S. We refer the reader to [8]
for general properties of Cayley graphs. Let R be a commutative ring with
identity and Rt and Z(R) be the additive group and the set of all zero-divisors
of R, respectively. The authors in [1] have studied CAY(R™T, Z(R)) and its
subgraph RegCAY(R) the induced subgraph on the regular elements of R. We
denote by ZCAY(R) the induced subgraph on zero-divisor elements of R. In
this paper, following [4], we are interested in studying ZCAY(R).

Let J(R) denote the Jacobson radical of R. It is easy to see that every
x € J(R) is adjacent to each vertex of ZCAY(R). Thus the main part of
the graph ZCAY(R) is the induced subgraph of ZCAY(R) on the vertex set
Z(R) \ J(R). We denote it by ZCAY*(R). The graphs in Figure 1 are the
zero-divisor Cayley graphs of the rings indicated. In the figures of this paper,
the vertices in Jacobson radical are shown by circle.

00
0
0° ©,1)
1
ZCAY(F) 02
(F is afield) ZCAY(Z,) ZCAY(Z,x7Z,)

Figure 1. The zero-divisor Cayley graphs of some specific rings.

The plan of the paper is as follows: In Section 2 of this paper, we bring some
preliminaries and notations about graph and ring theory. In Section 3, we state
some basic properties of ZCAY(R). In Section 4, we study the connectivity,
diameter and girth of ZCAY(R) and ZCAY*(R). In Section 5, the planarity
of ZCAY(R) and ZCAY*(R) are investigated. In the final section, we study
the clique number of ZCAY(R).

2. PRELIMINARIES AND NOTATIONS

The graphs in this paper are simple, that is they have no loops or multiple
edges. For a graph G, let V(G) denote the set of vertices, and let E(G) denote
the set of edges. For z € V(G) we denote by N(x) the set of all vertices of G

(12)
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adjacent to x. Also, the degree of x, denoted dg(x), is the size of N(z). The
maximum and minimum degree of vertices of G are denoted by A(G) and 6(G),
respectively. The wunion of two simple graphs G and H is the graph GU H with
the vertex set V(G)UV (H) and the edge set E(G)UE(H). If V(G) and V(H)
are disjoint, we refer to their union as a disjoint union, and denote it by G+ H.
The join of simple graphs G and H, written GV H, is the graph obtained from
the disjoint union G + H by adding edges joining every vertex of G to every
vertex of H.

Let G be a graph. For two vertices x and y of G, a walk (path) of length n
between = and y is an ordered list of (distinct) vertices x = zg, 21,...,Tn, =y
such that x;_; is adjacent to x; for i = 1,...,n. The distance between = and v,
denoted by d(z,y), is the length of shortest path between x and y (d(z,z) =0
and d(z,y) = oo if there is no path between = and y). The largest distance
among all distances between pairs of the vertices of a graph G is called the
diameter of G and is denoted by diam(G). A cycle in G is a path that begins
and ends at the same vertex. The girth of G, denoted by gr(G), is the length
of a shortest cycle in G (gr(G) = oo if G has no cycle). A graph G is called
connected if for any vertices  and y of G there is a path between z and y.
Otherwise, G is called disconnected (a singleton graph is connected with zero
diameter). The null graph is the graph whose vertex set and edge set are empty.

A graph in which each pair of distinct vertices is joined by an edge is called
a complete graph. We denote the complete graph on n vertices by K. A clique
of a graph is a maximal complete subgraph and the number of vertices in the
largest clique of graph G, denoted by w(G), is called the clique number of G.
The complement of a graph G, denoted by G, is the graph with the same vertex
set as G such that two vertices of G are adjacent if and only if they are not
adjacent in G.

For a set X, |X| denotes the cardinal number of X. Also, F,» denotes
the field with p™ elements and Z,, denotes for the ring of integers modulo n.
Following the literature, we write

DQ(R)z{(g 2)|a,b€R}

1 11
In this paper, for convenience, we denote the elements < g 0 > and < 0 1 )

of Dy(R) by A and B, respectively.

It is well known that every finite commutative ring can be expressed as a
direct product of finite local rings, and this decomposition is unique up to
permutations of such local rings (see [5, Theorem 8.7]). In this paper, we
assume that R is a finite commutative ring with identity and we accept the
following notations: Let R = Ry X --- X R, be a ring, where R;s are local
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rings. We set eg := (0,0,...,0), e; := (1,0,...,0), ex := (0,1,0,...,0), ...,
en = (0,...,0,1).

For a ring R, we denote by U(R) the set of all unit elements of R. We note
that if R is a finite commutative ring, then U(R) = R\ Z(R). In other words,
the set of all zero-divisors and the set of all nonunit elements of R coincide. If
R =Ry X--- X R,, where R; is a local ring with maximal ideal m;, then

Z(R) = {(z1,x2,...,2y) € R|z; € m,; for some 1 <7 < n}.

This fact is frequently used in this paper.

3. SOME Basic PROPERTIES OF ZCAY(R)

In this section, we study the basic properties of ZCAY(R). We begin with
the following proposition.

Proposition 3.1. The following are equivalent:
(1) ZCAY*(R) is a null graph,
(2) Z(R) = J(R),
(3) ZCAY(R) is a complete graph,
(4) R is a local ring.

Proof. (1)<(2) is trivial.

(2)=(3) Suppose that J(R) = Z(R). Then Z(R) is an ideal and hence
ZCAY(R) is a complete graph.

(3)=(4) By [9, Lemma 3.13], it is enough to show that Z(R) is an ideal of
R. Tt is easy to see that Z(R) is closed under scalar multiplication. Now let
x,y € Z(R). Since ZCAY(R) is a complete graph, we have x —y € Z(R). So
Z(R) is an ideal of R.

(4)=(2) Let R be a local ring with maximal ideal m. Then J(R) = Z(R) =
m. |

In the rest of this section, we study the maximum and minimum degree of
ZCAY(R).

Proposition 3.2. Let R = Ry x --- X Ry, be a ring, where R; is a local ring
with mazimal ideal m;. Let (ay,...,an) € Z(R) and G = ZCAY(R). Then
da(a,...,an) = dg(01, ..., 0p), where

5 — 1 Zf a; € U(RZ),
L0 if a; €m,.
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Proof. Let G = ZCAY(R) and let a = (aq, ..., ag, @, 8, ax+3, ...
ment of Z(R), where (o, 8) € (mp41,U(Rp42)). Then

,ay,) be an ele-

de(a) = dglar,...,ap, o, B, ak43, ..., an)
= (1, dk,z,y,dp+3,....,dn) € Z(R)|d; — a; € U(R;)
forl<i<nwithi#Zk+1,k+2,2—a € U(Rit1),y— B € U(Rg+2)}
= |{(d1,...,dg,x,y,dkss,...,dn) € Z(R)|d; — a; € U(R;)
forl<i<nwithiZk+1,k+2,2 € U(Rkt1),y — 1 € U(Rk+2)}|
= dglay,...,ar,0,1,ap43, ..., a,).
A similar argument works if (o, 8) € (U(Rk+1), Mpr2)U(Mpp1, My 2)U(U(Rg+1), U(Rp42))-

Now the assertion follows by repeating this argument. O

Theorem 3.3. Let R= Ry X --- X Ry, where R; is a local ring with maximal
ideal m;. Let G = ZCAY(R) and § = (01, ...,0n) € Z(R), where §; € {0,1} for
alli=1,2,...,n. Then

dc(8) = Z(R)| = |U(R)| = 1+ [ [T (1Rl — Ima]) H (1R:] = 2|mi)].

1 i<

SIA

i

\/\
i“\/\

O

Proof. Let N := {(z1,22,...,2y,) € R|lz; —0; € U(R;) for all1 <4 < n}. Then
N = {(61 + u1,02 + u2,...,0n + up) € Rlu; € U(R;) for all1 < ¢ < n} and
hence |[N| = |U(R)|. On the other hand,
INNU(R)| = |H(z1,22,...,2n) € U(R)|z; — 9 € U(R;) for all1 <i < n}|
= {(x1,22,...,2,) €U(R)|x; —6; € m;for all 1 <i < n}
= N(z1,22,...,2,) € Rlz; — §; € my and x; & m; for all 1 < ¢ < n}

IT (Ri/mil = Dmil) T (1Ri/mi] = 2)fmi])

1<i<n 1<i<n
5;,=0 5;=1
= I (Rl =1mi) TT (Rl = 2jma)).
1<i<n 1<i<n
5;=0 5;=1

Since N = (NNU(R))U(NNZ(R)) and (NNU(R))N(NNZ(R)) =10, we

QL
Q
—

(e %)
~

|

INNZ(R))|

IN\(NNU(R))

IN| = |(NNU(R))|

UR)| = T (Rl =Imil) TT (1Rl = 2fmq)]-

1<i<n 1<i<n
5;=0 5

Now the assertion follows from the fact that dg(d) + dg(d) = |Z(R)|—-1. O
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The following result is an immediate consequence of the proof of Proposition
3.2 and Theorem 3.3.

Corollary 3.4. Let R = Fy X --- X F,,, where F;s are fields and |F;| = pj" and
Pt <pg? < ... <pin. If G = ZCAY(R), then

A(G) = dg(0,0,...,0) = |Z(R)| -1,
n—1 n—1

3(G) = dg(1,1,...,1,0) = |Z(R)| =1 (i = DI[[ " = 1) = [T —2))-

i=1 i=1
4. CONNECTIVITY, DIAMETER AND GIRTH
The following theorem determines the diameter of ZCAY(R).

Theorem 4.1. Let R be a ring. Then ZCAY(R) is connected and

0 if R 1is a field,
diam(ZCAY(R)) =< 1 if R is local which is not a field,

2  otherwise.

Proof. Let R = Ry x --- X Ry, where R;’s are local rings. First suppose that
n = 1. In this case we may assume R is a local ring with maximal ideal m. If R
is a field, then ZCAY(R) has only one vertex and hence diam(ZCAY(R)) = 0.
If n =1 and R is not a field, then ZCAY(R) = K||. Hence diam(ZCAY(R)) =
1.

Second suppose that n > 2. Let a, b be two distinct elements of Z(R)\ J(R)
and let ¢ € J(R). Then a,b € N(c). It follows that diam(ZCAY(R)) < 2. On
the other hand, if z = (1,0,0,...,0) and y = (0,1,1, ..., 1), then 2 and y are not
adjacent, and so d(z,y) > 2. Therefore diam(ZCAY(R)) = 2 and the proof is
complete. (I

In the following theorem, we completely characterize the girth of ZCAY(R).

Theorem 4.2. Let R be a ring. Then gr(ZCAY(R)) € {3,00} and gr(ZCAY(R)) =
oo if and only if R is isomorphic to the one of the following rings.

]Fpn7 Z4, DQ(ZQ),ZQ X Zg.

Proof. Let R = Ry X -+ X R,,, where R;’s are local rings. We consider the
following cases:

Case 1: n = 1. In this case we may assume R is a local ring with maximal
ideal m. If |m| = 1, then R is a field and hence ZCAY(R) has only one vertex
and hence gr(ZCAY(R)) = co and R = Fyn. If m| = 2, then ZCAY(R) = K,
and hence gr(ZCAY(R)) = oco. Since m is a nonzero finite dimensional vector
space over the field R/m, we must have |R/m| < |m| and hence |R| = 4.
Therefore R = Z4 or R = D2(Z3) (see [6, Page 687]). If |m| > 3, then every
three distinct elements of m form a triangle and so gr(ZCAY(R)) = 3.
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Case 2: n = 2. If |Ry| > 3, then (r1,0),(r2,0),(r3,0), where ri,79,73
are distinct elements of R;, form a triangle and so gr(ZCAY(R)) = 3. A
similar argument shows that if |Rg| > 3, then gr(ZCAY(R)) = 3. Otherwise
R =Ry x Ry =7y X Zy and hence gr(ZCAY(R)) = oo.

Case 3: n > 3. In this case, ej, ea,e3 form a triangle in ZCAY(R) and so
gr(ZCAY(R)) = 3. O

Proposition 4.3. Let R be a ring such that ZCAY*(R) is not a null graph.
Then the following are equivalent:

(1) ZCAY™*(R) is disconnected,

(2) R is a direct product of two local rings,

(8) ZCAY™*(R) is disjoint union of two complete graphs.

Proof. Let R =Ry X --- X R,,, where R; is a local ring with maximal ideal m,.

(1)=(2) By Proposition 3.1, it is enough to show that n < 2. Suppose on the
contrary that n > 3. Now let a = (a1, as,as,...,a,) and b = (by, ba, b3, ..., by,)
be two arbitrary distinct vertices of ZCAY*(R). Set ¢ = (1,0, as,...,a,) and
d=(1,0,bs,...,b,). Then a,c,d,bis a walk and hence ZCAY*(R) is connected,
which is a contradiction.

(2)=(3) Let R = Ry X Ry, where Ry and Ry are local rings with maxi-
mal ideals m; and my, respectively. Then ZCAY™(R) is disjoint union of two
complete graphs with vertex sets m; x U(Rg) and U(R;) X ms.

(3)=(1) is trivial. O

In the following figures the graphs ZCAY(F,, x F,,), ZCAY(F,, x Z4) and
ZCAY(F,, x Dy(Zs) are presented.

(F, {0H)<{0} {0} (T, \{0})

Figure 2. The graph ZCAY(F,, x F,,) = (Kpm—1 + Kn—1) V K.

(0,0)

0,y) l ’ K.
N F,\{0)x{0,x)

(0,x)
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Figure 3. The graph ZCAY(F,, x Z4), if x = 2 and y = 3; and the graph
ZCAY(F,, x Dy(Zs)),if x = A and y = B.

We note that ZCAY(F,, x Zy) = ZCAY(F,, x D3(Zy)) = (Ka(n_1) + K2) V Ka,
by Figure 3.
The following theorem characterizes the diameter of ZCAY*(R).

Theorem 4.4. Let R be a ring such that ZCAY*(R) is not a null graph. Then
diam(ZCAY*(R)) € {2,00} and diam(ZCAY"(R)) = oo if and only if R is a
direct product of two local rings.

Proof. Let R = Ry x --- X R,,, where R; is a local ring with maximal ideal m,.
Since ZCAY™(R) is not a null graph, by Proposition 3.1, we have two following
cases:

Case 1: n = 2. In this case, Proposition 4.3 implies that diam(ZCAY*(R)) =
0.
Case 22 n > 3. Let a = (a1,a2,...,a,) and b = (by,bs,...,b,) be two
arbitrary distinct vertices of ZCAY*(R). Then there are 4,5 € {1,2,...,n}
such that a; € m; and b; € m;. Let k € {1,2,...,n}\ {i,j}. Then a,ex,b
form a path in ZCAY*(R) and so diam(ZCAY*(R)) < 2. On the other hand,
if z =(1,0,...,0) and y = (0,1,1,..., 1), then = and y are not adjacent, and so
d(x,y) > 2. Therefore diam(ZCAY*(R)) = 2 and the proof is complete. O

In the following theorem, we completely characterize the girth of ZCAY™(R).

Theorem 4.5. Let R be a ring such that ZCAY*(R) is not a null graph.
Then gr(ZCAY*(R)) € {3,00} and gr(ZCAY*(R)) = oo if and only if R €
{ZQ X ZQ,ZQ X Zg,Zg X Zg,ZQ X Z4,Z2 X D2<Z2)7Z3 X Z4,Z3 X DQ(ZQ)}

Proof. Let R = Ry x --- X R,,, where R; is a local ring with maximal ideal m,.
Since ZCAY™*(R) is not a null graph, we only have two following cases:

Case 1: n =2. If [U(Ry)| = |R1 \ my| > 3 or [U(Rg)| = |R2 \ ma| > 3,
then ZCAY™"(R) has a triangle and so gr(ZCAY*(R)) = 3. Now suppose that
|[U(R1)] < 2 and |U(R2)| < 2. Then [7, Corollary 4.5] implies that R =
Ry X Ry, where Ry, Ry € {Z2,Z3,24,D2(Z2)}. In view of Figure 2, we have
gr(ZCAY*(R)) = o0 if R € {Zs X Zo, 72 X 73,23 x Z3}. Figure 3 implies that
gI‘(ZCAy*(R)) = if R € {ZQ X Z4,Z3 X Z47Z2 X DQ(ZQ),Z?, X DQ(ZQ)}
If R = Z4 x Zy4, then (1,0),(3,0),(1,2) form a triangle in ZCAY*(R). If
R = Dy(Zs) x Dy(Zs2), then (1,0),(B,0), (1, A) form a triangle in ZCAY*(R)
and if R = Z4 X Do(Zs), then (1,0), (3,0), (1, A) form a triangle in ZCAY*(R).

Case 2: n > 3. In this case, ej, eq, e3 form a triangle in ZCAY*(R) and so
gr(ZCAY*(R)) = 3. O
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5. PLANARITY

A graph is said to be planar if it can be drawn in the plane such that
its edges intersect only at their ends. A subdivision of an edge is obtained
by inserting some new vertices of degree two into this edge. A remarkably
simple characterization of planar graphs was given by Kuratowski in 1930.
Kuratowski’s Theorem says that a graph is planar if and only if it contains no
subdivision of K5 or K33 (see [11, Theorem 6.2.2]). We recall the following
proposition.

Proposition 5.1. ([3, Proposition 2.1]) If R is a local ring with mazimal ideal
m, then there exists a prime number p such that |R/m|, |R| and |m| are all
powers of p.

The following theorem gives a necessary and sufficient condition for the
planarity of ZCAY*(R).

Theorem 5.2. Let R= Ry X --- X R,,, where R; is a local ring with maximal
ideal m;. Then ZCAY*(R) is planar if and only if ZCAY*(R) is a null graph
or R is isomorphic to one of the following rings:

(1) R:ZQXZQXZQ,
(2) R = Ry X Ry, where Ry, Ry are fields with |R1| <5 and |Rs| < 5.

Proof. By Proposition 3.1, n > 2. We consider the following cases:

Case 1: m > 4. In this case the set of vertices {e1,e2,e3,e4,e1 + €2} is a
clique and hence ZCAY™*(R) is not planar, by Kuratowski’s Theorem.

Case2: n=3. If |R;| < 2foralli =1,2,3, then R = Zy X Zs X Zs and Figure
4 shows ZCAY"(R) is planar. Now suppose that |R;| > 3 for some 1 < < 3,
say i = 1. Therefore |[U(R1)| > 2, by Proposition 5.1. Let H be the subgraph
induced by the vertices {(1, 0,0), (a,0,0), (0,1, 1), (0,0, 1), (0,1,0), (1,1,0)}, where
a € U(Ry)\ {1}. Then it is easy to see that K3 3 is a subgraph of H and hence
ZCAY*(R) is not planar, by Kuratowski’s Theorem.

Case 3: n =2 and R = Ry x Ry with |R;| > 5 for some 1 < ¢ < 2. Without
loss of generality, we may assume that |Ry| > 5. By Proposition 5.1, we have
|R1 \ my| > 6. Now the set U(Ry) x {0} has a clique of order 6 and hence
ZCAY™(R) is not planar, by Kuratowski’s Theorem.

So, if ZCAY™*(R) is planar, then R = Zy X Zs X Z3 or R = Ry X Ra, where
Ry, Ry are local rings with |Ry| < 5 and |Rz| < 5.

On the other hand, in view of Figures 2, 3 and 4, it is easy to see that if
R is isomorphic to one of the above rings, then ZCAY*(R) is planar. This
completes the proof. O
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1,0,0)

Figure 4. The graph ZCAY*(Zs X Zs X Zs).

The following theorem gives a necessary and sufficient condition for the
planarity of ZCAY(R).

Theorem 5.3. Let R be a ring. Then ZCAY(R) is planar if and only if
R is isomorphic to one of the following rings: Fyn, Zs, D2(Z2), Fy[z]/(x?),
Z4[l‘]/(.’1}2 +x+ 1), Zg X ZQ,ZQ X Zg,Zg X Z3,Z2 X Z4 and Z2 X DQ(ZQ)

Proof. Let R = Ry X -+ X R,,, where R;’s are local rings. Let ZCAY(R) be a
planar graph. We consider the following cases:

Case 1: n = 1. In this case, we may assume R is a local ring with maximal
ideal m. If m = 0, then R is a field and ZCAY(R) has only one vertex and hence
ZCAY(R) is planar. Now let m # 0. Since m is a nonzero finite dimensional
vector space over the field R/m, we must have |R/m| < |m|. Since ZCAY(R)
is planar, Kuratowski’s Theorem implies that |m| < 4 and hence |R| < 16. In
view of [6, Page 687], we have R € {Z4, F4[z]/(2?), Zs[z]/(2® + 2 + 1)}.

Case 2: n = 2. If |[Ry| > 5, then the set Ry x {0} contains a subgraph
isomorphic to K5. Thus by Kuratowski’s Theorem, ZCAY(R) is not planar. A
similar argument shows that |Ra| < 4. Therefore [7, Corollary 4.5] implies that
R = Ry X Ry, where R; € {Za,73,74,F4, D2(Z2)}. We note that ZCAY(R) is
not planar ifRe {Z4 X Z47 Z4 X DQ(ZQ), DQ(ZQ) X DQ(ZQ)}, since ZCAY(R) =
(K4 + K1) V Ky

Case 3: n > 3. In this case the elements eg, e1, €2, €3, €1 + €5 and es + e3
obtain a graph K33 in the structure of ZCAY(R). Thus by Kuratowski’s
Theorem, ZCAY(R) is not planar.

Let R = Fy[x]/I and S = Z4[x]/J, where I = (2?) and J = (2%+2z+1). Since
Z(R) ={I,z+I,ax+1,bx+1}, where a,b are distinct elements of F4\ {0, 1} and
Z(S) ={J,2+J,2z+J,2+2z+J }, we must have ZCAY(R) = ZCAY(S) = K,4.
We also have ZCAY (Fyn) = K; and ZCAY(Z,) = ZCAY(D2(Z2)) = K». So,
in view of Figures 2 and 3, it is easy to see that, if R is one of the rings that
appears in the statement of the theorem, then ZCAY(R) is a planar graph.
This completes the proof.

O
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6. CLIQUE NUMBER
In the following, we denote the set of maximal ideals of a ring R by max(R).

Lemma 6.1. Let R be a ring and m € max(R). Then m is a clique of
ZCAY(R).

Proof. Every two vertices of m are adjacent. If z is a vertex of ZCAY(R) such
that x is adjacent to every vertex of m. Then

r+mC U m.
méEmax(R)

It follows form [9, Theorem 3.64] that
Rr+mC U m.

méemax(R)

By Prime Avoidance Theorem (see for example [9, Theorem 3.61]) there exists
maximal ideal mg of R such that z +m C mg. Therefore x € mg = m. Hence
m is a clique of ZCAY(R). O

Theorem 6.2. Let G = ZCAY(Fy X --- X Fy,), where F;s are finite fields and
|Fy| < |Fa| < -+« <|F,|. Thenm =0x Fy x ---x F, is a largest clique of G.
In particular w(G) = |R|/|F1.

Proof. Let f; : F1 \ {0} — F; \ {0} be an injective function for all i €
{2,3,...,n} (note that |Fy| < |F;|). Let K be an arbitrary clique of G. We
define

p: K —m
as follows: If v € K Nm, then ¢(z) = z. If ¢ = (z1,22,...,2,) € K\ m,
then p(z1,za,...,x,) = (0,22 + fo(z1),..., 2y + fu(z1)). We claim that ¢
is injective. Suppose that a = (ai,a2,...,a,), b = (b1,bs,...,b,) € K and
©v(a) = ¢(b). We consider the following cases:

Case 1: a,b € KNm. In this case, we have a = p(a) = ¢(b) = b.

Case 2: a € KNm and b ¢ K Nm. Since a, b are adjacent and 0 = a; # by,
there exists 2 < 4 < n such that a; = b;. Then a; = b; + f;(b1), since p(a) =
©(b). Tt follows that f;(b1) = 0, a contradiction.

Case 3: a ¢ KNm and b € K Nm. Then by an argument symmetric to that
of Case 2, we get a contradiction.

Case 4: a € KNm and b ¢ K Nm. Since a,b are adjacent, there exists
1 <4 < n such that a; = b;. If i = 1, then ¢(a) = ¢(b) implies that a = b.
Now, suppose that a; # by and a; = b; for some ¢ > 2. Then p(a) = ¢(b)
implies that a; + fi(a1) = b; + fi(b1). It follows that f;(a1) = fi(b1). Since f;
is injective we must have a; = by, a contradiction.

So ¢ is injective and hence |K| < |m|. It follows from Lemma 6.1 that m is
a largest clique of G. (]



A. R. Naghipour

ACKNOWLEDGMENTS

I would like to thank the referee for his/her helpful remarks which have

contributed to improve the presentation of the paper. I would also like to
thank the Center of Excellence for Mathematics, Shahrekord university for

financial support.

10.

11

REFERENCES

G. Aalipour, S. Akbari, On the Cayley graph of a commutative ring with respect to its
zero-divisors, Communications in Algebra, 44(4), (2016), 1443-1459.

. A. Abbasi, H. Roshan-Shekalgourabi, D. Hassanzadeh-Lelekaami, Associated graphs of

modules over commutative rings, Iranian Journal of Mathematical Sciences and Infor-
matics, 10(1), (2015), 45-58.

. R. Akhtar, M. Boggess, T. Jackson-Henderson, I. Jiménez, R. Karpman, A. Kinzel, D.

Pritikin, On the unitary Cayley graph of a finite ring, FElectron. J. Combin., 16(1),
(2009), #R117.

. D. F. Anderson, A. Badawi, The total graph of a commutative ring, J. Algebra, 320(7),

(2008), 2706-2719.

. M. F. Atiyah, I. G. MacDonald, Introduction to Commutative Algebra, Addison-Wesley,

Reading, Mass., 1969.

. B. Corbas, G. D. Williams, Rings of order p°. 1. Nonlocal rings, J. Algebra, 231(2),

(2000), 677-690.

. D. Dolzan, Group of units in a finite ring, ring. J. Pure Appl. Algebra, 170, (2002),

175-183.

. C. Godsil, G. Royle, Algebraic Graph Theory, Springer-Verlag, New York, 2001.
. R. Y. Sharp, Steps in Commutative Algebra, Cambridge University Press, Cambridge,

1990.

A. Theranian, H. R. Maimani, A study of the total graph, Iranian Journal of Mathe-
matical Sciences and Informatics, 6(2), (2011), 75-80.

D. B. West, Introduction to Graph Theory, Second Edition, Prentice-Hall, 2000.



