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ABSTRACT. The homotopy perturbation method is a powerful device for
solving a wide variety of problems arising in many scientific applications.
In this paper, we investigate several integral equations by using T-stability
of the Homotopy perturbation method investigates for solving integral
equations. Some illustrative examples are presented to show that the
Homotopy perturbation method is T-stable for solving Fredholm integral

equations.
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1. INTRODUCTION

Various kinds of analytical methods and numerical methods were used to
solve integral equations [2,14]. Recently the Homotopy perturbation method [8]
has been used by many authors to handle a wide variety of scientific and engi-
neering applications to solve various functional equations. In this method, the
solution is considered as the sum of an infinite series, which converges rapidly
to exact solutions. Using the homotopy technique in topology, a homotopy is
constructed with an embedding parameter p € [0,1] which is considered as a
”small parameter”. It can be said that He’s homotopy perturbation method
is a universal one, and it is able to solve various kinds of nonlinear functional
equations [1,3,5-7,9,11,13,15]. In this paper several integral equations are
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solved by Homotopy perturbation method after that we show T-Stability of
Homotopy perturbation method for solving integral equations.

First we recall T-Stability of Picards iteration and a theorem from [10]:
Let (X, ||.]]) be a Banach space and T a self-map of X. Let z,41 = f(T,x,)
be some iteration procedure. Suppose that F(t) the fixed point set of T, is
nonempty and that x,, converges to a point ¢ € F(t). Let {y,} C X and define
€n = lyn+1 — f(T,yn)|- If lim € = 0 implies that lim y,, = ¢, then the iteration
procedure x,+1 = f(T,z,) is said to be T-stable. Without loss of generality,
we may assume that {y,} is bounded, if {y,} is not bounded, then it cannot
possibly converge. If these conditions hold for z,11 = Tz, that is, Picards
iteration, then we will say that Picards iteration is T-stable.

Theorem 1.1. [10] Let (X,||.]|) be a Banach space and T a self-map of X
satisfying

[Tz —Tyl| < Lz = Tx|| + o flz =yl (1.1)
for all x,y € X, where L > 0,0 < o < 1. Suppose that T has a fixed point p.
Then, T is Picard T-stable.

2. HOMOTOPY PERTURBATION METHOD

To convey an idea of the Homotopy perturbation method (HPM), we
consider a general equation of the type

L(u) =0, (2.1)
where L is an integral or differential operator. We define a convex homotopy
H(u,p) by

H(u,p) = (1 =p)F(u) +pL(u) =0, (2.2)
where F(u) is a functional operator with known solutions vy which can be
obtained easily. It is clear that, when

H(u,p) =0, (2.3)

we have H(u,0) = F(u) and H(u,1) = L(u). This shows that H(u,p) con-
tinuously traces an implicitly defined curve from a starting point H (v, 0) to
a solution H(u,1). The embedding parameter p monotonously increases from
zero to one as the trivial problem F(u) = 0, continuously deforms to original
problem L(u) = 0. The embedding parameter p € [0,1] can be considered as
an expanding parameter to obtain

u=ug + puts + pus + - . (2.4)

When p — 1, Eq.(2.3) corresponds to Eq.(2.1) and becomes the approximate
solution of Eq.(2.1), i.e.,

U= lm u=ug+u +us+---. (2.5)
p—>1
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The series (2.5) is convergent for most cases and the rate of convergence depends
on L(u) [8].

3. FREDHOLM INTEGRAL EQUATION OF THE SECOND KIND

Now we consider the Fredholm integral equation of the second kind in general
case, which reads

b
u(z) = f(z) + )\/ k(z, t)u(t)dt, (3.1)

where k(x,t) is the kernel of the integral equation. There is a simple iteration
formula for (3.1) in the form

b
s (z) = F(2) + A / (s £ (1), (3.2)
Now, we show that the nonlinear mapping 7', defined by
b
U1 (2) = Tlun(x)) = f(z) + A / K, tYun (£)dt, (3.3)

is T-stable in L?[a, b]. First, we show that the nonlinear mapping 7" has a fixed
point. For m,n € N we have

1T (um(2)) = T(un(@))l = [[tms1(2) = tnga ()

b
)\/ k(z,t)(um(t) — u,(t))dt

- 1/2
[\l [/ / kQ(x,t)dxdt] lum (z) — un ()] -

/a b / b k:Q(a:,t)dxdt] 71/2, (3.5)

then the nonlinear mapping T has a fixed point.

(3.4)

IN

Therefore, if
Al <
Second, we show that the nonlinear mapping T satisfies (1.1) and so (3.3) holds.

- 1/2
Putting L = 0 and a = || fab ff kz(x,t)dxdt} shows that (1.1) holds for
the nonlinear mapping 7. All of the conditions of Theorem 1 hold for the

nonlinear mapping 7" and hence it is T-stable. As a result, we can state the
following theorem.

Theorem 3.1. Consider the iteration scheme
up(z) = f(z),

b
Unt1(x) = T(un(z)) = f(x) —l—)\/ k(z, t)un, (t)dt, (3.6)
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forn=0,1,2,... to construct a sequence of successive iterations {u,(x)} to the
solution of (3.2). In addition, let

-1/2
I\ < [/b /b kQ(x,t)dxdt] , (3.7)

1/2
L =0 and o = |} {f: f: k?(x, t)dxdt} . Then the nonlinear mapping T, in

the norm of L*(a,b), is T-stable.

In view of Eq.(2.2), we define following convex homotopy H (u,p) for (3.1)
b

(1 =p)lu(z) — f(2)] + plu(z) — f(z) - >\/ k(x, tyu(t)di] = 0, (3.8)

a
or

b
(@) = f(z) + pA / k(z, tyut)dt. (3.9)

Substituting Eq.(2.4) into Eq.(3.9), and equating the terms with identical pow-
ers of p, we have

Therefore, we obtain iteration formula for Eq.(3.1) as follow:

uo() = f(x),
Um () = )\/b k(x, t)um—1(t)dt, m >0, (3.10)
according to Eq.(3.10), we define partial sum as follow:
so(z) = f(z),
sn(z) = zn:uz(x), (3.11)
i=0

in view of Egs.(3.10) and (3.11) we have
so(z) = f(x),
b
Sny1(x) = f(z) + )\/ k(x,t)s,(t)dt.
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Definition 3.2. Let uy, us,us, ... be a sequence of functions. The series Zzozl U,
is said to converge to u if the sequence {s,} of partial sums defined by

sn(z) = uk(x), (3.12)
k=1

converges to u [12].
We now recall a theorem from [4].
Theorem 3.3. [4] Consider the iteration scheme
so(z) = f(x),
swinle) = o)+ [ " )3 (1),
a

forn =0,1,2,... to construct a sequence of successive iterations s,(x) to the
solution of Eq. (3.1). In addition, let

b rb
/ / k*(x,t)drdt = B* < oo, (3.13)

and assume that f(z) € L*(a,b). Then, if |\| < %, the above iteration converges
in the norm of L*(a,b) to the solution of Eq. (3.1).

Corollary Consider the iteration scheme
so(z) = flx),
b
T(su(@)) = f(z) + A / K £)sn (t)dt,

-1/2
I\ < [/b /b kQ(x,t)dxdt] , (3.14)

1/2
L=0and a=|)| [fab ff k2 (, t)dxdt} , then stability of the nonlinear map-
ping T is a coefficient condition for the above iteration to converge solution of
(3.1) in the norm of L?(a,b).

5n+1(37)

forn=0,1,2,... If

4. TEST EXAMPLES

In this section, we present some test examples to show that the stability of
the HPM for solving integral equations. In fact the stability interval is a subset
of converges interval.

Example 4.1. [11] Consider the integral equation

1
0

u(z) = Vr + )\/ xtu(t)dt. (4.1)
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Its iteration formula reads

sme1(2) = VI + A /O (at)sn(t)dt,

and

In view of Eq.(3.9), we obtain

u(z) =V +p>\/01 atu(t)dt.
Substituting Eq. (2.4) into Eq. (4.3), we have the following results:
P’ uo(x) =V,
ptiug(z) = /\/01 wtV/tdt =

booat 2>\2
p2:u()—)\/ xt—dt =

5 15
22 23
= /\/ wt=tdt = “a,
Continuing in this way, we obtain
6 A
_)\2 )\3 = = Zyig).
snl@) = \F+[530 +egrN e = Ve [E D (3)' ]

i=1
The above sequence is convergent if || < 3 .
On the other hand, we have

[/ab/aka(x,t)dxdt] % = [/Ol/ol(xt)dedtr = %

Then, if |A| < 3 for mapping

sm1(z) = Tsn(z) = VE + A /0 o

(4.2)

(4.4)

(4.5)

(4.6)

we have
IT6n @) =T = @) = sna @)
_ H (s (@ —sn(x))dtH
1/2
< [/ / (w0 dode| 5 (2) - (0
< Bljsn@) - sa@l,



T-Stability Approach to HPM for Solving Integral Equations 55

which implies that T has a fixed point. Also, putting L = 0 and o = ‘—é\l shows
that (1.1) holds for the nonlinear mapping 7. All of the conditions of Theorem
1.1 hold for the nonlinear mapping 7' and hence it is T-stable.

Example 4.2. [11]Consider the integral equation

u(z) =z + )\/01(1 — 3zt)u(t)dt, (4.7)
whose iteration formula reads
sm1(z) = 2+ A /0 "1 = 3atys, (D), (4.8)
and
up(z) = x.

In view of Eq. (3.9), we obtain

1
u(z) ==z —l—p)\/ (1 — 3zt)u(t)dt. (4.9)
0
Substituting Eq.(2.4) into Eq. (4.9), we obtain the following results:
p° ug(z) =z,

plug _A/‘l—mwMt %—Am

_/\/ (1 — 3at)( ——At)d

. 22 A3 )\3

3 :A/l— t)—tdt = — — —

p'usle) = | (-t = - T
Continuing in this way, we obtain

)\ by )\3 )\2 )\2 ; N )\2n+2
sn(@) = (1=Na+ 7 (1=Na+ S+ Z[( 4)>\(§—x)+(z)]+(1+(—1) et

=

(4.10)
The above sequence is convergent if |%| <1, thatis, -2 <A< 2.
On the other hand, we have

l/ab /ab kQ(x,t)dxdt] : = {/01 /01(1 — Sxt)dedtr = % (4.11)

Then if |A| < /2, for mapping

smi1(x) = T(sn(x)) = @ + /\/0 (1— 3at)sn ()dt,
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we have
[T (sm(x)) = T(sn(@)|| = H8m+1 ) = Snt1(2)||

- H (1 — 3at)(s ()—sn(x))dtH

(4.12)

< [/ / <1—3xt>2dmtr/z|sm<x>—sn<x>||
BEY

7 l[sm () = sn ()]l

which implies that 7" has a fixed point. Also, putting L = 0 and o = ‘\}\21 shows

that (1.1) holds for the nonlinear mapping 7. All of the conditions of Theorem

1.1 hold for the nonlinear mapping 7' and hence it is T-stable.

Example 4.3. Consider the integral equation
a i
u(zx) = sinax + /\5 / cos(ax)u(t)dt,
0
with its iteration formula

Za
Sn+1(z) = sinax + /\g / cos(ax)sy (t)dt,
0

and
ug(x) = sinax.

In view of Eq. (3.9), we obtain
a [Za
u(zr) = sinax +p/\§ / cos(ax)uy (t)dt,
0

Substituting Eq.(2.4) into Eq. (4.15), we have

p° : up(z) = sinaz,

pt g (z) = )\% /20’ cos(ax)sin(at)dt = %cos(am),
0

2a 2
p? i ug(x) = )\E/ cos(am)écos(at)dt = )\—cos(am),
2/, 2 1

5 a [z A2 A3
p° rus(z) = A= cos(ax)—cos(at)dt = —cos(ax),
2/, 1 8

Continuing in this way, we obtain
A2 A3

A
sn(x) = sinax 4+ —cos(ax) + —cos(ax) + gcos(ax) +---

2 4

MI>/

oo
= sinar + cos ax E

(4.13)

(4.14)

(4.15)

(4.16)



T-Stability Approach to HPM for Solving Integral Equations 57

The above sequence is convergent if |%| <1, thatis, -2 < A< 2.
On the other hand, we have

[/ab/aka(x,t)dxdt] V / = cos( )dxdtr—\/g, (4.17)

Then if [N < \/7 =

Sny1(x) =T(sp(x)) =+ )\g /OZ cos(ax)sy(t)dt,

2 1.800, for mapping

we have

IT(sm(2)) = T(sn(@) = lsm1(x) = snya1 (@)

)\/0 Ecos(am)(sm(m) — sp(x))dt

1/2
A V/ ® os( )dxdt] s (@) — sn()]]
< |/\|\/§||5m($)—5n($)||7

which implies that T" has a fixed point. Also, putting L = 0 and o = |}]

(4.18)

IN

shows that (1.1) holds for the nonlinear mapping 7. All of the conditions of
Theorem 1.1 hold for the nonlinear mapping 7" and hence it is T-stable.

5. CONCLUSION

In this work, we considered T-stability definition according to Qing and
Rhoades [10] and we showed that the HPM was T-stable for solving integral
equations. The sufficient condition for convergence of the method was pre-
sented and the examination of this condition for the integral equations and
integro-differential equation was illustrated by presenting examples.
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