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ABSTRACT. In this paper we introduce the concept of generalized weakly
contractiveness for a pair of multivalued mappings in a metric space. We
then prove the existence of a common fixed point for such mappings in a
complete metric space. Our result generalizes the corresponding results
for single valued mappings proved by Zhang and Song [14], as well as
those proved by D. Doric [4].
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1. INTRODUCTION

A fundamental result in fixed point theory is the Banach contraction princi-
ple. Over the years, this result has been generalized in different directions and
different spaces by mathematicians.
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In 1997, Alber and Guerre-Delabriere [1] introduced the concept of weak
contraction:

Definition 1.1. Let (F,d) be a metric space. A mapping T : E — F is said
to be weakly contractive provided that

where z,y € E and ¢ : [0,00) — [0,00) is a continuous and nondecreasing
function such that ¢(t) = 0 if and only if ¢ = 0.

Using the concept of weakly contractiveness, Alber and Guerre-Delabriere
succeeded to establish the existence of fixed points for such mappings in Hilbert
spaces. Later on Rhoades [9] proved that the result of [1] is also valid in com-
plete metric spaces. Rhoades [9] also proved the following fixed point theorem
which is a generalization of the Banach contraction principle, because it con-
tains contractions as special cases when we assume ¢(t) = (1 — k)t for some
0<k<1.

Theorem 1.2. Let (E, d) be a complete metric space and let T: E — F be a
weakly contractive mapping. Then T has a fixed point.

In 2008, Dutta and Choudhury [5] proved the following theorem which in
turn generalizes Rhoades’ theorem.

Theorem 1.3. Let (F,d) be a complete metric space and T': E — E be a
self-mapping satisfying the inequality
P(d(Tx, Ty)) < P(d(z,y)) — old(z,y))

where ¢, : [0,00) — [0,00) are two continuous and monotone nondecreas-
ing functions with ¢(t) = 0 = ¥(¢) if and only if ¢t = 0. Then T has a fixed point.

During the last few decades, a number of hybrid contractive mapping results
have been obtained by many researchers; see [2, 3, 7, 8, 10, 11, 12] and the refer-
ences therein. Recently Zhang and Song [14] have proved the following theorem.

Theorem 1.4. Let (F,d) be a complete metric space, and 7,5 : E — E be
two mappings such that for all x,y € E we have

where ¢ : [0,00) — [0,00) is a lower semicontinuous function and ¢(t) = 0 if
and only if t = 0, and

d.To) - d S,

Mo,y = max { (o). d(T, ) (5. ), WL
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Then there exists a unique point v € E such that u = Tu = Su.
This theorem was generalized by D. Doric [4] in the following way:

Theorem 1.5. Let (F,d) be a complete metric space, and 7,5 : E — E be
two mappings such that for all z,y € E we have

P(d(Tz, Sy)) < (M (z,y)) — ¢(M(x,y))

where 1, ¢ : [0,00) — [0,00) and ¢ is a lower semicontinuous function with
¢(t) = 0 if and only if ¢ = 0, and ¢ is a continuous monotone nondecreasing
function with ¢ (¢) = 0 if and only if ¢ = 0, and

d(y,Tz) + d(z, Sy) } .

Mo,y = max { o). d(T, ) (5. ), 0]

Then there exists a unique point v € E such that u = Tu = Su.

Let (E,d) be a metric space, and let B(F) denote the family of all nonempty
bounded subsets of E. Then for A, B € B(E), define the distance between A
and B by

D(A, B) = inf{d(a,b) :a € A,b € B}
and the diameter of A and B by
§(A, B) = sup{d(a,b) : a € A,b € B}.

Let T : E — B(E) be a multivalued mapping, then an element x € E is called
a fixed point of T provided that z € T'(z).
For T : E — B(FE), we define

Qr(r) ={y € T(x) : d(x,y) = 0(z, T (2)}.

In the present paper we shall establish a common fixed point theorem for
generalized weakly contractive multivalued mappings. The result we obtain
generalizes recent results of Zhang and Song [14], as well as those of D. Doric

[4].

2. THE MAIN RESULT

This section is devoted to the main result of this paper. In the sequel, we
shall define

D(y,Tx) + D(zx, Sy) } .

21) Nlay) = max e, ), 67,2, 300, 50), !

Now we state the main result of this paper.
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Theorem 2.1. Let (F, d) be a complete metric space, and let T, S : E — B(FE)
be two mappings such that for all x,y € F

(2.2) $(0(Tx, Sy)) < Y(N(z,y)) — o(N(z,y))

where ¢ : [0,00) — [0,00) is a lower semicontinuous function with ¢(t) = 0
if and only if ¢ = 0, and ¢ : [0,00) — [0,00) is a continuous and monotone
nondecreasing function with ¢ (¢) = 0 if and only if ¢ = 0. We further assume
that for each x € E, both Qr(x) and Qgs(z) are nonempty. Then S and T have
a unique common fixed point z € E. Moreover Sz =Tz = {z}.

Proof. We choose zg € E. Since by assumption for each z € E, both Qr(x)
and Qg(z) are nonempty, we can define a sequence in the following way:
Zon+1 € Txay, such that 6(Txay,, o) = d(xan, Tant1) and

Ton42 € Sl‘gn+1 such that 5(S$2n,+1,$2n+1) = d($2n+1, Z‘Qn,+2).

Now we have

N(2on, Zant+1) = max{d(2an, Tan+1), 0 (TTon, Tan), 6(STont1, Tant1),

D(Txzapn, x2nt1) + D(STant1, Tan) )
2

= max{d(Zan, Tan+1), d(T2n+1, Tant2)}

Similarly

N(zon+1, Tont2) = max{d(an+1, Toan+2), A(Tant2, Tant3)}-

If for some n we have either x9, = 2,41 O Ton+1 = Tapt2, then we conclude
that the sequence {x,} is constant and thus it is a Cauchy sequence. Suppose
Ty # Tpy1 for each n. If

max{d(xgn y L2n+1 ) ; d($2n+1 s $2n+2)} = d($2n+1 s $2n+2) )

then

Y(d(2n41, T2an+2)) < Y(6(Tz2n, ST2041))
< YP(N(x2n, Tant1)) — Q(N(T2n, Tant1))
= P(d(T2n+1, T2nt2)) — ¢(d(T2n+1, T2n+2))

which is a contradiction. Hence d(xon41,Tan+2) < d(Ton, Tont1) and
Y(d(2n+1, T2nt2)) < P(d(T2n, T2nt1)) — G(d(2n, T2n41))-
Similarly d(z2n+2, T2n+3) < d(T2n41, T2n42) and

Y(d(Ton+2, Tont3)) < Y(d(@2n+1, Tont2)) — G(d(Tant1, Tant2))-

So for each n we have d(zpy1,2,) < d(xn,2n—1). Therefore the sequence
{d(zp+1,2r)} is monotone decreasing and bounded below. Thus there exists
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r > 0 such that lim,, o d(zp41,x,) = 7. Because of
d(anrlaxn) < N(xn; xnfl) < d(xn; xnfl);

we conclude that lim,, oo N(Zp+1,2,) = r. Then (by the lower semicontinuity
of ¢), we have

B(r) < lim inf G(N (2, 0 1).

We now claim that » = 0. In fact taking upper limits as n — oo on either sides
of the inequality

Y(d(Tn, Tpy1)) < YN (T, Tn-1)) = (N (2, Tn-1)),
we obtain, by the continuity of 1, that

$(r) < 9(r) — liminf (N (2, 20-1)) < $(r) — H(r),

i.e. ¢(r) <0. Thus ¢(r) = 0 (by the property of the function ¢), and further-
more

(2.3) lim d(xy, zn41) = 0.

n—oo

Next we show that {z,} is a Cauchy sequence. In view of (2.3) it suffices to
show that {zs,} is a Cauchy sequence. Suppose not. Then there exists € > 0
such that for any k € N, there exists ny > my > k, such that

(2.4) d(Z2m,, Tan,) > €.

Furthermore, assume that for each k, nj is the smallest positive integer greater
than my, for which (2.4) holds; this implies that

d(xgmk y xgnk_g) < €.

Therefore we have

€ < d(Zomy, Tan, ) < d(Tomy,, Tong—2) + A(T2n,—2, Ton,—1) + d(Ton,—1, Ton,,)
< e+ d(zan,—2,Ton,—1) + d(Tan, -1, Tan, )

Now, letting k — oo we obtain d(x2m, , T2n, ) — €. We note that

|[d(z2my, Tong+1) — A(Tamy, Tony, )| < d(T2n,, Tong,+1)
and
|d(x2mk71; x2nk) - d(mek ) x2nk)| S d(mek ) x2mk71)a

from which it follows that

lim d(l‘gmk_l,xgnk) = lim d(xgm,k,xgnk+1) = €.
n—oo n—oo

It is not difficult to see that

d($2mk , ﬂ?2n,k+1) - d(ﬂ?2mk+1, Ika) - d(Ian+2, ﬂ?2nk+1) < d(IkaH, $2nk+2)

< d(Z2my > Tang+1) + A(T2my 15 Tamy,) + d(Ton, +2, Tong+1)-
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Thus

lim d(zom, +1,Ton,+2) = €.
k—o0

Now, it can be verified that

N(T2m+1, Tan,+2)

= maX{d(a?ka+1, xan-l-Q)a 5(Tx2nk+27 xan-i-Q)a 5(x2mk+1’ Smek"l‘l)’

D(Tx2nk+27 mekJrl) + D(Sx2mk+1a x2nk+2) }
2

tends to € as k — oco. Finally, by letting £ — oo, we conclude from

Y(d(T2my,+25 Tan,+3)) < Y(0(Tr20, 12, ST2m,+1))
< WU(N(Tang,+25 Tami+1)) — (N (T2n, +2, Tamy+1))

that ¥(e) < ¥(e) — ¢(g), or equivalently ¢(¢) < 0 which is a contradiction.
Therefore {z,} is a Cauchy sequence. Notice that E is complete, hence {z,}
is convergent. Let us write lim, o , = 2z for some z € E. Now we prove
that 6(T'z,z) = 0. Suppose that this is not true, then §(7'z,z) > 0. For large
enough n, we claim that the following equations are true:

N(z,z2n+1) = max{d(z, 22n+1),6(2, T'2), 6 (ST2n+1, T2n+1),
D(Tz, x2n41) + D(Sx2p41,2)
2

}=96(2,Tz).
Indeed, since lim,,_,o d(z, z25+1) = 0, and

lim 0(Sxant1,Tont1) = lim d(z2n42,T2n41) =0,
n—00 n—00

it follows that

lim D(Tz,xgnH) + D(Sx2n+1,z)
n—oo 2
< lim 5(TZ, Z) + d(z, $2n+1) + 5(S$2n+1, $2n+1) + d(x2n+1, Z)

T n—oo 2

0(Tz,2)
5

Therefore, there exists k € N such that N(z,zo,+1) = 0(2,T2) for n > k. Note
that

V(0(Tz, x2nt2)) < P(6(Tz, Sxant1)) < Y(N(z, 22n41)) — G(N (2, Tan+1)).

Letting n — oo, we have

P(0(T'z,2)) < P(0(T'2,2)) — §(6(Tz, 2))
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ie, (6(Tz,2z)) < 0. This is a contradiction, therefore 6(T'z,2) =0 i.e., Tz =
{#}. Since

) = max {d<z, 2),0(T=, 2), 8z, §2), 222 2 D52, z)}

2
D(Sz,z)
2

= max{d(Sz, z), }=46(8%,2),

we conclude that

¥(d(z,82)) < P(0(Tz, Sz))
<P(N(z,2)) = d(N(2,2))
< (6(z,52)) — 9(0(52, 2)).
which in turn implies that Sz = {z}. Hence the point z is a common fixed

point of S and T
Now let y € E be another common fixed point of S and T'. Note that

D(Ty,y) +D(Sy,y)}
2

= max{d(Sy,y),d(y, Ty)}.

N(y,y) = max{d(y,y),5(Ty,y),d(y, Sy),

Hence

V(6(y, Ty)) < ¥(6(Sy, Ty)) < Y(N(y,y)) — ¢(N(y,y))
< Y(maz{d(y, Sy),d(y, Ty)}) — p(max{s(y, Sy),d(y, Ty)}.

Similarly, we have

Y(0(y, Sy)) < ¥(6(Ty, Sy)) <Y (N(y,y)) — ¢(N(y,y))
S ¢(max{5(yv Sy)a 5(3/7 Ty)} - ¢(max(5(ya Sy)7 5(?/) Ty)}

Therefore

P(max{d(y, Sy), d(y, Ty)}) <
P(max{d(y, Sy), 6(y, Ty)}) — p(max{d(y, Sy),d(y, Ty)})
which implies that max{d(y, Sy),d(y, Ty)} = 0, hence §(Ty,y) = 6(Sy,y) = 0.
Now we have
D(y,Tz)+d(z,Sy)
2

N(z,y) = max{d(z,y),6(z,Tz),0(y, Sy), }=d(z,9)

and

P(d(z,y)) = ¥(6(52,Ty)) < (N (z,9)) — ¢(N(2,9))
= ¥(d(z,9)) = o(d(2,9))

. That imply d(z,y) = 0 i.e, z = y. Hence z is the unique common fixed point
of Sand T. 0
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Example 2.2. Let E = [0,1] and d(z,y) = |z — y|. For all x € E define
S,T:E— B(E) by

T T x
Then

z 0< i<z

5(Tx, Sy) = { * SR

max(¥ - 2.3} 5<i<l

and 3
(e, Tx)=—, oy, 5) =y
We also consider () = 2t and ¢(t) = . We note that if £ < £, then
V6T, 9) = 2 < 2 = 25(0, T)

(N(z,y)) = P(N(z,y)) — ¢(N(z,y)).

This arguments show that the mappings 7" and S satisfy the conditions of The-
orem 2.1. Now it is easy to see that 0 is the only common fixed point of these
two mappings.

In the following we shall see that Theorems 1.4 and 1.5 are easily derived
from our main result.

Remark 2.3. In Theorem 2.1, if E' is bounded and T, S : E — E are given,
then we obtain Theorem 1.5. Furthermore if ¢(t) = ¢ for all ¢ € [0, 00) then we
obtain Theorem 1.4.

Note that in the above theorems there are just two control functions; namely,
¢ and 1. For instance, in Theorem 1.3 above due to Dutta and Choudhury [5],
we have

P(d(Tz,Ty)) < P(d(z,y)) — o(d(z,y))

for all x,y € FE. This can be generalized to the following theorem.

Theorem 2.4. Let (E,d) be a complete metric space, and T : E — E be a
self-mapping satisfying

1 (d(Ta, Ty)) < ¢a(d(z,y)) —Ps(d(z,y))  wyeE
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where 11, 12,13 : [0,00) — [0, 00) are functions satisfying the following condi-
tions:

(i

) ¢

(ii) 12 is continuous,
i) ¢
) ¥

1 is continuous and monotone nondecreasing,

(iii) s is lower semicontinuous,
(iv) ¥1(t) = 0 =1p2(t) = 0 =3(t) if and only if t = 0,
(v) 1(t) — ao(t) + 3(t) > 0 for t > 0.

Then T has a unique fixed point.

For a proof and an illustrative example satisfying all the conditions of the
theorem, we refer the reader to a preprint by the current authors [6].

Acknowledgement. We wish to express our thanks to the referee for his
useful comments which were very helpful to improve this paper.
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