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ABSTRACT. In this paper, stability for uncertain time variant linear sys-
tems with time delay is studied. A new sufficient condition for delay-
dependent systems is given in matrix inequality form which depends
on the range of delay. Then, we introduce a new direct computational
method to solve delay systems. This method consists of reducing the
delay problem to a set of algebraic equations by first expanding the can-
didate function as hybrid functions with unknown coefficients. By using
collocation method, the coefficients of the hybrid functions are obtained.
Some numerical examples are given to illustrate and compare our results

with other existing methods in the literature.

Keywords: Stability, Time delay, Lyapunov-Krasovskii functional, Uncer-
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1. INTRODUCTION

Dynamical systems with time delays have been of considerable interest for
decades. Delay systems represent a class of infinite-dimensional systems largely
used to describe economic systems, biology [2,9,10,20,21,25], engineering [27],
neural network [30], transport phenomena and population dynamics [11-18].
The main motivation for the stability analysis for delay systems is related to
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the difficulty in having good estimates of the delay values in systems. Differ-
ent approaches to this problem have already been proposed. Two of the most
popular approaches are characteristic equation and Lyapunov function. The
characteristic equation can be defined as the equation obtained from the origi-
nal system by looking for a nontrivial solution of the form e*cy, (t > 0), where
co is a constant vector of appropriate dimension. Due to its form, the charac-
teristic equation associated with delay system is transcendental, which leads to
its having an infinite number of roots in the complex plane. The main idea of
Lyapunov function method is to transform the original stability issue into the
evolution of some Lyapunov function in an Euclidian space [6, 22]. Also, delay
systems are a very important class of systems whose control and optimization
have been of interest to many investigators. Much progress has been made
towards the solution of delay system using the orthogonal functions. Special
attention has been given to applications of Walsh functions [5], block-pulse
functions [25], Laguerre polynomials [10], Legendre polynomials [12], Cheby-
shev polynomials [7] and Fourier series [19].

We provide an overview of two application problems, the air-to-fuel ratio con-
trol in gasoline engines and inverted pendulum systems.

The air-to-fuel ratio control is imperative for conventional gasoline vehicles.
The analysis of stability for the air-to-fuel ratio control system when the en-
gine speed, and air flow into the engine, are constant is of interest to the
researchers . In this case, ¢4 (measured output) and 7. (estimated output) are
constant. The error between t4 and 7, e, can be shown to satisfy the following
equations, [1]

(1.1) o

e = ZH(t) — = (kpe(t — ta) + kiz(t — ta)).

System (1) is a linear time-invariant system with a single delay. To apply the
proposed method in this paper it is convenient to transform system (1) into
this form:

Ly = Ae)z(9) + B(e)z(6 — 1),
(1.2)

r = [Zae]Ta €= [tdaTe7kl)7ki]Ta 0= %7

where 6 is the scaled time and ¢ is a parameter vector.

Pendulum systems: Consider the inverted pendulum on a cart such as in [31].
The physical structure is shown in Fig. 1 (which is taken from [31]) where M
is the mass of the cart, m is the mass of the pendulum rod, b is the friction
coefficient of the cart. 1is the length of the corresponding rod; F is the force
acting on the cart, x is the horizontal displacement of the cart, ¢ is the angle
between the pendulum rod and the vertical. Let state variables be z, &, ¢ and
(fb which correspond to the horizontal position, horizontal velocity of the cart,
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angle and angular velocity of the pole respectively. The equations of motion
derived by using Newton’s Second Law can be obtained as follows:
X =X,

—(I+mi*)b (I+ml1*)b

o . m-gl
X = ey ’m T+ Ty ez @+ T m) earmeE

¢=9,

- —mlb . mgl(M+m) ml
¢ = Ty aE .+ e s @+ T earmE

where M, m,b,l and I are known constants. Let state variables be x = x1(¢),
& = x2(t), ¢ = x3(t) and ¢ = x4(t), the two delays be 7 and d, then from [28]
the system can be rewritten in the form of

(1.3) &(t) = Ex(t) + Fx(t — 1) + Gu(t) + Hu(t — d).
To apply the proposed method in this paper, we consider the case of 7 = d.

A

/

X
Fig. 1.

In the current work, first, we investigate the stability of time variant sys-
tems with time delay where the delay is bounded. In order to establish new
delay-dependent sufficient conditions for stability of such a system, we use the
Lyapunov-Krasovskii functional method with linear matrix inequality (LMI)
approach together with the parameterized first-order model transformation.
Also in the present paper we introduce a new direct computational method to
solve the delay system. This method consists of reducing the delay problem to
a set of algebraic equations by first expanding the candidate function as hybrid
functions with unknown coefficients. These hybrid functions, which consist of
block-pulse functions plus Legendre polynomials are provided. Then by using
the Gauss (-Legendre) nodes, the coefficients of the hybrid function for the
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solution of delay system are obtained. Finally we will demonstrate the results
by considering four illustrative examples.

2. STABILITY

The analysis of the stability of time-varying systems with delay in both the
state and control are important in theory and in practice [3]-[29]. Recently,
Richard [24] summarized some current researches on time-delay systems and
listed four problems, one of which is:

(2.1) @(t) = E(t)x(t) + FW)x(t —7) + Gu(t) + H(t)u(t —7), 0 <t <1,

(2.2) z(0) = o,
(2.3) x(t) = p(t), —T7<t<0,
(2.4) u(t) =o(t), —1<t<0,

where z(t) € R! is state vector, u(t) € R? is control vector, E(t), F(t), G(t) and
H (t) are certainty matrices of appropriate dimensions, x is a constant specified
vector, and ¢(t) and ¢ (t) are arbitrary known functions. The time-delay 7 is
positive, bounded and satisfies

(2.5) 0<7<h.

Definition 1. The uncertain time delay system (4) is said to be stabilizable if
there exists a linear memoryless state feedback control law u(t) = Kxz(t), K €
R2%! such that the resulting closed-loop system is stable [8].

By using the definition (1), the time varying system (4) is equivalent to the
following system:

(2.6) z(t) = [E(t) + G)K]z(t) + [F(t) + H(t)K]z(t — 7).
Suppose that
(2.7) E@)+G@)K = Ao+ AAo(t), Fit)+ Ht)K = A1 + AA1(¢),

where Ag, Ay € R™! are constant matrices and the uncertainties AAg(t),
AA;(t) are of the form

(2.8) AAo(t) = DoFy(t)Ey,  AAL(t) = Dy Fi(t)En,

where Dg, Ey, D1, and Ey are appropriate dimensional constant matrices, and
| Fo(t) || < 1,] Fi(t) || <1 for all t. Then equation (9) can be rewritten as

(2.9) L(t) = [Ao + Do Fo(t)Eolx(t) 4 [Ar + D1 Fy () Er]x(t — 7).

In addition, the goal of this paper is to find the criteria for stability of the
system (2.1) by using the Lyapunov method in conjunction with linear matrix
inequality (LMI) techniques.
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Since z(t) is continuously differentiable for ¢ > 0, by adopting the Leibnitz-
Newton formula, we have

ot —7) = a(t) — [°_&(t +6)do =
2(t) — [°_[Ao(@)z(t + 0) + Ar(0)x(t + 0 — 7)]d6.
Therefore, the system (12) can be transferred into a distributed delay system

x(t) = (AO + DOFO(t)EQ + C)J?(t) + (Al + D1 Fy (f,)El - C)J?(t — T)
~C [, [Ao(0)x(6) + A1(0)2(6 — 7)]d,

where C'is a parametric matrix which derives the stability result less restrictive

(2.10)

(2.11)

to some degree. Since in this process only one integration over one delay interval
is used, the process is called parameterized first-order model transformation
[21]. The stability of the system (14) implies [4] the stability of the system
(12).

Since the stability of the system (14) implies the stability of the system (12) and
consequently the stability of the system (9), we mainly focus on the stability of
the system (14) in the main theorem. The following lemmas will be essential
for the proof of the main theorem

Lemma 1. Let w(t fa ft o J(s)dsdf. Then the following is satisfied [9]

%Mﬂz@—@ﬂﬂ—ﬂ—@ g+ (-a) [ f(s)as
t—b t—a

Lemma 2. Let a(t) < b(¢). Then, the following inequality holds [9]

[ sl < - [ 1560 s

Now we present a sufficient condition that guarantees the stability of the system
(2.1) satisfying the uncertainty in equation (11) and the time delay in equation

(8).

Theorem 1. The system (14) is asymptotically stable, if there exist four
positive -definite matrices P, Q10, @11, R > 0, positive constants A, 19,71 and a
constant matrix W € R™*™ such that

Q1 =PAy+ AFP+ W + WT + 1PDyDEP + NEf Eg+

(PA; —W)R™YPA;, —W)T + PD1DT P+ WQiy W'+

WQL W™ + 81 + h2S10(Q10,m0) + h*S11(Q11,m) <0,
satisfying

(nol — DL Q1oDo) >0, (mI—DIYQuDy) >0, Si=R+FELE,.

Also, the corresponding model transformation of the matrix in the system (14)
is given by C = P~'W.
proof: We consider the following Lyapanov-Krasovskii functional

(2.12) V(x(t)) = Vi(z(t)) + hVa(z(t)) + hVs(z(t)),
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where
/ / 5)S10(Q10,10)x(s)dsd0,

h+T1
/ / . 5)S11(Q11,m)x(s)dsdf.
t

The system is asymptotically stable if the derivative of the functional is strictly

negative. By using Lemma 1, we have

a” ()10(Qum)a(®) = [ 7(5)S10(Quom)a(s)ds.

d

Ly a(e) -

% 3(x(t)) = ha' (£)S11(Q11, m)z(t) — /thT 2" (5)S11(Q11,m )z (s)ds
< ha" (£)S11(Qr1, m)z(t) — (1 — d)/t : 2" (5)S11(Q11,m1 )z (s)ds.

T(A)S1(\)z(N)dA, with P > 0, then

Also, let: Vi(z(t)) = 2T (t)Px(t) + ft LT

its time derivative is

LVi(a(t) = 2T (t)(PAg + AT P+ W + WT)a(t)
+227 () PDoFy(t)Eoz(t) + 227 (t)(PAL — W)z (t — 7)
(2.13) +227 () PD1 Fy (t) By (t — ) — 22T (t)PC [} Ao(0)x(8)d6
2 TOW [ A1(0)x(0 — 7)dO + 2T (£)S1x(t)
—zT(t — 7)Sz(t — 7).

Using the following inequalities for any positive real number 5 > 0 and any

positive definite matrix D, we have
—2uTv < 2uTv < BuT D tu + BT Do,

where u,v € R". We get
Vi(z(t)) < ol (t)(PAg+ AFP + W + WT)x(t)
+22 () Ef Eox(t) + ;2™ (t)PDo Df Pa(t)
+2T (t)(PA; — W)Rfl(PA1 — W) Ta(t) + 2T (t — 7)Ra(t — 7)
(2.14) +aT(t)PD1 DT Pa(t) + 2T (t — T)ETElm(t -7)

+2 | 2T (OWQy, 1| 1I f,, Q1)* Ao(0)(0)d0 |
+2 || 2T OWQL |1l S, ”2 (0)2(0 — 7)do |
T(#)Sy (x(t ) — x(t —7)S1z(t — T)

The following relations are obtained from [9]
AT (1)Q1040(t) = [Ao + DoFo(t)Eo]" Quo [Ao + DoFo(t)Eo]
< AFQi0Ao + AFQ10Do(nol — DEQ10Do)*DEQ10A0

+noEd Eo = S10(Q10,M0),



Stability and numerical solution of time variant linear systems with delay 49

AT(HQuAL() = [A1+ DiFi()E1]" Qu [A1 + DiFy(t) ]
AT QuuAy + AT QuiDy(mI —
DTQ D) 'DTQ1 A + mETE,

= S1(Q11,m).

Recall the following relations from [9]

(2.15)

IN

t

/t | QU2 A0(0)(0) | d < / 2T (0)S10(Q10,10)2(8) 6,

-7 t—T

t t—1
/ | 276 - 1 AT(O)QY | a6 < / 2T (0)S11 Q1,1 ) (0)d6,
t t

—T —7—h
and apply this to equation (17) to obtain

d 1
Vi) < 2T (t)(PAy+ ATP+W +WT + XPDOD(?P
+AEl'Ey+ PD1D{ P + (PA; — W)R™Y(PA, — W)")x(2)
2T (t —7)Rx(t —7) + x(t — 7)(R + EY Ey)x(t — 1)
t

2T (WO W a(t) + 7 / 27 (0)S10(Qro, m0)2(0)d0
t—T
t—1

+2T(OWQWTa(t) + h / 7 (0)S11(Q11,m )x(0)do

t—T—h
+2T(t)S12(t) — a7 (t — 7)Syx(t — 7).
Therefore
V(x(t)) < aT(t)(PAg + AT P+ W + WT + LPD, DY P+
MELEg + PD1DYP + (PA, — W)R™Y(PA, — W)T + WQ, Wi+
WQLWT + 51 + h2510(Q10,m0) + h2S11(Q11,m))x(t) < 0.

Thus, if the conditions of theorem hold then the derivative of the functional is
strictly negative which implies asymptotic stability.

3. NUMERICAL SOLUTION

In this section the solution of time delay systems is obtained by using a hy-
brid functions and collocation method. The properties of the hybrid functions
consisting of block-pulse functions and Legendre polynomials are presented.

3.1. Properties of hybrid functions

Hybrid functions b(n,m,t),n = 1,2,..., Nym = 0,1,..., M — 1, have three
arguments: n is the order of block-pulse functions, m is the order of Legendre



50 Salameh Sedaghat and Yadollah Ordokhani

polynomials, and ¢ is the normalized time [18]. They are defined on the interval
[0,tf) as
Pt —2n+1),  te [Tty fty),

0, otherwise.

b(n,m,t) = {

Here P,,(t) are the well-known Legendre polynomials of order m. A function
f(t) defined over the interval [0, ;] may be expanded as

N M-1

(3.1) f(t) ~ Z Z Camb(n,m,t) = " B(t),
n=1 m=0
where
(32) c = [010, ceey Cl(M—1)|C207 ceey CQ(M_1)|...|CN0, ceey CN(M_l)]T,

(3.3)  B(t) = [b(1,0,t),....;b(1, M — 1,)|...[b(N, 0,), ..., b(N, M — 1,£)]*.

The integration of the vector B(t) defined in equation (21) can be approxi-

mated by
t

/ B(t)dt ~ PB(t),

0
where P is the NM x NM operational matrix for integration and is given in
[23]. Now, consider the linear time varying system (4), let

(3.4) w(t) = [z1(t), 22(t), - m(B)]",
(3-5) u(t) = [ur (t), uz(t), -+ ug ()],
(3.6) B(t) = I, ® BT(t),
(3.7) B1(t) = I, ® BT(t),

where I; and I, are the [ and ¢ dimensional identity matrices respectively,
B(t) and El(t) are [MN x 1 and gMN x g matrices respectively as well,
and ® denotes Kronecker product [18]. Assume that each of z;(¢) and u,(¢),

i=1,2,---,1,7=1,2,--- ,q can be written in terms of hybrid functions as
(3.8) #(t) = BT (1) X,
(3.9) u;(t) = BT (1)U;.

By using equations (24)-(27) we have
(3.10) i(t) = B(t)X,

(3.11) u(t) = B1(t)U,
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where X and U are vectors of order IM N x 1 and gM N x 1, respectively, given
by

X = [X1, X, X)),
U=[Uy,Us, - ,U,".
From equation (26) we get
(3.12) z(t) = B(t)PX + z(0),

where P = I; ® PT. We can also approximate X (t — 7) in terms of hybrid
function as

B ot —T1), o<t<r,
(3:13) (=) _{ B(t — 7)PX + x(0), T<t<l,
(3.14) /B(t’)dt’ = (I, ® BT(t))(I, ® PT) = B(t)P.
0

3.2. Solution of time varying linear delay systems

Consider the time varying linear delay systems given in equation (4). To
solve x(t), we first choose N in the following manner:

+ tez
(3.15) N =
[(%f)] +1, otherwise,

where [.], denotes greatest integer value. Define
n— 1t n

N TN
the motivation for choosing such subintervals is to include the primary discon-

tinuities of the solution in the boundaries of I,,.
Also from equations (4)-(7) and (22)-(32) the following is obtained

L= |

tf), n=1,...,N,

B(t)X = E(t)(B(t)PX + x(0)) + F(t)(o(t — 7) + B(t — 7)PX
(3.16)
+2(0)) + G(t)B1(t))U + H(t)(y(t — ) + B1(t — 7)PU).

For suitable collocation points we choose the points as
n

t
tj = (530t = 1+ it

=0,1,..,M—-1,n=1,2,..,N
2N j 07) ? 7n » = Y Y
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where t; are the M Legendre nodes for [—1,1] and the collocation points t,;
are the shifted of ¢; into I,,, n = 1,..., N. We now collocate equation (34) at
MN points t,,; as
(3.17)

B(tnj)X = E(tn;)(B(tn;) PX + (0)) + F(tn;)(p(tn; — 7) + B(tn; — 7)PX

+2(0)) + G(tnj)BL(tnj)U + H(tn;)(U(tn; — 7) + Bl(tn; — 7)PU).
Equation (35) gives MN linear equations which can be solved for the elements
of X using the well Newton’s iterative method. z(t) is gained by substituting
X in equation (30).
4. ILLUSTRATIVE EXAMPLES

In this section, some numerical examples will be demonstrated to compare
with the previous results.

Example 1. Let us consider the following easy case of the time delay uncertain

system:
z(t) = Aox(t) + A1z(t — 7) + Bou(t) + Biu(t — 1),
where
—4  —3.923076923 —.05 —0.1
AO = ) Al = )
1 0 —1.623076923 —6.130177515

By = < (1) >, B, = ( (1) > Consequently the maximum delay associated

. 1 1.923076923 0.06 0
with P = ( 1923076923 6.130177515 ) W= ( 0 0.03 ) Qo =

03 0
i ; 2>,AA0(t)_AA1(t)_

0, is obtained as 7 < 0.9523. Note that this example is made by authors.

1
( 5 0 ),anfm, K=BT<t)P,R=(

Example 2. Let us consider the uncertain time delay systems with time
varying delay described by the following state equation:

&(t) = Aoz (t) + Arz(t — 7) + AAgz(t) + AAz(t — 1),

where A9 = ( _02 _01 ),A1 = ( :1 _01 >, I AAo(t) ||< 0.05 and ||

-0.9 1 0 1

—01 0 01 0 0.1 0
( 0 —05 ) @0 ( 0 1 )’Q” ( 0 0.9 ) »n = 0.2 and

1o = 0.1, we conclude that the system is stable if 7 < 0.4661. This value is
larger than 7 < 0.43 in [4].

AA1(t)||<0.1.WithP—( ! _0'9),)\—1,]%—(2 0>,W—
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Example 3: Consider a time-varying delay system described by

i(t) = 16tz(t — 1),

z(0) =1,
z(t) =0, —-1<t<o,
that is stable for 7 = 0.25. The exact solution is [18]
1, 0<t<1,
LHd(e-H+8(t-1)° d<i<d,
38— 1)+ 24(0 - 1)
z(t) = +1B— 1P 432t - 44, L<t< 3,

12—;;: 20 t3— 3) 4+ 68(t —3%)2
RS =it
+SE -9+ B -9)% fst<l

Since 7 = 0.25, we solve this problem with the method presented in Section
3 by choosing N=4 and M=5. In Table 1 a comparison is made between the

exact solution and the approximate solution of x(¢) for 0 < ¢ < 1.

Table 1. Approximate and exact values of x(t).

t  Numerical Solution Fzxact

0.0 1.000000000000 1.000000000000
0.1 1.000000000000 1.000000000000
0.2 1.000000000000 1.000000000000
0.3 1.220000000000 1.220000000000
0.4 1.780000000000 1.780000000000
0.5 2.499999999999 2.500000000000
0.6 3.585866666666 3.585870000000
0.7 5.452533333333 5.452533333333
0.8 8.480308022689 8.480308022690
0.9 13.41991394574 13.41991394574
1.0 21.81125230994 21.81125230999

In this problem, the error of the approximation of solution is:

ENM = |[zemect —pNM | = max |07 (1) —2™M (), M = 0, 1,2, ...

0<t<1

where V- (t) is the approximate value of z(¢) and N is a fixed number. In
this example we have E*® <5 x 10712
Example 4: Consider the same interval system as given in [30]:

(1) = Ao () (t) + Ar(t)2(t — 1),

where Ag(t) = Ag + (gosin®t)Iy, Ay(t) = Ay + (g1 cos?t) I, where Ag, Ay
are known 2 x 2 matrices, g9 and &1 are uncertain but bounded as | ¢ |<
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0.35 and | £; |< 0.35. Here we assume that Ay = ( 02 (1)9 ), A =

—05 0 172.2344 86
ith P =
( ~01 -05 ) wit ( 0 140 ) ( 0 )

—-0.1172 0 0.1 0
( >,Q10—Q11—< >—D D,Ey = E, =

0 —0.1 0 1
5 0 R -
( 0 5 > , A=3,d =0,m79 = n = 0.5. By considering the condition we get
h < 0.961671992 which is greater than h < 0.73 of the example in [30] with the
same condition. We applied the method presented in Section 3 for | g |= 0.3,
|e1]=0.2, 7= .25 and z(t) = 1 for —7 <t < 0, the computational results are
given in Tables 2 and 3:

Table 2. Approximate values of z1(t).

t N—=—4M-=6 N-=-4M-=7 N-4M-8 N=4M=9
0.0 1.000000000383 1.000000000004 1.000000000000 1.000000000000
0.1 0.818812466605 0.818812466637 0.818812466640 0.818812466640
0.2 0.670852239548 0.670852239480 0.670852239482 0.670852239483
0.3 0.536019149150 0.536019153054 0.536019153220 0.536019153217
0.4 0.416389278469 0.416389276918 0.416389277062 0.416389277060
0.5 0.322279796990 0.322279820464 0.322279820950 0.322279820953
0.6 0.248760122354 0.248760121933 0.248760121765 0.248760121765
0.7 0.191777319156 0.191777324147 0.191777324963 0.191777324965
0.8 0.147679062343 0.147679065294 0.147679065385 0.147679065387
0.9 0.113600463339 0.113600462938 0.113600463024 0.113600463024
1.0 0.087294815424 0.087294828803 0.087294828476 0.087294828476

Table 3. Approximate values of x2(t).

t N=4M=6 N=4M-=7 N=4M=8 N=4M=9
0.0 1.000000002135 1.000000000000 1.000000000000 1.000000000000
0.1 0.827041668543 0.827041668740 0.827041668741 0.827041668740
0.2 0.684404354022 0.684404353680 0.684404353680 0.684404353681
0.3 0.548167710187 0.548167713048 0.548167713172 0.548167713169
0.4 0.423073764020 0.423073762387 0.423073762493 0.423073762492
0.5 0.324644523787 0.324644549418 0.324644549921 0.324644549924
0.6 0.248030323842 0.248030323419 0.248030323245 0.248030323244
0.7 0.189129765919 0.189129771414 0.189129771224 0.189129771225
0.8 0.143963941347 0.143963944851 0.143963944952 0.143963944954
0.9 0.109409425501 0.109409425089 0.109409425185 0.109409425185
1.0 0.083017439576 0.083017455163 0.083017454776 0.083017454776
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To show the convergence behavior of the approximate solution of this problem,
we define the maximum errors for x; as,
N,M+1_ | .N,M+1 _N,M N,M+1 N,M
E; = ||a; —z; 7| (t)—z; 7 (t)],

loo= max |z;

0<t<1
for M =0,1,2,...and i = 1,2.
N,M
i
2 and 3 it is shown that by increasing M, the number of fixed decimal digits
NMAL o0 for i = 1,2. In this

i

N is a fixed number and x; ™ (¢) is the approximate value of z;(¢). In Tables
increases and so does the maximum errors of E
example we have E;"? <3 x 10712,

5. CONCLUSION

This paper has presented a state- and input-delay dependent stabilization
criterion for a system with both state and input delays that employs a memo-
ryless state feedback control law. The stability is obtained by using the Lya-
punovKrasovskii functional approach. A new sufficient condition for delay-
dependent systems is given in matrix inequality form. Then, we present a
highly accurate method to solve the time delay systems. The hybrid of block-
pulse functions and Legendre polynomials and the associated operational ma-
trix of integration P are applied to solve the time-delay systems. The matrix P
has many zeros; hence, the method is computationally attractive. The method
is based upon reducing the system into a set of algebraic equations. By using
collocation method, the coefficients of the hybrid functions are obtained. The
method proposed in this paper can be easily applied to several engineering
problems.
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