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ABSTRACT. In this paper some properties of a generalization of Fibonacci
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of solutions.

Keywords: Diophantine equation, Generalized Fibonacci sequence, Pell equa-
tion

2000 Mathematics subject classification: Primary 11D45; Secondary
11B39, 30B70.

1. INTRODUCTION

Several authors (e.g. [3], [1], [6]) have discussed the conics whose equations
are satisfied by pairs of successive terms of generalized Fibonacci sequences.
The second order recurrence W, (a, b; p, q), is defined by

WO = a, Wl = b7 Wn+1 :an - anfly n 2 ]-

where a,b, p and ¢ are arbitrary integers.

In [7], McDaniel proved that, if 2 and y are positive integers, then the pair
(x,y) is a solution of y? — Pxy — 2% = 41 iff there exists a positive integer n
such that x = U, and y = U,+1, where U,, = W,,(0,1; P,—1).

*Corresponding Author

Received 5 May 2012; Accepted 27 August 2012
(©2013 Academic Center for Education, Culture and Research TMU
111


hossein-zadeh
Typewriter
DOI: 10.7508/ijmsi.2013.02.010


112 Mojtaba Bahramian, Hassan Daghigh

McDaniel’s results was generalized by Melham in [9], where for example
he proved that if m is even, then the points with integer coordinates on the
conics y? — Vioy + 22 F U% = 0, are precisely the pairs F(U,,, Up+m ), where
Vi, = Wa(2,P; P,—1).

Kilic and Omur in [5] considered all given results on special conics, and
then gave more general results, generalizing work of Melham and McDaniel.
For example they proved the following theorem which is the combination of
Theorems 3 and 4 of [5].

Theorem 1.1. The points with integer coordinates on the conics y? — Vigmay +
(—=1)™x® F U2, =0 are precisely the pairs F(Ugn, Uk(n4m))-

Marlewski and Zarzycki in [8] proved that the equation 2% — kxy+y*+x = 0
with & € N has an infinite number of positive integer solutions x and y if and
only if k = 3.

Now let

(1.1) o =0, p1 =1, pnt1=kpn +p_1, n > 1.
In this paper we will prove that the equation
(1.2) P tkry—y £ =0

with £ € N has infinite number of positive integer solutions x and y, and
describe the structure of solutions, using Eq. (1.1).

In general, the standard approach to solve these equations is via reduction
of quadratic forms and a parallel approach which uses pell equation and gener-
alized pell equation. The generalized pell equation is the Diophantine equation
2?2 — Dy? = N, where D and N are integers and D > 0 is not a perfect square.
This equation is usually solved using continued fractions.

2. SOME PRELIMINARY RESULTS

Let k be a positive integer. It is possible to rewrite Eq. (1.1) as a matrix

equation. To do this, we assume that Q := (]1C (1)) Then (:?) = <1> and
0
(5)-o(2)
Pn Pn—1
. Pn+1 n—1 k Pn n—1 1
Since =Q and =Q" , one can see that
©®n 1 On—1 O

Qn:<90n+1 ¥n )’n>1.
Qpn Sﬁnfl
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1
UsingQ° =1,Q ' = ((1) k;) ,Q™" = (Q™)~! we can extend the sequence
(1.1) to Z by setting ((’0_"'“ pon ) =(-1)" <<‘0"_1 _(’0"). Thus ¢_,, =
P—n P—n—1 —Pn QOn-l—l

(_1)”+190n~
Since det(Q™) = (—1)" we have @, +1pn_1 — ¢2 = (—1)". Therefore

(2.1) kgnpns1 +on + (1) = @541
The equality Q™" = Q™Q™ gives

(2.2) Pm4n = Pm+1Pn T PmPn—1 = PmPn+1 + Pm—1¥n,

for all integers m and n.

Now let D be a positive integer not a perfect square and suppose that v/D
is written as an infinite simple continued fraction vD = [ao, a1, as,...]. For
each nonnegative n the rational number [ag, a1, ..., an] = hy/ky is called the
nt* convergent to the infinite simple continued fraction [ag, a1, az, ...

It is easy to see that for any integer £ > 1 the number k% + 4 is not a square,
and we have the following infinite simple continued fraction of v/k2 + 4

—— [ (k=D)/2,1,1,(k—1)/2,2k] kis odd,
23) K= {[k, k/2, 2k k is even.

If [ag, a1, az, ...] is an infinite simple continued fraction and h,, /k, is the nth
convergent to it, then

hO = ao, hl =ajap + ]-7 hn = anhnfl + hn72;

> 2.
kO =1 7k1 = az, kn = ankn—l + kn—Qa "=

(2.4)

To simplify our calculations we define h_; =1 and k_; = 0.

The next two theorems give the convergents of v/k2 +4 in terms of the
sequence ;. These results are proved in [7] using different arguments.

We first assume that k is odd. Then by Eq. (2.3) we have

ap =k, asn—a = (k—1)/2, asn—3 =1, aspn—2 =1, asp—1 = (k—1)/2, asp, =2k, n > 1.

It is easy to see that Eq. (2.4) can be written as
S B (e N (e IV
hn—l kn—l 1 0 hn_g kn_g

Qp, 1 _ hn kn
Let A, = (1 0) and P, = (hnl kn1>. Then we have

(25) P, = AnPn—h (n > 1)-
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If we set N = A5 A4 A3A2A1, then using Eq. (2.2) and by induction, we can
prove the following Lemma.

2
Lemma 2.1. For any positive integer t, Nt = < Patt1 Pat >

1/2¢p3:  @3t—1

Theorem 2.2. Let k be a positive odd integer and hy,/k, be the nt" convergent

to the infinite simple continued fraction of vVk% + 4. Then for all nonnegative
integer n

a) hion = Qen + Pont2,

b) Eion = ©ent1,

¢) hionta = 1/2(Pen+2 + Ponta),
d) Eionta = 1/2(@6n+3),

e) hionts = Pen+a + Pente,

f) kion+s = Qents-

Proof. To calculate hig, and kig,, using Eq. (2.5) we have
P5n = A5nP5n71 == A5nA5n71A5n72A5n73A5n74P5n75
= A5 A4 A3A2A 1 P55
= NPsy,_5.

Hence Pig, = N?" Py, and by Lemma 2.1, we derive
P (<,06n+1 2@6n) ( ho ko >
10n —
1/2¢6n  @on—1) \h—1 k_1

_ (@6n+1 2<Pﬁn) (k 1)
1/206n @en—1) \1 0/

Thus
hion = k@en+1 + 2060 = Yen+2 + Pén,
k1on = Qen+1-
Also
Pion+a = AtontaAion+3Aron+2A1on+1 N> Py
- (1/2503 <P2> <<P6n+1 2<P6n> </€ 1)
2 2 1/206n @en—1) \1 0
_ (1/2<P6n+3 <,06n+2> </€ 1)
Yont2  2¢ent1) \1 0]
and so,
hionta = 1/2(k@ents + 206n+2) = 1/2(Pen+a + ©on+2),
k1on+a = 1/206n+3.
Finally

In+1
Pionts = Aton+sAton+7A10n+6 N1 Py.
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Hence

hion+s8 = k@en+s5 + 206n+4 = Pen+6 + Pen+ta,
k10n+8 = Q6n+5-

We now assume that & is even. By Eq. (2.3) we have
apg = k, aAop—1 = k/?, aop = 2/{5, n Z 1.

Then Eq. (2.4) implies that

hn kn _ an 1 hn—l kn—l . n 2 1.
hnfl knfl 1 0 hn72 kn72

115

Using previous notations, this equation can be written as P, = A, P,_1

where As, = <21k (1)

(2.6) Py, = Aoy Pop—1 = AgpAgn—1Pon_2.

) and Agp_1 = (k{Q (1)) for all n > 1. Now

Let M = Ay, Asy,—1. Then again using Eq. (2.2) and induction, we can prove

the following lemma.

2
Lemma 2.3. For all positive integer t, Mt = <<'02t+1 was ) .
1/2¢2:  p2i-1

Theorem 2.4. Let k be a positive even integer and hy, [ky, be the nth convergent
to the infinite simple continued fraction of vVk% + 4. Then for all nonnegative

integer n
a) hop = Yon + Panio,
b) k2n = pani1.
Proof. Using Eq. (2.6) and Lemma 2.3, we have
n Oont1 220\ (K1
Py, =MPy, 5o =M"Py = 7
? o ’ <1/2<P2n <P2n1> <1 0)

and so
hon = kpon+1 + 2¢2n, = @ant2 + Qon,
kop = Pan41-

3. THE DIOPHANTINE EQUATIONS z? + kxy — 32+ 2 =0

In this section we show that the Diophantine equations 22 £ kxy —y?>+2 =0

are solvable in integers for all positive integer k.
We first consider the equation

(3.1) 2 —kry —y? +2=0.
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We will prove that all the solutions of Eq. (3.1) are the followings

((Pgna (PQn—l(an)v
(@%na _902n§02n+1)7
(3.2) :
(=050 41> P2nt1P2n+2)s
(_<P§n+17 —<P2n<,02n+1)-

Lemma 3.1. If (x,y) is a solution of Eq. (3.1), then the followings are also
solutions of the same equation

a‘) (J?, —kx — y)a
b) (ky —z—1,y).
Proof. The proof is straightforward. O

Clearly (0, 0) is a solution of Eq. (3.1). Using the above Lemma, and starting
from (0,0) we get a sequence of solutions of Eq. (3.1) as

(0,0), (—1,0), (=1, k), (>, k), (K*, —k(k* + 1)), (—(k* + 1)*, —=k(k* + 1)), - --
These solutions can be written as
(0,0) = (5, —ow1), (=1,0) = (=¢%, —pop1), (=1,k) = (=, p192),
(K, k) = (3, p1p2), - -
Theorem 3.2. For all nonnegative integers n, the pairs in Eq. (3.2) satisfy
Eq. (3.1).

Proof. Induction on n. Clearly (0,0) = (03, —pop1) is a solution of Eq. (3.1).
Suppose that (z,y) = (©3,,, —P2npans1) satisfies Eq. (3.1). Then by Lemma
3.1(b) and Eq. (2.1),
( ) k( @271()02714-1) @%n -1 _§02n§02n+1)

(k@2n¢2n+1 + QOQn + 1) 410271,(;0271,4-1)

@2n+1 y —P2nP2on+1 )

w

(
= (-
= (-
is a solution of Eq. (3.1).
Now since (x,y) = (—¢p n+1a —@on@an+1) is a solution of Eq. (3.1), by
Lemma 3.1(a) and Eq. (1.1),
( ) ( <)02n+17 _k(_§0§n+1) - (_<P2n§02n+1))
( 902n+17 k(p2n+1 + (902n902n+1))
(-

90271—}-1 y P2n+1 902n+2)

is a solution of Eq. (3.1).
Similar reasoning shows that if (—¢3,, 1, Y2nt192n42) satisfies Eq. (3.1),

then (cp%n+2,<p2n+1gagn+2) satisfies Eq. (3.1), and if ((p%nJrQ, Von+1Pant2) is a
solution of Eq. (3.1), then (3,2, —P2nt2¢2n+3) satisfies Eq. (3.1). O
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Next we prove that the solutions described in Eq. (3.2) are all the solutions
of Eq. (3.1). We first consider the positive solutions.
A similar argument to that of ([8] Theorem 1), proves the following theorem.

Theorem 3.3. If positive integers k, x and y satisfy the equation x> — kxy —
y? + 1 =0, then there exist positive integers c,e such that x = c® , y = ce and
ged(c,e) = 1.

We need some properties of the Pell equation
(3.3) 2> -~ Dy’ =M
where D is a given positive integer not a perfect square and M is a given
integer.

Clearly, if 23— Dy3 = M is fulfilled for some integers g, yo and p3 —Dvg = 1,
for some integers ¢, vg, then for any integer n, the pair (z,,y,) defined as

Tn +ynVD = (zo + ym/ﬁ)(gpo + U()\/B)n,

which satisfies Eq. (3.3).

Theorem 3.4. Let the integer M satisfies |M| < v/D. Then, any positive
integer solution (s,t) of Eq. (3.3) with ged(s,t) = 1 satisfies s = hy,,t =k, for

some positive integer n, where % is the ntt

continued fraction of VD = |ag,ay,...].

convergent to the infinite simple

Proof. see ([10], Theorem 7.24). O

Theorem 3.5. Let [ag,a1,...] be the infinite simple continued fraction of VD
and suppose that m,, and g, are two sequences given by

mo =0, go =1, Mpy1 = AnGn — Mp, Gni1 = (D - m721+1)/qw
Then
a) my, and q, are integers for any positive integer n,
b) h2 — Dk2 = (—1)"T1q,.1 for any integer n > —1.
Proof. see ([10], Theorem 7.22). O

Now we are ready to prove that all positive solutions of the Eq. (3.1) are
in the form (z,y) = (¥3,,, Pan—1%2, ). Using Theorem 3.3, there exist positive
integers ¢ and e such that = ¢ , y = ce and gcd(c,e) = 1. Substituting in
Eq. (3.1),we have

A —kece—e?+1=0.

We can consider this equation as a quadratic equation with respect to the
indeterminate c¢. This equation has integer solutions if and only if A = (k% +
4)e? — 4, is a square. i.e, there exists an integer ¢ such that

(3.4) t? — (k* +4)e? = —4.
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And in this case
(3.5) c=(kett)/2.
Now we solve Eq. (3.4). We first assume that & is odd. From Eq. (2.3),
V2 + 4=k (k—1)/2,1,1, (k—1)/2, 2k,
Applying Theorem 3.5, with
ap =k, asp—q = (k=1)/2, asn—3 =1, asn—2 =1, asn—1 = (k—1)/2, a5, = 2k, n > 0,

we get two eventually periodic sequences

{mn}?f:o = {Oa kv k— 2) 27 k— 2; k};

and

(3.6) {(=1)" gy = {1, 4k, —k,4,—1,4, -k, k, —4,1}.

Now we assume that (¢,e) is a positive solution of Eq. (3.4). Then from Eq.
(3.4) we deduce that ged(t,e) = 1 or 2. The sequence in Eq. (3.6) and Theorem
3.5, imply that

h%()n - (kz + 4)]{;%071 =—4,
(3.7) hionta — (k% + kT4 = —1,

hionss — (k2 + 4)k3o, 48 = —4
for all n > 0.

Now from Eq. (3.7) we deduce that
(2h10n+4)* = (K +4) (2k10n44)” = —4.

Moreover all of the solutions of Eq. (3.4) are as follows

(t,e) = (hion, k10n); (2R10n+4,2k10n+4); (R1on+s; kionts) 7 > 0.

From Eq. (3.5), the solutions (c,e) are

((kk1on + h1on)/2, k10n),
(3.8) (kk1ont4 + R1on+a, 2k10n44),
((Ek1on+s + R1on+8)/2, k1on+s)s

for all n > 0. Now using Theorem 2.2, and rearranging Eq. (3.8), we have
(c,e) = ((kpsn+1 + Pon + Pent2)/2, Pent1) = (Pont2, Pont1),

(c,e) = (k(26n+3) + 2(Pont2 + on+a), 2(306n+3)) = (Pon+a, Ponts),
(C, 6) = ((k<P6n,+5 + Yen+4 + <,06n+6)/2, <P6n+5) = (<,06n+6, <,06n+5),

and finally from Theorem 3.3, (x,y) = (c?,ce). So

(.23, y) = ((Pgn-l—Qa @6n+1<p6n,+2)a
(P8n-4> Pon+3P6n+4),
((p%nJer P6n+5 @6n+6)7
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and therefore (x,y) = (p3,,, P2n_192,) for every positive integer n. Thus we
proved

Theorem 3.6. If k is an odd positive integer, then every positive solutions of
2% — kaxy — y? + 2 =0 is of the form (z,y) = (¥3,,, Pan—19P2n)-

Now we consider the case when k is even. In this case from Eq. (2.3),
Vk2+4 = [k, k/2,2k]. Let

ap =k, asny1 =k/2, asnyo = 2k,
for all n > 0. We get two eventually periodic sequences

{mn}zo:O = {Oa E}
and
{(—)" Mgtz = {1, =4}

From this and Theorem 3.5, we have
(3.9) h3, — (k* +4)k3, = —4
for all n > 0. Moreover in this case all solutions of Eq. (3.4) are (t,e) =
(han, k2n), and using Eq. (3.5), (c,e) = ((kk2n + h2n)/2, ko). But from The-
orem 2.4, ho, = pa, + @onto and ko, = @on41. Substituting in Eq. (3.5) we
get (Ca 6) = ((k(PZnJrl + wan + 902n+2)/27902n+1)' Therefore (xvy) = (62,66) =
(3142, P2n+1P2n+2). Thus we proved,

Theorem 3.7. If k is a positive even integer, then every positive solution of
the equation 2% — kzy — y? + x = 0 is in the form (z,y) = (¥3,,, P2n—192n)-

Now we find all (not necessarily positive) solutions of the equation z? —

kxy — y? +x = 0. First assume that z > 0 and y < 0. By substituting z — x
and y — —y, it is enough to consider the new equation 22 + kay — 32 +z =0
and its positive solutions

(:E, y) = (Sﬁgn, 30271902n+1)~
Similarly if x < 0 and y > 0, then substituting z — —=x
and y — y and considering the equation x? + kxy — y? — 2 = 0, we have
(w,y) = (@%nﬂa Pon+1P2m+2)-

Finally if x < 0 and y < 0, then by substituting x — —x
and y — —y, it is enough to consider the equation z? — kzy —y> —x = 0
and find its positive solutions, that are
(z,y) = (ﬁﬁgnﬂa P2nPon+1)-
In general and using the above discussions we have
Theorem 3.8. If k is an integer, then all the solutions of the equation x* —
kxy —y?>+2 =0 are
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i) (p3,, P2n—192n),

2

2

2

2n angp?nJrl)a
2

Oont1> P2n+192m42),
2

Pon+1s —<,02n<,02n+1),

where n > 0 is an integer.

) (

i) (¢

i) (
) (

111

iv) (—

Finally any solution of the equations x2? + kzy — y? & x = 0, corresponds to
the solution of the equation 2 — kxy — y? + x = 0. In the following table, we
summarize our calculation

Table 1. solution of the equations 22 + kxy —y?> 2 =0

equation solutions
(931> P2n—192n)
z? — kxy — y2 +z=0 (ngm _502n502n+1)
(_@%nJrh Pon+1 @2n+2)
(_ngnJrlv _SUQnSUQn-I—l)
(30> P2nP2m+1)
224+ kry—y?+x=0 (03, —Pon—19P2n)
(_@%nJrlv PanP2n+1)
(—<P§n+1a — P4 1P2n+2)
((p%nJrh 902n502n+1)
? —kry -y’ =2 =0 (P41, —P2nt192n+2)
(_ngnv QOQnQDQn-i—l)
(=8, —P2n—192n)
(#3011 P2n+19P20+2)
? +kry—y*—x=0 (#3115 —P2nP2nt1)
(_90%17,7 ¢2n,—1@2n)
(_@grm _@Qn@QnJrl)
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