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On Some Fractional Systems of Difference Equations
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Abstract. This paper deals with the solutions of the systems of differ-

ence equations

xn+1 =
yn−3ynxn−2

yn−3xn−2 ± yn−3yn ± ynxn−2
, yn+1 =

yn−2xn−1

2yn−2 ± xn−1
, n ∈ N0,

where N0 = N ∪ {0}, and initial values x−2, x−1, x0, y−3, y−2, y−1, y0

are non-zero real numbers.
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1. Introduction

Difference equations enter as approximations of continuous problems and as

models describing life situations in many directions. Recently there has been

a great interest in studying difference equations, see, for instance [1]-[12], [14],

[17]-[19] and references cited therein, as well as in studying systems of difference

equations (see, e.g. [13], [15], [16]).

In this paper we will investigate the solutions of the systems of difference

equations

xn+1 =
yn−3ynxn−2

yn−3xn−2 ± yn−3yn ± ynxn−2
, yn+1 =

yn−2xn−1

2yn−2 ± xn−1
, n ∈ N0,
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where N0 = N∪{0}, and initial values x−2, x−1, x0, y−3, y−2, y−1, y0 are non-

zero real numbers.

Definition 1.1. A sequence {xn}n≥−k is said to be eventually periodic with

period p ∈ N if there is an n0 ≥ −k such that xn+p = xn, for all n ≥ n0. If

n0 = −k, we say that the sequence {xn}n≥−k is periodic with period p.

Definition 1.2. Let {Fn}n≥0 = {0, 1, 1, 2, 3, 5, 8, ...} be the Fibonacci sequence

defined by

F0 = 0, F1 = 1, Fn+2 = Fn+1 + Fn, n ∈ N0.

Definition 1.3. Let {Un}n≥0 = {0, 2, 4, 14, 40, ...} be the sequence defined by

U0 = 0, Un+1 + Un = 2 · 3n, n ∈ N0.

2. The System: xn+1 = yn−3ynxn−2

yn−3xn−2+yn−3yn+ynxn−2
, yn+1 = yn−2xn−1

2yn−2−xn−1

In this section, we study the solutions of the system of two difference equa-

tions

xn+1 =
yn−3ynxn−2

yn−3xn−2 + yn−3yn + ynxn−2
, yn+1 =

yn−2xn−1

2yn−2 − xn−1
, n ∈ N0, (2.1)

with non-zero real initials conditions such that y−3x−2 + y−3y0 + y0x−2 6= 0,
x−1

y−2
, x0

y−1
and y−3x−2

y−3x−2+y−3y0+y0x−2
/∈
{

(−1)n+1Un, n ≥ 1
}

.

The following theorem is devoted to the form of the solutions of the system

(2.1).

Theorem 2.1. Let {xn}n≥−2, {yn}n≥−3 be a solution of (2.1). Then, for

n ≥ 0, we have,

x3n−1 = x−1

(
1

3

)n

, x3n = x0

(
1

3

)n

, x3n+1 =
y−3y0x−2

y−3x−2 + y−3y0 + y0x−2

(
1

3

)n

,

y3n−2 =
y−2x−1

y−2Un + (−1)nx−1
, y3n−1 =

y−1x0

y−1Un + (−1)nx0
,

y3n =
y−3y0x−2

(y−3x−2 + y0y−3 + y0x−2)Un + (−1)ny−3x−2
.

Proof. Form (2.1), we have

x1 =
y−3y0x−2

y−3x−2 + y−3y0 + y0x−2
.
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So, the result holds for n = 0. Suppose that n ≥ 1 and that our assumption

holds for n− 1 that is,

x3n−4 = x−1

(
1

3

)n−1

, (2.2)

x3n−3 = x0

(
1

3

)n−1

, (2.3)

x3n−2 =
y−3y0x−2

y−3x−2 + y−3y0 + y0x−2

(
1

3

)n

, (2.4)

y3n−5 =
y−2x−1

y−2Un−1 + (−1)n−1x−1
, (2.5)

y3n−4 =
y−1x0

y−1Un−1 + (−1)n−1x0
, (2.6)

y3n−3 =
y−3y0x−2

(y−3x−2 + y0y−3 + y0x−2)Un−1 + (−1)n−1y−3x−2
. (2.7)

From (2.1) and (2.2), we have

x3n−1 =
y3n−5y3n−2x3n−4

y3n−5x3n−4 + y3n−5y3n−2 + y3n−2x3n−4

=
y3n−5

(
y3n−5x3n−4

2y3n−5−x3n−4

)
x3n−4

y3n−5x3n−4 + y3n−5

(
y3n−5x3n−4

2y3n−5−x3n−4

)
+
(

y3n−5x3n−4

2y3n−5−x3n−4

)
x3n−4

=
1

3
x3n−4 = x−1

(
1

3

)n

.

From (2.1) and (2.3), we get

x3n =
y3n−4y3n−1x3n−3

y3n−4x3n−3 + y3n−4y3n−1 + y3n−1x3n−3

=
y3n−4

(
y3n−4x3n−3

2y3n−4−x3n−3

)
x3n−3

y3n−4x3n−3 + y3n−4

(
y3n−4x3n−3

2y3n−4−x3n−3

)
+
(

y3n−4x3n−3

2y3n−4−x3n−3

)
x3n−3

=
1

3
x3n−3 = x0

(
1

3

)n

.

From (2.1) and (2.4), we get

x3n+1 =
y3n−3y3nx3n−2

y3n−3x3n−2 + y3n−3y3n + y3nx3n2

=
y3n−3

(
y3n−3x3n−2

2y3n−3−x3n−2

)
x3n−2

y3n−3x3n−2 + y3n−3

(
y3n−3x3n−2

2y3n−3−x3n−2

)
+
(

y3n−3x3n−2

2y3n−3−x3n−2

)
x3n−2

=
1

3
x3n−2 =

y−3y0x−2

y−3x−2 + y−3y0 + y0x−2

(
1

3

)n

.
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From (2.1), (2.2) and (2.5), we have

y3n−2 =
y3n−5x3n−4

2y3n−5 − x3n−4
=

(
y−2x−1

y−2Un−1+(−1)n−1x−1

) ( x−1

3n−1

)
2
(

y−2x−1

y−2Un−1+(−1)n−1x−1

)
−
( x−1

3n−1

)
=

y−2x−1

2 · 3n−1y−2 − y−2Un−1 + (−1)nx−1

=
y−2x−1

y−2(2 · 3n−1 − Un−1) + (−1)nx−1

=
y−2x−1

y−2Un + (−1)nx−1
.

From (2.1), (2.3) and (2.6), we get

y3n−1 =
y3n−4x3n−3

2y3n−4 − x3n−3
=

(
y−1x0

y−1Un−1+(−1)n−1x0

) (
x0

3n−1

)
2
(

y−1x0

y−1Un−1+(−1)n−1x0

)
−
(

x0

3n−1

)
=

y−1x0

2 · 3n−1y−1 − y−1Un−1 + (−1)nx0

=
y−1x0

y−1(2 · 3n−1 − Un−1) + (−1)nx0

=
y−1x0

y−1Un + (−1)nx0
.

From (2.1), (2.4) and (2.7), we have

y3n =
y3n−3x3n−2

2y3n−3 − x3n−2

=

(
y−3y0x−2

(y−3x−2+y0y−3+y0x−2)Un−1+(−1)n−1y−3x−2

)(
y−3y0x−2

3n−1(y−3x−2+y−3y0+y0x−2)

)
2
(

y−3y0x−2

(y−3x−2+y0y−3+y0x−2)Un−1+(−1)n−1y−3x−2

)
−
(

y−3y0x−2

3n−1(y−3x−2+y−3y0+y0x−2)

)
=

y−3y0x−2

(2 · 3n−1 − Un−1) (y0x−2 + y0y−3 + x−2y−3) + (−1)
n
x−2y−3

=
y−3y0x−2

Un (y0x−2 + y0y−3 + x−2y−3) + (−1)
n
x−2y−3

.

The proof is complete. �

Corollary 2.2. Every solution of system (2.1) is such that

lim
n→+∞

xn = lim
n→+∞

yn = 0.

3. The System: xn+1 = yn−3ynxn−2

yn−3xn−2+yn−3yn+ynxn−2
, yn+1 = yn−2xn−1

2yn−2+xn−1

In this section, we get the form of the solutions of the system

xn+1 =
yn−3ynxn−2

yn−3xn−2 + yn−3yn + ynxn−2
, yn+1 =

yn−2xn−1

2yn−2 + xn−1
, n ∈ N0, (3.1)
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with non-zero real initials conditions such that y−1

x0
, y−2

x−1
/∈
{
− F3n

F3n+1
, n ≥ 1

}
and y−3y0+y0x−2

y−3x−2
/∈
{
−F3n+2

F3n+1
, n ≥ 0

}
.

Theorem 3.1. Let {xn}n≥−2, {yn}n≥−3 be a solution of (3.1). Then for

n = 0, 1, ...,

x3n =
x0y−1

y−1F3n+1 + x0F3n
, x3n+1 =

y0y−3x−2

y−3x−2F3n+2 + y0(y−3 + x−2)F3n+1
,

x3n+2 =
x−1y−2

y−2F3n+4 + x−1F3n+3
, y3n =

y0y−3x−2

y−3x−2F3n+1 + y0(y−3 + x−2)F3n
,

y3n+1 =
y−2x−1

y−2F3n+3 + x−1F3n+2
, y3n+2 =

y−1x0

y−1F3n+3 + x0F3n+2
.

Proof. From (3.1), we have

x1 =
y−3y0x−2

y−3x−2 + y−3y0 + y0x−2
=

y−3y0x−2

y−3x−2F2 + y0(y−3 + x−2)F1
, (3.2)

y1 =
y−2x−1

2y−2 + x−1
=

y−2x−1

y−2F3 + x−1F2
, (3.3)

y2 =
y−1x0

2y−1 + x0
=

y−1x0

y−1F3 + x0F2
. (3.4)

From (3.1)-(3.4), we get

x2 =
y−2y1x−1

y−2x−1 + y−2y1 + y1x−1

=
y−2

(
y−2x−1

2y−2+x−1

)
x−1

y−2x−1 + y−2

(
y−2x−1

2y−2+x−1

)
+
(

y−2x−1

2y−2+x−1

)
x−1

=
x−1y−2

3y−2 + 2x−1
=

x−1y−2

y−2F4 + x−1F3
,

x3 =
y−1y2x0

y−1x0 + y−1y2 + y2x0
=

y−1

(
y−1x0

2y−1+x0

)
x0

y−1x0 + y−1

(
y−1x0

2y−1+x0

)
+
(

y−1x0

2y−1+x0

)
x0

=
x0y−1

3y−1 + 2x0
=

x0y−1

y−1F4 + x0F3
,

y3 =
y0x1

2y0 + x1
=

y0

(
y−3y0x−2

y−3x−2+y−3y0+y0x−2

)
2y0 + y−3y0x−2

y−3x−2+y−3y0+y0x−2

=
y−3y0x−2

3y−3x−2 + 2y0(y−3 + x−2)

=
y−3y0x−2

y−3x−2F4 + y0(y−3 + x−2)F3
.

Similarly we get

x4 =
y−3y0x−2

5x−2y−3 + 3y0x−2 + 3y0y−3
=

y−3y0x−2

y−3x−2F5 + y0(y−3 + x−2)F4
,

y4 =
x−1y−2

8y−2 + 5x−1
=

y−2x−1

y−2F6 + x−1F5
,



78 N. Touafek

x5 =
x−1y−2

13y−2 + 8x−1
=

x−1y−2

y−2F7 + x−1F6
,

y5 =
x0y−1

8y−1 + 5x0
=

y−1x0

y−1F6 + x0F5
.

So, the result holds for n = 0, 1. Suppose that n ≥ 2 and that our assumption

holds for n− 2, n− 1 that is,

x3n−6 =
x0y−1

y−1F3n−5 + x0F3n−6
, (3.5)

x3n−5 =
y0y−3x−2

y−3x−2F3n−4 + y0(y−3 + x−2)F3n−5
, (3.6)

x3n−4 =
x−1y−2

y−2F3n−2 + x−1F3n−3
, (3.7)

y3n−6 =
y0y−3x−2

y−3x−2F3n−5 + y0(y−3 + x−2)F3n−6
, (3.8)

y3n−5 =
y−2x−1

y−2F3n−3 + x−1F3n−4
, (3.9)

y3n−4 =
y−1x0

y−1F3n−3 + x0F3n−4
, (3.10)

x3n−3 =
x0y−1

y−1F3n−2 + x0F3n−3
, (3.11)

x3n−2 =
y0y−3x−2

y−3x−2F3n−1 + y0(y−3 + x−2)F3n−2
, (3.12)

x3n−1 =
x−1y−2

y−2F3n+1 + x−1F3n
, (3.13)

y3n−3 =
y0y−3x−2

y−3x−2F3n−2 + y0(y−3 + x−2)F3n−3
, (3.14)

y3n−2 =
y−2x−1

y−2F3n + x−1F3n−1
, (3.15)

y3n−1 =
y−1x0

y−1F3n + x0F3n−1
. (3.16)

From (3.1), (3.10), (3.11) and (3.16), we get

x3n =
y3n−4y3n−1x3n−3

y3n−4x3n−3 + y3n−4y3n−1 + y3n−1x3n−3

=
x0y−1

F3ny−1 + x0F3n−1 + x0F3n−3 + x0F3n−4 + F3n−2y−1 + F3n−3y−1

=
x0y−1

y−1 (F3n + (F3n−2 + F3n−3)) + x0 (F3n−1 + (F3n−3 + F3n−4))

=
x0y−1

y−1 (F3n + F3n−1) + x0 (F3n−1 + F3n−2)

=
x0y−1

y−1F3n+1 + x0F3n
.
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From (3.1), (3.12) and (3.14), we have

y3n =
y3n−3x3n−2

2y3n−3 + x3n−2

=
y−3y0x−2

y0x−2 (2F3n−2 + F3n−3) + y0y−3 (2F3n−2 + F3n−3) + x−2y−3 (2F3n−1 + F3n−2)

=
y−3y0x−2

y0x−2 (F3n−2 + F3n−1) + y0y−3 (F3n−2 + F3n−1) + x−2y−3 (F3n−1 + F3n)

=
y−3y0x−2

y0x−2F3n + y0y−3F3n + x−2y−3F3n+1
.

From (3.1), (3.12) and (3.14), we get

x3n+1 =
y3n−3y3nx3n−2

y3n−3x3n−2 + y3n−3y3n + y3nx3n−2

=
y3n−3

(
y3n−3x3n−2

2y3n−3+x3n−2

)
x3n−2

y3n−3x3n−2 + y3n−3

(
y3n−3x3n−2

2y3n−3+x3n−2

)
+

(
y3n−3x3n−2

2y3n−3+x3n−2

)
x3n−2

=
y3n−3x3n−2

3y3n−3 + 2x3n−2

=

(
y0y−3x−2

y−3x−2F3n−2+y0(y−3+x−2)F3n−3

)(
y0y−3x−2

y−3x−2F3n−1+y0(y−3+x−2)F3n−2

)
3
(

y0y−3x−2

y−3x−2F3n−2+y0(y−3+x−2)F3n−3

)
+ 2

(
y0y−3x−2

y−3x−2F3n−1+y0(y−3+x−2)F3n−2

)
=

y−3y0x−2

y−3x−2 (3F3n−1 + 2F3n−2) + y0 (y−3 + x−2) (3F3n−2 + 2F3n−3)

=
y−3y0x−2

y−3x−2 (F3n−1 + 2F3n) + y0 (y−3 + x−2) (F3n−2 + 2F3n−1)

=
y−3y0x−2

y−3x−2 (F3n+1 + F3n) + y0 (y−3 + x−2) (F3n + F3n−1)

=
y−3y0x−2

y−3x−2F3n+2 + y0 (y−3 + x−2)F3n+1
.

From (3.1), (3.13) and (3.15), we have

y3n+1 =
y3n−2x3n−1

2y3n−2 + x3n−1

=

(
y−2x−1

y−2F3n+x−1F3n−1

)(
x−1y−2

y−2F3n+1+x−1F3n

)
2
(

y−2x−1

y−2F3n+x−1F3n−1

)
+ x−1y−2

y−2F3n+1+x−1F3n

=
y−2x−1

y−2 (F3n + 2F3n+1) + x−1 (2F3n + F3n−1)

=
y−2x−1

y−2 (F3n+2 + F3n+1) + x−1 (F3n + F3n+1)

=
y−2x−1

y−2F3n+3 + x−1F3n+2
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From (3.1), (3.13) and (3.15), we get

x3n+2 =
y3n−2y3n+1x3n−1

y3n−2x3n−1 + y3n−2y3n+1 + y3n+1x3n−1

=
y3n−2

(
y3n−2x3n−1

2y3n−2+x3n−1

)
x3n−1

y3n−2x3n−1 + y3n−2

(
y3n−2x3n−1

2y3n−2+x3n−1

)
+
(

y3n−2x3n−1

2y3n−2+x3n−1

)
x3n−1

=
y3n−2x3n−1

3y3n−2 + 2x3n−1

=

(
y−2x−1

y−2F3n+x−1F3n−1

)(
x−1y−2

y−2F3n+1+x−1F3n

)
3
(

y−2x−1

y−2F3n+x−1F3n−1

)
+ 2

(
x−1y−2

y−2F3n+1+x−1F3n

)
=

y−2x−1

y−2 (2F3n + 3F3n+1) + x−1 (3F3n + 2F3n−1)

=
y−2x−1

y−2 (2F3n+2 + F3n+1) + x−1 (F3n + 2F3n+1)

=
y−2x−1

y−2 (F3n+2 + F3n+3) + x−1 (F3n+2 + F3n+1)

=
y−2x−1

y−2F3n+4 + x−1F3n+3
.

From (3.1), (3.10), (3.11) and (3.16), we have

y3n+2 =
y3n−1x3n

2y3n−1 + x3n
=

y3n−1

(
y3n−4y3n−1x3n−3

y3n−4x3n−3+y3n−4y3n−1+y3n−1x3n−3

)
2y3n−1 + y3n−4y3n−1x3n−3

y3n−4x3n−3+y3n−4y3n−1+y3n−1x3n−3

=
y3n−4y3n−1x3n−3

2x3n−3y3n−1 + 3x3n−3y3n−4 + 2y3n−1y3n−4

=
y−1x0

y−1 (F3n + 2F3n+1) + x0 (F3n−1 + 2F3n)

=
y−1x0

y−1 (F3n+2 + F3n+1) + x0 (F3n+1 + F3n)

=
y−1x0

y−1F3n+3 + x0F3n+2
.

The proof is complete. �

Corollary 3.2. Let {xn}n≥−2, {yn}n≥−3 be a solution of (3.1) with y−2x−1,

y−1x0 and y−3x−2(y−3y0 + y0x−2) positive. Then

lim
n→+∞

xn = lim
n→+∞

yn = 0.

4. The system xn+1 = yn−3ynxn−2

yn−3xn−2−yn−3yn−ynxn−2
, yn+1 = yn−2xn−1

2yn−2+xn−1

In this section we study the dynamic of the solutions of the system

xn+1 =
yn−3ynxn−2

yn−3xn−2 − yn−3yn − ynxn−2
, yn+1 =

yn−2xn−1

2yn−2 + xn−1
, n = 0, 1, ...,

(4.1)
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with non-zero real initials conditions with y−3x−2 − y0(y−3 + x−2) 6= 0, y−2

x−1
,

y−1

x0
and y−3x−2−y0(y−3+x−2)

y−3x−2
/∈
{
− 1

2n , n ≥ 1
}

.

Theorem 4.1. Let {xn}n≥−2, {yn}n≥−3 be a solution of system (4.1), then

{xn}n≥−2 is eventually periodic. That is,

xn+3 = xn, n ≥ −1.

Moreover, if

x−2 =
2y0y−3

y−3 − y0
, y−3 − y0 6= 0,

then the sequence {xn}n≥−2 will be periodic.

Proof. It follows from (4.1) that

xn+3 =
yn−1yn+2xn

yn−1xn − yn−1yn+2 − yn+2xn

=
yn−1

(
yn−1xn

2yn−1+xn

)
xn

yn−1xn − yn−1

(
yn−1xn

2yn−1+xn

)
−
(

yn−1xn

2yn−1+xn

)
xn

=

y2
n−1x

2
n

xn+2yn−1

y2
n−1xn

xn+2yn−1

= xn.

Now using

x−2 =
2y0y−3

y−3 − y0
,

we get

x1 = x−2.

�

Theorem 4.2. Let {xn}n≥−2, {yn}n≥−3 be a solution of (4.1). Then for

n = 0, 1, 2, ..., we have

x3n = x0,

x3n+1 =
y0y−3x−2

y−3x−2 − y0(y−3 + x−2)
,

x3n+2 = x−1,

y3n =
y0y−3x−2

(2n + 1)y−3x−2 − 2ny0(y−3 + x−2)
,

y3n+1 =
y−2x−1

2(n + 1)y−2 + x−1
,

y3n+2 =
y−1x0

2(n + 1)y−1 + x0
.

Proof. From (4.1), we have

x1 =
y0y−3x−2

y−3x−2 − y0(y−3 + x−2)
, x2 = x−1,

and

y1 =
y−2x−1

2y−2 + x−1
, y2 =

y−1x0

2y−1 + x0
.
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So, the result holds for n = 0. Suppose n > 0 and that our assumption holds

for n− 1 that is,

x3n−3 = x0, (4.2)

x3n−2 =
y0y−3x−2

y−3x−2 − y0(y−3 + x−2)
, (4.3)

x3n−1 = x−1, (4.4)

y3n−3 =
y0y−3x−2

(2n− 1)y−3x−2 − 2(n− 1)y0(y−3 + x−2)
, (4.5)

y3n−2 =
y−2x−1

2ny−2 + x−1
, (4.6)

y3n−1 =
y−1x0

2ny−1 + x0
. (4.7)

From (4.1) and (4.2), we have

x3n =
y3n−4y3n−1x3n−3

y3n−4x3n−3 − y3n−4y3n−1 − y3n−1x3n−3

=
y3n−4

(
y3n−4x3n−3

2y3n−4+x3n−3

)
x3n−3

y3n−4x3n−3 − y3n−4

(
y3n−4x3n−3

2y3n−4+x3n−3

)
−
(

y3n−4x3n−3

2y3n−4+x3n−3

)
x3n−3

=

(y3n−4x3n−3)2

2y3n−4+x3n−3

y2
3n−4x3n−3

2y3n−4+x3n−3

= x3n−3

= x0.

From (4.1), (4.3) and (4.5), we get

y3n =
y3n−3x3n−2

2y3n−3 + x3n−2

=

(
y0y−3x−2

(2n−1)y−3x−2−2(n−1)y0(y−3+x−2)

)(
y0y−3x−2

y−3x−2−y0(y−3+x−2)

)
2
(

y0y−3x−2

(2n−1)y−3x−2−2(n−1)y0(y−3+x−2)

)
+ y0y−3x−2

y−3x−2−y0(y−3+x−2)

=

(y−3y0x−2)2

[(2n−1)y−3x−2−2(n−1)y0(y−3+x−2)][y−3x−2−y0(y−3+x−2)]

(x−2y−3y0)[(2n+1)x−2y−3−2ny0(x−2+y−3)]
[y0x−2+y0y−3−x−2y−3][(2n−1)y−3x−2−2(n−1)y0(y−3+x−2)]

=
y−3y0x−2

(2n + 1)x−2y−3 − 2ny0 (x−2 + y−3)
.
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From (4.1) and (4.3), we have

x3n+1 =
y3n−3y3nx3n−2

y3n−3x3n−2 − y3n−3y3n − y3nx3n−2

=
y3n−3

(
y3n−3x3n−2

2y3n−3+x3n−2

)
x3n−2

y3n−3x3n−2 − y3n−3

(
y3n−3x3n−2

2y3n−3+x3n−2

)
−
(

y3n−3x3n−2

2y3n−3+x3n−2

)
x3n−2

=

(y3n−3x3n−2)2

2y3n−3+x3n−2

y2
3n−3x3n−2

2y3n−3+x3n−2

= x3n−2

=
y0y−3x−2

y−3x−2 − y0(y−3 + x−2)
.

From (4.1), (4.4) and (4.6), we have

y3n+1 =
y3n−2x3n−1

2y3n−2 + x3n−1
=

(
y−2x−1

2ny−2+x−1

)
x−1

2
(

y−2x−1

2ny−2+x−1

)
+ x−1

=

y−2x
2
−1

2ny−2+x−1

(2(n+1)y−2+x−1)x−1

2ny−2+x−1

=
y−2x−1

2(n + 1)y−2 + x−1
.

From (4.1) and (4.4), we get

x3n+2 =
y3n−2y3n+1x3n−1

y3n−2x3n−1 − y3n−2y3n+1 − y3n+1x3n−1

=
y3n−2

(
y3n−2x3n−1

2y3n−2+x3n−1

)
x3n−1

y3n−2x3n−1 − y3n−2

(
y3n−2x3n−1

2y3n−2+x3n−1

)
−
(

y3n−2x3n−1

2y3n−2+x3n−1

)
x3n−1

=

(y3n−2x3n−1)2

2y3n−2+x3n−1

y2
3n−2x3n−1

2y3n−2+x3n−1

= x3n−1

= x−1.
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Finally, from (4.1), (4.2) and (4.5), we have

y3n+2 =
y3n−1x3n

2y3n−1 + x3n

=
y3n−1

(
y3n−4y3n−1x3n−3

y3n−4x3n−3−y3n−4y3n−1−y3n−1x3n−3

)
2y3n−1 +

(
y3n−4y3n−1x3n−3

y3n−4x3n−3−y3n−4y3n−1−y3n−1x3n−3

)

=

y3n−1

(
y3n−4

(
y3n−4x3n−3

2y3n−4+x3n−3

)
x3n−3

y3n−4x3n−3−y3n−4

(
y3n−4x3n−3

2y3n−4+x3n−3

)
−
(

y3n−4x3n−3
2y3n−4+x3n−3

)
x3n−3

)

2y3n−1 +

(
y3n−4

(
y3n−4x3n−3

2y3n−4+x3n−3

)
x3n−3

y3n−4x3n−3−y3n−4

(
y3n−4x3n−3

2y3n−4+x3n−3

)
−
(

y3n−4x3n−3
2y3n−4+x3n−3

)
x3n−3

)
=

y3n−1x3n−3

2y3n−1 + x3n−3

=

(
y−1x0

2ny−1+x0

)
x0

2
(

y−1x0

2ny−1+x0

)
+ x0

=

y−1x
2
0

2ny−1+x0

(2(n+1)y−1+x0)x0

2ny−1+x0

=
y−1x0

2(n + 1)y−1 + x0
.

The proof is complete. �

Corollary 4.3. Every solution of system (4.1) is such that

lim
n→+∞

yn = 0.

5. The system xn+1 = yn−3ynxn−2

yn−3xn−2−yn−3yn−ynxn−2
, yn+1 = yn−2xn−1

2yn−2−xn−1

Consider the system

xn+1 =
yn−3ynxn−2

yn−3xn−2 − yn−3yn − ynxn−2
, yn+1 =

yn−2xn−1

2yn−2 − xn−1
, n ∈ N0 (5.1)

with non-zero real initial conditions with y0 (y−3 + x−2) /∈
{
±y−3x−2,

y−3x−2

2

}
,

y−2 /∈
{x−1

2 , 2x−1

}
, y−1 /∈

{
x0

2 , 2x0

}
.

The following theorem describes the form of the solutions of system (5.1).
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Theorem 5.1. Let {xn}n≥−2, {yn}n≥−3 be a solution of (5.1). Then, for

n = 0, 1, ...,

x6n−1 = x−1

(
−1

3

)n

, x6n = x0

(
−1

3

)n

,

x6n+1 =
y−3y0x−2

y−3x−2 − y0 (y−3 + x−2)

(
−1

3

)n

, x6n+2 =
y−2x−1

y−2 − 2x−1

(
−1

3

)n

,

x6n+3 =
y−1x0

y−1 − 2x0

(
−1

3

)n

, x6n+4 = − y−3y0x−2

y−3x−2 + y0 (y−3 + x−2)

(
−1

3

)n

,

y6n−2 = y−2

(
−1

3

)n

, y6n−1 = y−1

(
−1

3

)n

,

y6n = y0

(
−1

3

)n

, y6n+1 =
y−2x−1

2y−2 − x−1

(
−1

3

)n

,

y6n+2 =
y−1x0

2y−1 − x0

(
−1

3

)n

, y6n+3 =
y−3y0x−2

y−3x−2 − 2y0 (y−3 + x−2)

(
−1

3

)n

.

Corollary 5.2. Every solution of system (5.1) is such that

lim
n→+∞

xn = lim
n→+∞

yn = 0.

Acknowledgments

The author would like to express his sincere thanks to the anonymous referee

for his (her) suggestions and valuable comments.

References

1. R. Abo-Zeid, Attractivity of two nonlinear third order difference equations, J. Egypt.

Math. Soc., 21, (2013), 241-247.

2. A. M. Ahmed, A. M. Youssef, A solution form of a class of higher-order rational difference

equations, J. Egypt. Math. Soc., 21, (2013), 248-253.
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8. E. M. Elsayed, S. Stević, On the max-type equation xn+1 = max{A/xn, xn−2}, Nonlin-

ear Anal. TMA., 71, (2009), 910-922.

9. E. M. Elsayed, On the dynamics of a higher-order rational recursive sequence, Commun.

Math. Anal., 12, (2012), 117-133.

10. J. Feuer, Periodic solutions of the Lyness max equation, J. Math. Anal. Appl., 288,

(2003), 147-160.



86 N. Touafek

11. T. F. Ibrahim, Periodicity and analytic solution of a recursive sequence with numerical

examples, J. Interdiscip. Math., 12, (2009), 701-708.

12. T. F. Ibrahim, N. Touafek, On a third order rational difference equation with variable

coefficients, Dyn. Contin. Discrete Impuls. Syst., Ser. B, Appl. Algorithms, 20, (2013),

251-264.
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