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ABSTRACT. In this paper, the notion of direct sum of branches in hyper
BC K-algebras is introduced and some related properties are investigated.
Applying this notion to lower hyper BC' K-semi lattice, a necessary condi-
tion for a hyper BC'K-ideal to be prime is given. Some properties of hyper
BC K-chain are studied. It is proved that if H is a hyper BC K-chain and
[a) is finite for any a € H, then | Aut(H) |= 1.
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1. INTRODUCTION

The study of BC'K-algebras was initiated by Y. Imai and K. Iséki [6] in
1966 as a generalization of the concept of set-theoretic difference and propo-
sitional calcului. Since then a great deal of literature has been produced on
the theory of BCK-algebras. The hyper structures theory(called also multi
algebras) was introduced in 1934 by F. Marty at the 8th congress of Scandina-
vian Mathematicians [10]. In [9], Y. B. Jun et al. applied the hyper structures
to BCK-algebras, and introduced the notion of a hyper BC K-algebra which
is a generalization of BC K-algebra, and investigated some related properties.
Now, we follow [9] and [7] and introduce the notion of branch of a hyper BC K-
algebra. We consider a hyper BC' K-algebra that is a direct sum of branches,
and investigate related properties. We give a necessary condition for a hyper
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BCK-ideal of lower hyper BC K-semilattice to be prime. Also, we define the
hyper BCK-chain and obtain a condition for [a) to be a hyper BCK-ideal.
We prove that if H is a hyper BCK-chain and [a) is finite for any a € H,
then | Aut(H) |= 1. Finally, we state the relation between the branches of two
isomorphic hyper BC'K-algebras.

2. PRELIMINARIES

We first present some elementary aspects of hyper BC'K-algebras that are
necessary for this paper, and for more details we refer to [9] and [8]. Let H be
a nonempty set endowed with a hyper operation “o”, that is, o is a function
from H x H to P*(H) = P(H)\ ¢. For two subsets A and B of H and z,y € H,

denote by AoB, xoB and Aoy thesets |J aob, |J zoband | aocy,
acA,beB beB a€A
respectively.

13 2

Definition 2.1. [9] A nonempty set H endowed with a hyper operation “o
and a constant 0 is said to be a hyper BC'K-algebra if it satisfies the following
axioms:

(HL) (z02)o(yoz) <zoy,

(H2) (roy)oz=(zo2)oy,

(H3) 20 H < {z},

(H4) » < y and y < « imply = = y,

where x < y is defined by 0 € z oy, and for every A, B C H, A < B is defined
by Va € A, 3b € B such that a < b. In such case, we call “<” the hyper order
in H.

Theorem 2.2. [9] In any hyper BCK -algebra H, we have

(a1) 0o = {0},

(a2) z00={x},

(a3)

(ad) zoy << {z},

(ab) A< A,

(a6) A < 0 implies A = {0},

(a7) A C B implies A < B,

(a8) y < z implies xoz K x oy,

(a9) 0y = {0} implies (z02) o (yo2) = {0},
for any x,y,2 € H and A,B C H.

Definition 2.3. [9] Let H be a hyper BC K-algebra. Then a nonempty subset
S of H is called a hyper subalgebra of H if S is a hyper BC K-algebra with

respect to the hyper operation “o” on H. If S is a nonempty subset of a hyper
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BCK-algebra H, then S is a hyper subalgebra of H if and only if xoy C S for
all z,y € S.

Theorem 2.4. [9] Let H be a hyper BCK -algebra. Then the set S(H) := {z €
H| zox = {0}} is a hyper subalgebra of H, which is called BCK -part of H.
Moreover, H is a BCK-algebra if and only if S(H) = H.

Definition 2.5. [9, 8] Let H be a hyper BCK-algebra. Then, a nonempty
subset I of H with 0 € [ is called a weak hyper BC K-ideal of H if it satisfies:
(Va,y € H)(xoy CTandy € I = x € I); hyper BCK-ideal of H if it satisfies:
(Va,y € H)(xoy < I andy € I = x € I) ; reflexive hyper BC' K-ideal of H if
it is a hyper BC' K-ideal of H and satisfies: (Vo € H) x oz = {0}; strong hyper
BCK-ideal of H if it satisfies: (Va,y € H)(zoy)NI #pandy el = x € I).

Theorem 2.6. [9, 8] (i) Every strong hyper BCK -ideal of a hyper BCK -
algebra is a hyper BCK -ideal.

(i) Every hyper BCK -ideal of a hyper BCK -algebra is a weak hyper BCK -
ideal.

Theorem 2.7. [8] Let A be a subset of a hyper BCK-algebra H. If I is a
hyper BCK -ideal of H such that A < I, then A C I.

Definition 2.8. [1] Let H be a hyper BCK-algebra, p be an equivalence
relation on H and A, B C H. Then
(i) we write ApB, if there exist a € A and b € B such that apb,
(ii) we write ApB, if for all a € A there exists b € B such that apb and for
all b € B there exists a € A such that apb,
(iii) pis called a congruence relation on H, if zpy and 2’py’, then zoz' pyoy/,
for all z,y,2’,y’ € H,
(iv) p is called regular on H, if x o yp{0} and y o zp{0}, then zpy, for all
r,y € H.

Theorem 2.9. [1] Let p be a regular congruence relation on H and % = {[z], |

[

x € H}. Then % with hyperoperation “o” and hyperorder “&” which is defined
as follows:

[x}p © [y]p = {Mp | for some z € xoy}, [x]p < [y]p <~ [O]p € [x]p ° [y]p

is a hyper BC K -algebra which is called quotient hyper BC'K -algebra.

3. DIRECT SUM OF BRANCHES

Definition 3.1. [7] An element a of a hyper BCK-algebra H is called a hy-
peratom if it satisfies

VreH)(z<a=z=0o0rz=a.)
Denote by A(H) the set of all hyperatoms of H. Obviously, 0 € A(H).
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Lemma 3.2. Let H be a hyper BCK-algebra. Then the set A(H) is a hyper
subalgebra of H.

Proof. Let a,b € A(H). Then by Theorem 2.2(a4), we have a o b <« {a}. This
implies that ¢ < a, for any ¢ € a o b. Since a is a hyperatom, we get t = 0 or
t =a. Hence aob C {0,a} and so aob C A(H). Therefore, A(H) is a hyper
subalgebra of H. O

Definition 3.3. Let H be a hyper BC'K-algebra. For any hyperatom a €
A*(H) = A(H) — {0}, the set

B(a):={x € H|a< z}U{0}
is called the branch of H generated by a.

Definition 3.4. A hyper BC K-algebra (H, <) is called ordered if the hyper-
order “ < ”is transitive.

For any element a of a hyper BC K-algebra H, we denote
[a) ={x € H|z < a}.

Lemma 3.5. Let H be an ordered hyper BCK -algebra. If the set [a) is finite
for any a € H, then
H= |J B(a).
a€A*(H)

Proof. It suffices to show that for any 0 # = € H, there exists a € A*(H) such
that € B(a). Let 0 #£ « € H. If z is a hyperatom , then, since x € B(z),
the result holds. Otherwise, there is 1 € H such that 1 < x and xy # z. If
x1 € A*(H), then x € B(z1), and so the proof is complete. Otherwise, there
exists x9 € H such that xo < 27 and x5 # z1. By transitivity of <, we get
29 <€ x1 < x. Since [z) is finite, this process will be stopped in a hyperatom
element, e.i., there exists x,, € A*(H) such that =, € r,_1 < .... < 11 < T.
Thus x € B(x,). This completes the proof. O

Definition 3.6. An ordered hyper BC K-algebra H is called a direct sum of
branches and denoted by H = @  B(a) if it satisfies the following;:

a€A*(H)
) H= U Bla),
a€A*(H)
(ii) B(a) N B(b) = {0}, for any a,b € A*(H) with a # b.
EXAMPLE 3.7. (i) Let H = {0, a,b, c}. Consider the following table:

o‘O a b c
0{o} {o} {0} {0}

a|f{a} {0,a} {0} {a}
bl {oy {o}  {0,a,0} {0}
cl{ct {t {4 {0,¢c}
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Then (H;o0,0) is an ordered hyper BC K-algebra. It is routine to check that
A*(H) ={a,c}, B(a) = {0,a,b} and B(c) = {0, c}. Therefore H = B(a)®B(c)
and so H is a direct sum of branches.

(ii) Let K = {0,1,2,3}, with hyper operation “o” given by the following
table:

o0 1 2 3
0|{0} {0y {op {0}
L1y {01} {1} {0}
2142} {2} {0} {0}
13 {23 {1} {0}

Then (K;o0,0) is an ordered hyper BC' K-algebra but it is not a direct sum of
branches since B(1) N B(2) # {0}.

Lemma 3.8. Let H= @ B(a). Then the following statements hold for
a€A*(H)
any z,y € H, T C H and a € A*(H).
(i) {z} < B(a) implies x € B(a),
(il) T < B(a) implies T C B(a),
(iii) (zoy)N B(a) # ¢,{0} implies x oy C B(a).

Proof. (i) Let € H be such that {z} < B(a) for some a € A*(H). If z =0,

then clearly z € B(a). Assume that x # 0. Thus there exists z € B(a)

such that * < z. Since H = € B(a), there exists b € A*(H) such that
acA*(H

x € B(b). Hence b < x and so b <<( z) Then z € B(a) N B(b). It follows from

x < z and x # 0 that z # 0. Hence B(a) N B(b) # {0} and so by Definition

3.6, a = b. Therefore x € B(a).

(ii) It is a consequence from (i).

(iii) Let z,y € H and let a € A*(H) be such that (x o y) N B(a) # ¢,{0}.
Then there exists 0 # ¢ € x o y such that ¢ € B(a). Hence a < t and so from
zoy K z, we get a < x. This implies that € B(a) and so z oy < B(a).
Then by (ii), we get z oy C B(a), which completes the proof. O

Proposition 3.9. Let H= & B(a). Then for any a € A*(H), we have
acA*(H)
(i) B(a) is a hyper subalgebra of H,
(i) B(a) is a weak hyper BCK -ideal of H,
(#ii) B(a) is a strong hyper BCK-ideal of H.

Proof. (i) Let a € A*(H) and =,y € B(a). Since zoy < {z} € B(a), it follows
that x oy < B(a). Hence by Lemma 3.8(ii), we get z oy C B(a). Therefore
B(a) is a hyper subalgebra of H.

(ii) Let 2,y € H be such that zoy C B(a) and y € B(a), for some a € A*(H).
We will show that « € B(a). If zoy = {0}, then 2 <« y and so © < B(a). Hence
by Lemma 3.8 (i), # € B(a). If z oy # {0}, then there exists (0 #)t € z oy
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and so a < t. Since t < x, we get € B(a). Therefore B(a) is a weak hyper
BCK-ideal of H.

(iii) Let =,y € H be such that y € B(a) and (x o y) N B(a) # ¢ for some
a € A*(H). If (zoy)N B(a) = {0}, then 0 € z oy and so x < y, which implies
that z € B(a). If (zoy)NB(a) # {0}, then by Lemma 3.8 (iii), zoy C B(a). By
(ii), B(a) is a weak hyper BCK-ideal. Hence from x oy C B(a) and y € B(a),

we get « € B(a). Therefore B(a) is a strong hyper BC K-ideal. O

Theorem 3.10. Let H= @ B(a). Then for any nonempty subset Q of
acA*(H)

A*(H), @ B(a) is a strong hyper BCK -ideal of H.

aceqQ

Proof. The proof is similar to the proof of Proposition 3.9(iii) by some modi-
fication. O

Since every strong hyper BC' K-ideal is a (weak) hyper BC K-ideal, we have
the following corollary.

Corollary 3.11. Let H= & B(a). Then for any nonempty subset Q of
ac€A*(H)
A*(H), @ B(a) is a (week) hyper BCK -ideal of H.
a€eQ
The following proposition shows that the union of two direct sum of branches
is a direct sum of branches too.

Proposition 3.12. Let H= @ B(a) and K= @ B®). fHNK =
a€A*(H) beA*(K)
(0), then H ® K is a direct sum of branches, where H ® K = H U K and its

13

hyperoperation “o” is defined as follows:

zogy if x,y€ H,
zoy:=q zoxy if x,y€K, (3.1)
{z} otherwise

forallz,y e HUK.

Proof. From [9], it is known that H & K is a hyper BC' K-algebra. By (3.1),
r Lgek y if and only if z,y € H or x,y € K. This implies that H & K
is ordered. Let a € A*(H) and let (0 #)z € H @ K be such that © < a.
Then 0 € z o a and so from = # 0 we conclude z o a # {x}. Hence, it follows
from (3.1) and @ € H that zoa = z oy a. Then x <y a. Since a is a
hyperatom of H, we get x = a. Hence a is a hyperatom of H & K and so
A*(H) C A*(H @ K). Similarly, we can show that A*(K) C A*(H & K).
Thus A*(H)U A*(K) C A*(H @ K). Obviously, since H, K C H @ K, we get
A*(HpK) C A*(H)UA*(K). Hence A*(HOK) = A*(H)UA*(K). 1t is clear

that HUK = ( @ B(a))U( @ B(b)). Since B(a) N B(b) = (0) for
ac A (H) beA* (K)
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any a € A*(H) and b € A*(K), we obtain H @ K = &b B(c) and so
cEA* (H)UA*(K)
Ho K = &b B(c). Therefore H @ K is a direct sum of branches. O
ceA*(HOK)

We recall that an ordered hyper BC'K-algebra is said to be a lower hyper
BC K-semilattice if x A y, the greatest lower bound of x and y, exists for any
x,y € H. Also, a proper hyper BC K-ideal P of a lower hyper BC K-semilattice
is said to be prime if x Ay € P implies z € P or y € P for any z,y € H (see
[5])-

Proposition 3.13. Let H= & B(a) be a lower hyper BCK -semilattice
ac€A*(H)
and | P |> 2. Then for any b € A*(H), Qp = U B(a) is a prime hyper
b#a€cA*(H)
BCK -ideal of H.

Proof. Let b € A*(H). By Corollary 3.11, @, is a hyper BCK-ideal of H. Let
x,y € H be such that « ¢ Q, and y € Q. Hence, we get z,y € B(b), z # 0 and
y # 0. Thus b < 2,y and so b < z Ay. It follows that z Ay € B(b). Moreover,
x Ay # 0 because b # 0. Hence x Ay € Qp. Therefore @y is prime. O

The following theorem gives a necessary condition for a hyper BC K-ideal
to be prime.

Theorem 3.14. Let H= @ B(a) be a lower hyper BCK -semilattice. If
a€A*(H)
I is a prime hyper BCK -ideal of H, then H — I C B(a) for some a € A*(H).

Proof. Let I be a prime hyper BCK-ideal of H. If | A*(H) |= 1, then B(a) =
H for a € A*(H) and so clearly H — I C B(a). Assume that | A*(H) |> 2.
Suppose on the contrary, H — I ¢ B(a) for any a € A*(H). Then, since
H-IC |J B(a)and| A*(H) |> 2, there exist b,c € A*(H) with b # ¢
a€A*(H
such that (H(—)I) N B(b) # ¢ and (H — I) N B(c) # ¢. Hence there are
xe€(H-I)NB(b) andy € (H—1I)NB(c). This imply « € B(b), y € B(c) and
z,y ¢ I. By Corollary 3.11, B(b) is a hyper BC'K-ideal of H. Then it follows
from 2 Ay < = € B(b) and Lemma 3.8(¢) that z Ay € B(b). Similarly, we
have 2 Ay € B(c). Hence z Ay € B(b) N B(c) and so z Ay = 0. On the other
hand, since x,y ¢ I and I is prime, we have x Ay € I. Hence 0 ¢ I, which a

contradiction. Therefore H — I C B(a) for some a € A*(H). O
Proposition 3.15. Let H = @ B(a). If the branch B(a) is bounded
a€A*(H)

such that S(H) N B(a) = {0,¢,} where cq is an upper bound of B(a), for some
a € A*(H), then I := H — {c,} is a hyper BCK -ideal of H.

Proof. Obviously, 0 € I. It suffices to show that the inequality ¢, o x < I does
not hold for any = € I. Suppose on the contrary that ¢,ox < I for some z € I.
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Then for any ¢ € ¢, o x there exists i; € I such that ¢ < i;. Since ¢, € S(H),
we get ¢, 0 ¢, = {0}. Applying the axiom (H1), we have

tot C(cqox)o(csox) K cqoc, ={0}.

This implies that ¢t o ¢ = {0}. Hence t € S(H). By Lemma 3.8(i), since
t < ¢q € B(a), we have t € B(a). Therefore t € S(H) N B(a) and so t = 0 or
t =c¢,. Ift =0, then ¢, < z, which implies that = € B(a). Thus, since ¢,
is an upper bound of B(a), we have ¢, = x, which a contradiction. If ¢t = ¢,,
then ¢, < 4;. This implies that iy, € B(a) and so ¢)a = ;. Hence ¢, € I,
which a contradiction. Therefore the assumption is false and so [ is a hyper
BCK-ideal. O

Theorem 3.16. Let H= @ B(a), and let all branches of H be bounded.
a€A*(H)

Assume that S(H) = U U {0}, where U is the set of upper bounds of branches.

Then M is a mazimal hyper BCK -ideal of H if and only if M = H — {c,},

for some ¢, € U.

Proof. Let M be a maximal hyper BC K-ideal of H. Then M is prime and so
by Theorem 3.14, there exists a € A*(H) such that H — M C B(a). Hence
there exists T C B(a) such that M = @ B()UT. We note that if
a#beA* (H)
| A* |=1, then we have M = T. Assume that ¢, € B(a) is an upper bound of
B(a). If ¢, € T, then B(a) C T and so M = H, which a contradiction. Hence
¢q € T. This implies that M C H — {¢,}. By Proposition 3.15, H — {c,}
is a hyper BCK-ideal. Then by maximality of M, we get M = H — {c,}.
Conversely, by Theorem 3.15, the result holds. O

Definition 3.17. A hyper BC'K-algebra H is said to be hyperatomic if each

its element is hyperatom, i.e., A(H) = H.

Proposition 3.18. Let H = @ B(a). Then there exists a regular con-
acA*(H)

gruence p on H such that the quotient hyper BC K -algebra % is hyperatomic.

Proof. Let H= € B(a). Define the relation p on H as follows:
a€A*(H)

xpy ©x=y=0o0ra< x,y, for some a € A*(H).

Putting B*(a) = B(a) — {0}, it is easy to see that the sets {0} and B*(a) for
any a € A*(H) form a partition of H. This implies that p is an equivalence
relation on H. It is clear that [0], = {0} and [a], = B*(a). Let z,y € H be
such that zpy. Then z =y = 0 or z,y € B*(a), for some a € A*(H). Hence
forany z € Hyx oz =yozor zozyoz C B*(a). This implies z o zpy o z.
Similarly, we can show that if zpy, then z o xpz oy, for any z € H. Thus p is
congruence. To proof the regularity of p assume that x o yp0 and y o xp0 for
some z,y € H. Then there are t € z oy and s € y o x such that {p0 and sp0.
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Then, from [0], = {0}, we get t = s = 0, and so v < y and y < 2. Hence
x = y and consequently, zpy. Thus p is regular and so by Theorem 2.9, % is
a hyper BCK-algebra. Let [a], € %. If [z], < [a],, for some [z], € %, then
[0], € [z],0][a], and so [0], = [t], for some ¢t € zoa. Hence t = 0 and so z < a.
Since a is a hyperatom, we get = 0 or & = a, which implies [z], = [0], or
[z], = [a]g. Therefore % is hyperatomic. O

Now, we recall the definition of hypercondition and consider H = @  B(a)
a€A*(H)
satisfying the hypercondition.

Definition 3.19. [9] A hyper BC K-algebra H is said to satisfy the hypercon-
dition if, for every a,b € H, the set /(a,b) := {x € H | 0 € (x oa) o b} has
the greatest hyperelement. This greatest hyperelement is denoted by a & b.
Obviously, 0,a,b € 7(a,b).

Lemma 3.20. If H = @ B(a) satisfies the hypercondition, then H =
a€A*(H)
B(a), for some a € A*(H).

Proof. Let t be a non-zero element of H. Then there exists a € A*(H) such
that ¢t € B(a). By the hypothesis, ¢t © z exists, for all z € H. Since t € t © z,
we get tox € B(a). By Lemma 3.8(4), it follows from = <« t©x that x € B(a),
for any « € H. This implies that H = B(a). d

4. HYyPER BC K-CHAIN

Definition 4.1. An ordered hyper BCK-algebra H is said to be a hyper
BCK-chain if z < y or y < z, for any z,y € H.

EXAMPLE 4.2. (i) Let N ={0,1,2,...} and define a hyperoperation “o” on N
as follows:

o {0,2} if =<y,
v= {z} otherwise

for all z,y € H. Then (N;o0,0) is a hyper BCK-chain. Infact 0 < 1 < 2 < ...;
Then H is not a hyper BC'K-chain since neither 2 < 3 nor 3 < 2.
(ii) Consider a hyper BC K-algebra H = {0, 1,2, 3} with the following Cayley

table:
[0 1 2 3

{0y {oy {0} {0}

{1y {01} {0} {0,1}

{2r {23 {0} {2}

{34 {3v {3t {0}

Then H is not a hyper BC' K-chain since neither 2 < 3 nor 3 < 2.

W N = OO0
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(iii) Let (H;0,0) be a hyper BCK-chain, and let o ¢ H. Then the Iseki’s
hyper BCK-algebra K := (H U {a}; o/,O) which o is defined by

ao’ o = {0}, o' a = {0}, ao'z = {a}, and zo'y =z oy, for any =,y € H,
is a hyper BC' K-chain.

Definition 4.3. [4] Let H be a hyper BC K-algebra. We say that H satisfies
the condition right-multiple (for short, condition r-m) if the following implica-
tion holds:

(Ve,y,z€ H) (r K y= 202 <K yoz).

The following theorem gives a condition for the set [a) to be a hyper BCK-
ideal.

Theorem 4.4. Let H be a hyper BCK -chain satisfying the condition r-m. If
[a) US(H) = H and [a) N S(H) = {0}, then [a) is a hyper BCK-ideal of H.

Proof. Obviously, 0 € [a). It suffices to show that the inequality z o b < [a)
does not hold for any 0 # « € S(H) and b € [a). Suppose on the contrary that
the inequality holds for some 0 # x € S(H) and b € [a). Then for any t € x0b
there exists d; € [a) such that ¢ < d;. Since x € S(H), we get z oz = {0}.
Then, using axiom H1, we obtain t ot = {0}. Hence t € S(H). On the other
hand, it follows from ¢t < d; € [a) that ¢t € [a). Thus ¢ € [a)NS(H) = {0}, and
so t = 0. Hence 0 € zob. This implies that < b. Since b < a, we get x € [a)
and so (0 #)z € [a) N S(H), which a contradiction. Therefore [a) is a hyper
BCK-ideal of H. O

The following example shows that the condition [a)NS(H) = {0} in Theorem
4.4 is necessary.

ExAMPLE 4.5. Consider a hyper BCK-chain H = {0, a, b, ¢} with the following
Cayley table:

o ‘ 0 a b c

0]{0y {or {o} {0}

a|{a} {0} {0} {0}

b {6} {a} {0,a} {0,a}

c|{ct {a} {a} {0,a}
Then [a) = {0,a} = S(H). Obviously, boa = {a} < [a) and b & [a). It follows
that [a) is not a hyper BC'K-ideal of H.

Definition 4.6. [4] Let H be a hyper BC'K-algebra. We say that H satisfies
the condition <-scalar if the following implication holds:

(Vz,y € H) (z <y =20y ={0}).
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Lemma 4.7. If a hyper BCK -algebra satisfies the condition <-scalar, then it
satisfies the condition r-m.

Proof. Let z,y € H be such that x < y. Then by hypothesis, we have x oy =
{0} and so by Theorem 2.2(ag), we have (x o z) o (y o z) = {0}. This implies
that z o z <« y o z. Therefore H satisfies the condition r-m. O

Proposition 4.8. Fvery hyper BC' K -algebra satisfying condition < -scalar is
a ordered hyper BC K -algebra.

Proof. Let H be a hyper BC K-algebra satisfying the condition <-scalar, and
let z,y,z € H be such that © < y and y < z. Then by hypothesis, we get
xzoy = {0} and y o z = {0}. By Theorem 2.3(ayg), it follows from = o y = {0}
that (x 0 2) o (yoz) = {0}. Hence z o z = {0}, that is, # < z. Therefore H is
a ordered hyper BCK-algebra. (I

Applying Lemma 4.7 and Theorem 4.4, we have the following corollary.

Corollary 4.9. Let H be a hyper BCK-chain satisfying the condition <-
scalar. If [a)US(H) = H and [a)NS(H) = {0}, then [a) is a hyper BCK -ideal
of H.

Theorem 4.10. Let H be a hyper BCK -chain. If the set [a) is finite for any
a € H, then | Aut(H) |=1.

Proof. Assume that f : H — H is an isomorphism. It suffices to show that
f(z) = x for any x € H. Suppose on the contrary that there exists a € H
such that f(a) # a. Since f(0) =0 and [a) is finite, then we may suppose that
| [a) |= n, where n is the least number with property f(a) # a and f(z) = =
for any (a #)zr € [a). Hence, we can assume that [a) = {z; € H | 0 =11 <
Ty K .. € Ty—1 K &y, = a}. Therefore f(z;) = x; for any i = 1,2,....,n — 1.
Since f is injective, we have f(a) # x; for any i = 1,2,...,n and so f(a) € [a).
Assume that f(a) = ¢. Then from ¢ ¢ [a) and the fact that H is a chain,
we get a < ¢ and a # c. Since f is surjective, there exists d € H such that
a = f(d). Clearly, d # a. If d < a, then d € [a) and so d = z; for some
i=1,2,..,n—1. Hence f(d) = d and so from a = f(d) we get a = d. This
implies f(a) = f(d) = d = a, that is, f(a) = a, which a contradiction. Thus
a < d. If follows from f is isotone that f(a) < f(d). Hence ¢ < a, which
a contradiction. Then f(z) = z for any € H, that is, f = idy. Therefore
| Aut(H) |= 1. O

The following example shows that the finiteness assumption for [a) in The-
orem 4.10 is necessary.

EXAMPLE 4.11. Let H ={0,1,2,..} U{2 : n =2,3,...}. Define a hyperopera-

“ ”

tion “o” on H as follows:

{0} i<y,
v {z} otherwise
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for all x,y € H. It is routine to check that H is a hyper BC K-chain. Clearly,
[a) is infinite for any (0 #)a € H. Define a function f : H — H by f(n) =n—1
forn =2,3,..; f(%) = %ﬂ for n = 1,2,...; and f(0) = 0. It can be verified
that f is an isomorphism that is not the identity map. Therefore | Aut(H) |> 1.

The following proposition shows that the image of a branch of an isomor-
phism is a branch too.

Theorem 4.12. Let H= @ B(a) and K= & B(b). If all branches
a€A*(H) beA*(K)

of H and K are chain, then the following statements hold:

(i) If f + H — K is a homomorphism, then f(B(a)) N B(b) # (0) implies
f(B(a)) C B(b), for any a € A*(H) and b € A*(K);

(i) If f : H — K 1is an isomorphism, then for any a € A*(H), there
exists b € A*(K) such that f(a) = b and f(B(a)) = B(b) and consequently,
| Ba) |=] B®) |

Proof. (i) Assume that f(B(a)) N B(b) # (0) for some a € A*(H) and b €
A*(K). Then there exist € B(a) and y € B(b) such that y = f(z) # 0. For
any ¢t € B(a), we have t < z or x < ¢. Since f is isotone, we get f(t) < f(z) or
f(z) < f(t). Hence f(t) < y or y < f(t). If f(t) < y, then by Lemma 3.8(i),
we have f(t) € B(b). If y < f(t), then it follows from b < y that b < f(¢) and
so f(t) € B(b). Therefore f(B(a)) C B(b).

(ii) Let a € A*(H). Clearly, f(a) € B(b) for some b € Q. Since a # 0, we
get f(a) # 0. Hence b < f(a). Since f is epimorphism, b = f(t) for some
t € H. Thus f(t) < f(a) and so t < a because f~! is isotone. Since a is
a hyperatom, we get t = a. Hence f(a) = b. To proof the second part (ii),
we note that 0 # f(a) € f(B(a)) N B(b). Using (i), we get f(B(a)) C B(b).
Let 0 # y € B(b). Then b < y. But b = f(a). Hence f(a) < y and so
a < f~1(y). This implies f~'(y) € B(a). Hence y = f(f~(y)) € f(B(a)),
and consequently B(b) C f(B(a)). Therefore B(b) = f(B(a)). It is clear that
| B(a) |=| f(B(a)) |. Therefore | B(a) |=| B(b) |. O
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