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Abstract: In this paper, the oscillatory behavior of the solutions for a m-dimensional system of
coupled van der Pol oscillators with delays is investigated. We extend the result in the literature from
mathematical point of view. Some sufficient conditions to guarantee the oscillation of the solutions
are provided and computer simulations are given to support the present criteria.
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1 Introduction

The van der Pol oscillator which is known to be a primary model for describing self-excited oscillations
observed in various biological, physical and engineering systems [1-11]. Recently, Sathiyadevi et al.

have investigated the following coupled van der Pol oscillators [12]:

x;:yi—l_gl[j_xi]vi:1727"'7n7

/ 2 T .
yi = a(l —x7)y; — x; — e[y — il

%Z?:l Yi, Q,€1,E9 are parameters. For n = 2 and n = 3, the authors

where T = %Z?:l T, Y =
have demonstrated frustration induced transient chaos and multistability, the competing attractive
and repulsive coupling plays a crucial role. Bukh and Anishchenko have studied numerically autowave
structures in a two-dimensional lattice of van der Pol oscillators with 100 x 100 elements for the cases

of local and nonlocal coupling between the individual oscillators [13]:

Tig = Yig T By L (Tmn = Tig),

A 2 2
Yig = e(l— xi,j)yi,j WG
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where m,n € {1,2,---,100}. The classical spiral and target waves which were observed in modeling
and analyzing the dynamics of the heart muscle can be realized in the network. Therefore, those
obtained results can be useful in cardiology.

Time delayed differential equation is very important tool to study many models such as van der Pol
oscillators. More realistic van der pol time delay models should be taken into account the effect of time
delays [14-19]. For example, Zhang and Gu have investigated the existence of the Hopf bifurcation for

the following system [14]:

— 1):17/1 +(1+a)r = ozyi(t —T2), 3)
—Dy; + (1 + a)yr = az) (t — 7).

o + e(x?
v + eyl
The stability and direction of the Hopf bifurcation were determined by using the normal form theory
and the center manifold theorem. Zhang et al. have studied the dynamic behavior for the following

symmetric system [15]:

’

2+ 1 — o1 — 2R)a} = kla(t — ) — 2 (t — 7)] + K[zt — ) — 2 (¢ — 7)),
o+ xo —e(1 — x3)xy = klws(t — 1) — 2o (t — 7)] + K[z, (t — ) — 25 (t — 7)), (4)
o + w3 —e(1 — xd)ag = k[x)(t — 7) — 2(t — 7)] + k[zg(t — 7) — 23(t — 7).

The dynamics of system (3) was carried out using a symmetric Hopf bifurcation result. Some important
results about the spontaneous bifurcations of multiple branches of periodic solutions and their spatio-
temporal patterns such as mirror-reflecting waves, standing waves, and discrete waves which describe
the oscillatory mode of each oscillator were obtained.

Motivated by the above models, we extend model (1) to the following time delay system:

l‘g = bzyz + Z?:l,j;éi k?ij [:Ej(t — Tj) — l‘i(t — TZ')], (5)
yi = ai(l = af)yi — ey — Yj_y jariglys(t — 0;) — vt = 0;)],i = 1,2, ..

where b;, ¢;, o, kij, ri; are parameters, time delays 7; > 0,0; > 0(j = 1,2,---,n). Noting that there
are 2n time delays in system (5), the general bifurcating method is hard to deal with this system. In
the present paper, we will use mathematical analysis method to investigate the existence of oscillatory

solution for system (5).

2 Preliminaries

The system (5) can be expressed in the following matrix form:

2'(t) = Az(t) + Bz(t — 7) + f(2(t)) (6)
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where z = ($17y17$27y27 T 7$n7yn)T7 Z(t_T) = [:El(t _Tl)7y1(t _91)7$2(t _7—2)7y2(t_ 02)7 e 7$n(t_
T ) Yn(t — 0,)]7, A and B both are 2n by 2n matrices, and f(z(t)) is a 2n by one vector:

0 by 0 0 0 0
—C1 (5] O O O O
0 0 0 be 0 0
A= (aij)2n><2n = 0 0 —co a2 0 0 ,
0 0 0 0 0 b,
0 0 0 0 —Cp  Qp
P1 0 k12 0 kin 0
0 P2 0 —T12 0 —T1in
kgl 0 P3 0 kgn 0
B = (bij)2n><2n = 0 —7T21 0 P4 0 —Ton y
kn,l 0 kn)g 0 oo P2n—1 0
0 —Tn,1 0 —Tn,2 .. 0 P2n
f(Z) = [07 _alx%ylu 07 —a233§y27 e 707 _anx?@yn]T

where p; = — Z;-L:Q(k‘lj),m = Z?ZQ(T’U), cee pPop_1 = — Z;L:_ll(k?nj),pgn = Z;L;ll(rnj) The linearized
system of (6) is
2 (t) = Az(t) + Bz(t — 1) (7)

Lemma 1 If matrix S (= A+ B) is a nonsingular matrix for selected parameters, then there exists
a unique equilibrium point for system (5) (or (6)).
]T

Proof Assume that z* = [2],y], 25,95, -, 2}, y5]" is an equilibrium point of system (5), then we

have the following algebraic equation

byt + 3 j—o k1j(zf —a7) =0,

a1l = (#1)?yf — e — Xia iyl —yi) =0,

bays + D0y jzo koj(x] — a3) =0,

ool — (23)%)ys — cowy — 30y juor1j(yf —y3) =0, (8)

by + Y01 kg2 — 27) — a) =0,

* n—1

ap[l — (33;1)2]:'4: — CnTp — Zj:1 Tnj(y; —yn) =0,
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From (7) we get

byt + > j—o k1j(z} —27) =0,

aryi — awi — X0 o (yF — yt) = en(af)?y,

bays + 371 j2 k2j(z] —a3) =0,

QY5 — Coly — Z?:l,j;& le(yj —y3) = 042(953)2?457 (9)

nyn+zn lk ( ':U;kl): ’

anyy, — enhy — S50 g (Y] — uh) = o)y,

Now we first consider the correspondent homogeneous system of (9):

byt + 2o k() —27) =0,

oy —axy — Yoy —yi) =0,

bays + D71 jz2 k2j(z] —23) =0,

Qoys — comy — D0y a1 (Y; — y3) =0, (10)

buy, + X021 kg (2 — @) = 0,

anyp, — ety — X521 i (Y5 — yi) = 0.
The matrix form of system (10) is
(A+B)z*=52"=0 (11)

According to the basic linear algebraic knowledge, system (11) (or (10)) has a unique trivial solution
since S = A + B is a nonsingular matrix. Namely, system (11)(or (10)) has a unique solution z* =
(0,0,---,0)T. From systems (9) and (10) we know that all the (2 —1), i = 1,2, ---,n equations are the
same. It is easy to know that system (9) also has a unique trivial solution. The proof is completed.
Lemma 2 All solutions of system (5) (or (6)) are bounded assume that a; > 0,9 =1,2,---,n.
Proof To prove the boundedness of the solutions in system (5), we construct a Lyapunov function

V(t) =0 5[2?(t) + y2(t)]. Calculating the derivative of V/(¢) through system (5) we get

Vil = Dolh0)mi) + yi )]

i=1
n
= Z(b - i) xz%"‘z Z ku LE] )_xz xz"‘zazyz
i=1 i=1j=1,j71
n n
=D D rilyi(t—05) —wilt — 0]y — Z iy (12)
1=1j=1,j7#1¢ 1=1
4
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Noting that a;(i = 1,2, --,n) are positive constants. Obviously, when x; — 400, y; — co(1 < i < n),
x2y? are higher order infinity than z?,y?, and x;xj, respectively. Therefore, there exists suitably large
K > 0 such that V'(t)|5y < 0 as |z;| > K, |y;| > K. This means that all solutions of system (5) are
bounded.

3 The existence of oscillatory solutions

Theorem 1 Assume that zero is the unique equilibrium point of system (5) (or(6)) for selecting
parameter values. Let aq, a9, -+, a9, and B, Bs, - - -, Pon be characteristic values of matrix A and B,
respectively. If the real part of each «; and 5;(i = 1,2,---,2n) is negative, then the trivial solution
of system (5) is stable. If there exists some Re(ay) > 0, with Re(ay) > |Re(SBk)| + [Im(By)| or
Re(ag) < 0 with |Re(ag)| < Re(B), then the unique equilibrium point of system (5) is unstable.
System (5) generates an oscillatory solution.

Proof According to the time delay basic differential equation theory, if the real part of each «; and
Bi (i = 1,2,---,2n) is negative, then the trivial solution of system (7) is stable. Noting that the
nonlinear term f(z) is a higher order infinitesimal as z; — 0 and y; — 0. Therefore, the stability of
the trivial solution of system (7) ensures the stability of the trivial solution of system (5) (or (6)).
Obviously, if the trivial solution of system (7) is unstable, then the trivial solution of system (5)(or
(6)) is also unstable. Therefore, in order to discuss the instability of the trivial solution of system (5)
(or (6)) we only need to deal with the instability of the trivial solution of system (7). Consider an

auxiliary system of (7) as follows:
2 (t) = Az(t) + Bz(t — 7) (13)

where 2(t — 7) = [p1(t — 7o), y1(t — 7o), m2(t — 7o), y2(t — 7)), wn(t — ), yn(t — 7)Y, 7 =
minj<;j<n{7,0;}. If the trivial solution of system (13) is unstable, then the trivial solution of sys-
tem (7) is unstable according to the property of delayed differential equation [24]. So we only need
to show the instability of the trivial solution of system (13). Since «; and §; (i = 1,2,---,2n) are
characteristic values of matrix A and B, respectively, then the characteristic equation corresponding

to system (13) is the following:

(A — i = Bie ™) =0 (14)
So, we are led to an investigation of the nature of the roots for some k,k € {1,2,---,2n}:
A—ap — Bre M =0 (15)
5
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System (15) is a transcendental equation which is hard to find all solutions for the equation. However,
we show that there exists a positive real part eigenvalue of equation (15) under the assumption of
Theorem 1. If Re(ay) > 0, with Re(ag) > |Re(Br)|+|Im(Bk)| hold, let A = o+iv, ap, = ag1+iaks, Bk =
Br1 + iBk2, where 0 = Re(A),y = Im(X\), a1 = Re(ay), axe = Im(ag), Br1 = Re(B), Brz = Im(Bx).

Separating the real and imaginary parts from equation (15), we have

T T gin(yTy). (16)

o= a1 + Brie cos(y7") — Brae

—O0Tx

v = aga — Prie sin(y7y) + Brae” 7™ cos(yTx). (17)

We show that equation (15) has a positive real part root. Let

V(o) =0 —ag — Brie 77 cos(YTs) + Bree” 7™ sin(y7y). (18)

Obviously, ¥(o) is a continuous function of . Noting that ax; > |Br1| + |Bk2|- Then ¥ (0) = —ax; —
Br1 cos(YTi) + Bresin(yr) < —ag1 + |Br1] + |Bre] < 0. Since limy, 1o e77™ = 0, so there exists a
suitably large o say o1(> 0) such that ¥(o1) = 01 — agy — Br1e” 7™ cos(VTx) + Brae 717 sin(y7) > 0.
By means of the Intermediate Value Theorem, there exists a oy € (0,071) such that ¥(og) = o9 —
ak1 — Brre 707 cos(y7y) + Broe” %9 sin(y7) = 0. This means that the characteristic value A has a
positive real part. Thus, the trivial solution of system (13) is unstable, implying that the trivial
solution of system (7) (thus system (5)) is unstable. Since all solutions of system (5) are bounded, the
instability of the trivial solution and the boundedness of the solutions will force system (5) to generate
an oscillatory solution [25, 26]. For the case of Re(ay) < 0 with |[Re(ag)| < Re(Bk), equation (15) will
have a positive real part characteristic root. The proof is similar and we omit it.
For simplify, setting || B ||= maxi<j<an z?gl |bij|, p = maxi<ij<n{—ci, b; + a;}, then we have
Theorem 2 Assume that the conditions of Lemma 1 and Lemma 2 hold. If the following inequality
holds:

Tpl72 || B ||> 4el”'™. (19)

Then the trivial solution of system (13) (thus the system (7)) is unstable, implying that system (5)
has a periodic solution.
Proof To prove the instability of the trivial solution of system (13), let w(t) = > (Ja; (¢)| + |y (t)]).
Therefore, w(t) > 0 and

w'(t) < pw(t)+ || B || w(t — 7). (20)

Specifically, consider equation

V() =pu(t)+ || B || vt — 7). (21)
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If the trivial solution of equation (21) is stable, then the characteristic equation associated with (21)

given by
N=pt | B e (22)
must have a real negative root say \., and we have from (22)
A >[| B || eI —p) (23)

One can prove that e > Iz%(z > 0). So we have

Lo WBINm  n B e 72 B (] lp]) _ Tlplr ) B o)
S F L T (T D e el el

A contradiction with equation (19), implying that the trivial solution of equation (22) (thus (21)) is
unstable. This suggests that the trivial solution of system (20) is unstable. Thus, for all {7;,6;} >
Te, @ = 1,2, ,n, the trivial solution of system (13) is unstable, implying that the trivial solution in
system (5) is unstable. Similar to theorem 1, system (5) generates an oscillatory solution. The proof

is completed.

4 Simulation results

We first consider n = 4 in system (5) as the following:

oh = biyy + X jog kijlz(t— 7)) — 21 (t — 7)),

yi = a1(1 — 2y — crwy — 3o riyly; (t — 0;) — ya(t — 601)],
= baya + Yojo1 jpo kojlaj(t — 75) — wa(t — 72)],

vh = a1l — a3)ya — coma — Y11 juo 725 [y (t — 05) — y2(t — 62)], (25)
ry = byys + ZJ 1j3 ksjloi(t — 75) — w3t — 73)],

yh = as(1 — 23)ys — caws — Y1 jzaraily;(t — 05) — ys(t — 63)],

= baya + X5y kajlz; (£ — 7)) — @a(t — 7)),

Yo = au(l = ad)ys — cawa — Y7y rajly;(t — 0;) — yalt — 6a)).

First the parameters are selected as follows: by = 1.45,by = 1.48,b3 = 1.46,b4 = 1.44,¢1 = 1.75,¢c9 =
1.78,¢c3 = 1.74,¢4 = 1.76, 1 = 0.94, 5 = 0.98, a3 = 0.96, gy = 0.95; k12 = 0.125, k13 = 0.116, k14 =
0.114, ko1 = 0.115, kog = 0.120, kog = 0.125, k31 = 0.124, k3o = 0.122,k3q = 0.125, kg1 = 0.112, kyo =
0.116,k43 = 0.118,7r12 = 0.64,713 = 0.82,r14 = 0.76,797 = 0.65,193 = 0.72,794 = 0.75,737 =
0.64,r35 = 0.55,734 = 0.68,747 = 0.62,740 = 0.55,7r43 = 0.64. The time delays i = 0.87, 7%, =
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0.90,73 = 0.88, 74 = 0.86,61 = 0.86,605 = 0.92,03 = 0.94,0, = 0.92. Then the characteristic values of
matrix A in system (25) are 0.4700 + 1.5220i,0.4900 =+ 1.54744,0.4800 + 1.51994,0.4750 + 1.5195¢, the
characteristic values of matrix B in system (25) are 2.8627,2.6731,2.5161,0.0137,0.0037, —0.4542,
—0.4748,—0.4928. Since all characteristic value of matrix B are real numbers, so Re(fx) = S, and
Re(as) = 0.4800 > 0.0037 = (5, the condition of Theorem 1 are satisfied. There exists an oscilla-
tory solution for system (25) (see Fig.1). When we change time delays as 71 = 1.45, 75 = 1.48,73 =
1.40,74 = 1.42,0, = 1.46,05 = 1.42,03 = 1.38,604 = 1.36. The other parameters are the same as Fig.1,
we see that the oscillatory behavior of the solutions is still maintained (see Fig.2).

Then we consider n =9 in system (5) as the following:

ah = by + Y kajlas(t — 75) — 2 (t — 7)),

yi = on (1 — 2Dy — cran — Xj_p ryly; (t — 60;) — ya(t — 61)],

hy = by + Y51 jpo kajlaj(t — 75) — wa(t — 72)],

Yo = aa(1 — 23)y2 — cag — Zj 1,5#2 725 lyj(t = 0;) — y2(t — 62)],
wly = bays + D91 jua kgl (t — 1) — 3t — 73)],

yh = as(l — a3)ys — caws — X 0_) juaa;ly;(t — 0;) — ys(t — Os)],
wly = byys + 391 jopa baglas(t — 75) — 2a(t — 74)],,

yh = ou(1 — 2)ys — camq — Y51 juarajly;(t — 05) — ya(t — 04)],
x5 = bsys + ZJ 1,55 Ksj[2(t — 75) — w5(t — 75)],

yh = o5(1— ad)ys — csw5 — Y01 s rsily;(t — 05) — ys(t — 05)],
26 = beys + Y31 jz6 keslx; (t — 75) — w6 (t — 76))],

Y6 = a6(1 — 23)ys — o6 — D=1 j26 651y (t — 6;) — ye(t — 06)],
x7 = bryr + ZJ 1j7 Rrjlz(t — 75) — 27 (t — 7)),

yr = ar(l— x?)@/? — C7x7 — Z] 1,527 775 [Z/J( ) —y7(t = 07)],
wh = bays + 20— jzg ksl (t — 75) — ws(t — 78))],

vk = as(1 — 2d)ys — cszs — X )=y jug i[5 (t — 05) — ys(t — ],
= boyy + 35— kojlz;(t — 75) — mo(t — 70)],

Yo = (1 — xd)ye — comg — 35— ro;[y; (t — 0;) — yo(t — )]
We select the parameters as by = 1.55,by = 1.58,b3 = 1.56,by = 1.52,b5 = 1.55,bg = 1.58,b7 =
1.56,bg = 1.52, by — 1.55,¢; = 1.45, ¢ = 1.42, ¢5 = 1.50, ¢4 = 1.48, ¢5 — 1.45, cg = 1.44, ¢7 = 1.46, cg =
142, ¢ = 148,01 = 0.92,a9 = 0.90, 53 = 0.98, a4 = 0.97, 5 = 0.98, 5 = 0.92, 7 = 0.92, 5 —

0.95,0[9 = 0.88;k12 = 0.110, k713 = 0.111,k‘14 = 0.112,]{715 = 0.113, k’16 = 0.114, k‘17 = 0.115,k18 =
0.116, k19 = 0.118, k9; = 0.68, ko = 0.121, kos = 0.122, ko5 = 0.123, kog = 0.124, koy = 0.125, kog =
0.126, kog = 0.128, k31 = 0.67,kso = 0.131,ksq = 0.132, k35 = 0.133, ksg = 0.134, ksy = 0.135, ksg =
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0.136, ksg = 0.138, k41 = 0.66, kg0 = 0.141, kg3 = 0.142, kg5 = 0.143, kg = 0.144, kg7 = 0.145,kyg =
0.146, kgg = 0.148, ks; = 0.65, ks = 0.121, ks = 0.122, ksy = 0.123, ks = 0.124, kg7 = 0.125, ksg =
0.156, k59 = 0.158, kg1 = 0.66, ko = 0.113, kg3 = 0.114, kgg = 0.115, kg5 = 0.116, kg7 = 0.117, kg =
0.118, kg9 = 0.119,k7; = 0.68, k7o = 0.133, k73 = 0.134, k74 = 0.135, k75 = 0.136,k7¢ = 0.137, kg =
0.138, k79 = 0.139, kg; = 0.69, kso = 0.093, kss = 0.094, kgg = 0.095, kg5 = 0.096, kgg = 0.097, kg7 =
0.098, kgg = 0.099, kg1 = 0.67, kg2 = 0.123,kgz = 0.124,kgy = 0.125, kg5 = 0.126,kgs = 0.127, kg7 =
0.128, kgg = 0.130;712 = —0.61,713 = 0.62,r14 = —0.63,715 = 0.64,16 = —0.65,717 = 0.66,718 =
—0.67,719 = 0.68,791 = —0.51,793 = 0.52,794 = —0.53,795 = 0.54,796 = —0.55,797 = 0.56,1r98 =
—0.57,799 = 0.58,7r31 = —0.71,730 = 0.72,7r34 = —0.73,735 = 0.74,r36 = —0.75,7r37 = 0.76,r38 =
—0.77,739 = 0.78,741 = —0.64,742 = 0.65,743 = —0.66,745 = 0.67,746 = —0.68,747 = 0.69,r48 =
—0.70,r49 = 0.72,r51 = —0.72,7r59 = 0.73,r53 = —0.74,r54 = 0.75,r56 = —0.76,r57 = 0.77,r58 =
—0.78,759 = 0.79,761 = —0.63,762 = 0.64,763 = —0.65,764 = 0.66,765 = —0.67,767 = 0.68,r55 =
—0.69,769 = 0.70,771 = —0.52,772 = 0.53,7r73 = —0.54, 774 = 0.55,r75 = —0.56,77¢ = 0.57,r78 =
—0.58,779 = 0.59,7rg1 = —0.42,7r50 = 0.43,7rg3 = —0.44,7r84 = 0.45,rg5 = —0.46,7r8¢ = 0.47,rg7; =
—0.48,rg9 = 0.49,r91 = —0.65,799 = 0.66,793 = —0.57,1r94 = 0.68,7r95 = —0.69,7r95 = 0.70,7r97 =
—0.71,793 = 0.72. We see that p = 2.54, and || B ||= 4.448 in system (26). When time delays are
selected as 71 = 0.45, 7% = 0.48, 73 = 0.40,74 = 0.42,75 = 0.45,7 = 0.48, 77 = 0.40,73 = 0.54, 79 =
0.45,0; = 0.46,05 = 0.42,05 = 0.38,04 = 0.36,05 = 0.46,05 = 0.42,6; = 0.52,0g = 0.48,69 = 0.48.
Then 7. = 0.36, and 7|p|72 || B ||= 10.2495 > 9.9869 = 4¢lPI™. The condition of Theorem 2 are
satisfied. There exists an oscillatory solution for system (26) (see Fig.3). When we change time delays
as 7 = 0.60, 2 = 0.62,73 = 0.61, 74 = 0.61,75 = 0.60,7¢ = 0.61, 7 = 0.60,73 = 0.61, 79 = 0.60,0;, =
0.61,02 = 0.60,03 = 0.62,04 = 0.62,05 = 0.62,05 = 0.61,67 = 0.60,6g = 0.62,609 = 0.61. The other
parameters are the same as Fig.3, we see that the oscillatory behavior of the solutions is still kept (see

Fig.4). It is pointed out that the synchronization of the solutions is appeared (see Fig.5).

5 Conclusion

In this paper, we have discussed the oscillatory behavior of the solutions for a n-dimensional system
of coupled van der Pol model with delays. Based on mathematical analysis method, we provided some
sufficient conditions to guarantee the oscillation of the solutions. Some simulations are provided to
indicate the effectness of the criteria. Also the synchronized behavior of the solutions is appeared.
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(a) Solid line: xl(t), dashed line: yl(t), dotted line: x2(t).

0 5 10 15 20 25 30 35 40
Fig.1 Oscillation of the solutions, delays: 0.87, 0.86, 0.90, 0.92, 0.88, 0.94, 0.86, 0.92.

(a) Solid line: xl(t), dashed line: yl(t), dotted line: x2(t).

0] 5 10 15 20 25 30 35 40
Fig.2 Oscillation of the solutions, delays: 1.45, 1.46, 1.48, 1.42, 1.40, 1.38, 1.42, 1.36.
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(a) Solid line: xl(t), dashed line: yl(t), dotted line: x2(t).

(d) Solid line: y5(t), dashed line: xs(t), dotted line: yG(t).
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Fig.3 Oscillation of the solutions, minimum delay: 0.36.
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(a) Solid line: xl(t), dashed line: yl(t), dotted line: x2(t).

(d) Solid line: y5(t), dashed line: xs(t), dotted line: yG(t).

0 5 10 15 20 25 30 35 40 45
Fig.4 Oscillation of the solutions, minimum delay: 0.60.
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(a) Solid line: xl(t), dashed line: xz(t), dotted line: x3(t).

(d) Solid line: y4(t), dashed line: y5(t), dotted line: yG(t).

(0] 5 10 15 20 25 30 35 40
(f) Solid line: y7(t), dashed line: y8(t), dotted line: yg(t).
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Fig.5 Synchronization of the solutions, minimum delay: 0.60.
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