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ABSTRACT. In [16], we characterized the elements of radical of an ideal
in MV-algebras. In this paper, we try to give a characterization for
elements of radical of an A-ideal in MV-modules. For this purpose, we
first present the definition of the envelope of an A-ideal in MV-modules
and then verify the relation between the envelope of A-ideals and the
radical of A-ideals in MV -modules. Finally, in a variety of circumstances,
we offer a formula for identifying the elements of radical of an A-ideal in

MYV -modules.
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1. INTRODUCTION

MV-algebras are algebraic structures corresponding to the Lukasiewicz in-
finite valued propositional calculus. Their definition was introduced by C.C.
Chang [2, 3] and continued by many researcher (see [1, 4, 5, 6, 7, 8, 9, 10, 16,
14, 18, 17, 19]). These algebras have other equivalents such as C'N-algebras,
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Wajsberg algebras, bounded commutative BC K-algebras and so on. PMV-
algebras were introduced in 2001. These algebraic structures are equivalent to
a certain class of [-rings with a strong unit, and the introduction of modules
on such algebras seems natural. This equivalence created the idea of defining
MYV-modules. So Di Nola and his colleagues introduced MV -modules as an
action of a PMV-algebra over an MV-algebra [6].

In all algebraic structures, the study of ideals is of particular importance.
One of the most important topics related to the ideals of an algebra is the
study of the decomposition of ideals. In [16], by considering definition of ideals
in MV -algebras, we studied decomposition of ideals in MV -algebras. Then in
an implicative MV -algebra M, we introduced the following formula to identify
the elements of rad(B) (the intersection of all prime ideals of M, including
ideal B):

rad(B) ={x € M :VYP € PZ;(M),3c € M \ P such that ¢ AN x € B},

where Z(M) is the set of all ideals of M, PZ(M) is the set of all prime ideals of
M and PZ ;(M) is the set of all prime ideals of M that contain J € Z(M). Also,
we presented definitions of radical of A-ideals in MV-modules by prime A-ideals
(it was defined by maximal A-ideals, too [10]) and primary decomposition of
them.

In this paper, to complete previous studies, we try to provide a formula for
identifying the radical elements of an A-ideal. For this purpose, we study A-
ideals, the envelopes of A-ideals, and the relation between the envelope of an
A-ideal and the radical of an A-ideal in MV-modules. Also, in specific cases,
we study the radical of quotient M V-modules. Finally, we introduce a method
for identifying the elements of radical of an A-ideal in an M V-module.

2. PRELIMINARIES

Algebraic structure M = (M, @, ¢,0) of type (2, 1, 0) is called an M V-algebra,
if it satisfies the following equations:
(MV1) (M,®,0) is a commutative monoid,
(MV2) (1°)° = p,
(MV3)0°®pu=0°
(MV4) (u®@0)°Dh= (6w epu, for every p,0 € M.
If we define the constant 1 = 0° and operations ® and & by p@d = (u°H6°)°
and 4 696 = p © 6°, then:
(MV5) (p@®6) = (u° ©06°)°,
(MV6) pes1=1,
(MVT) (ped)@d=(06mn) du,
(MVS8) p® u® =1, for every pu,6 € M (see [4]).
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We know that (M,®,1) is a commutative monoid. If we define auxiliary
operations V and Aon M by pVd = (p®d6°)@dand pAd=po (u° @ J), for
every u,d € M, then (M,V,A,0) is a bounded distributive lattice.

In an MV-algebra M, the following conditions are equivalent:

(i) p* ® o =1,

(i1) p@d° =0,

(iii) § = 1 ® (66 ),

(iv) X € M such that p @ \ =9, for every p,0, A € M.

For any two elements pu, § of the MV-algebra M, u < § if and only if u, § satisfy
the above equivalent conditions (i) — (iv).

An ideal of MV-algebra M is a subset I of M, satisfying the following

conditions:
(I1): 0 €1,
(I2): p<dand 6 € I imply p €I,
(I3): u®§ €1, for every u,d € I.

The intersection of any family of ideals of M is still an ideal of M. For every
subset B C M, the intersection of all ideals of M containing B is denoted by
< B . A proper ideal I of M is a prime ideal of p if and only if u© € I or
dopel (or wAd e implies that p € I or 6 € I), for every p,6 € M.

In an MV-algebra M, the distance function d : M x M — M is defined by
d(p,0) = (1 ©9) ® (0 © w) which satisfies
(7): d(p,0) =0 if and only if u =4,

(id): d(1,8) = (3, ),

(1id): d(p,v) < d(p,0) & d(6,v),

(1): d(p,0) = d(u®,6°),

(v): d(p®dv,0 ®v) <d(u,d) ®d(v,), for every u,d,v,v € M.

Let B be an ideal of MV-algebra M. We denote p =p ¢ if and only if
d(u,d) € B, for every p,6 € M. So =p is a congruence relation on M. The
equivalence class containing p is denoted by % and % ={%& :p € M}. Then
(Jg,@, ,B) is an MV-algebra, where (&)° = % and & @ % = %‘?5, for all
1,0 € M. Let K and K’ be two MV -algebras.

A mapping ¢ : K — K' is called an MV-homomorphism if:

(H1): (0) = 0,

(H2): (@ 6) = () & (),

(H3): p(p®) = (¢ (n))°, for every p, 0 € K.

If ¢ is one to one (onto), then % is called an MV-monomorphism (epimor-
phism), and if ¥ is onto and one to one, then v is called an MV -isomorphism

(see [4]).

Lemma 2.1. [4] In every MV -algebra M, the natural order “ <7 has the
following properties:
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(i) <6 if and only if §° < u°,
(i) if u <8, then pu® X< I BN, for every u,d, A € M.

Lemma 2.2. [4] Let M be an MV -algebra and B C M. If B = 0, then
< B>=={0}. If B#0, then

<Bs={xeM:x<by @ - ®b,, for someby,--b, € B}
—_———
n times

Definition 2.3. [6, 7] (i) In MV-algebra M, a partial addition is defined as
follows:

1+ 6 is defined if and only if 4 < 6°, and in this case, p+ 9 = p @ 9, for every
1,6 € M. Moreover, if A+ p < A+ 4, then p <4, for any A € M.

(i1) A product MV-algebra (or PMV-algebra, for short) is an algebraic struc-
ture A = (A,9,.,°,0), where (A,®,°,0) is an MV-algebra and “.” is a binary
associative operation on A such that the following property is satisfied: if 1+ 9
is defined, then p. A+ 6.\ and A.pu+ A9 are defined and (u + 0).A = pu A+ 0.\,
A(p+0) = A+ A4, for every u, 6, A € A, where “+ 7 is the partial addition
on A.

A unity for the product is an element e € A such that ey = p.e = p,
for every p € A. If A has a unity for the product, then e = 1. A PMV-
homomorphism is an M V-homomorphism which also commutes with the prod-
uct operation.

Definition 2.4. [6] Let A = (A, ®,.,°,0) be a PMV-algebra, M = (M, $,°,0)
be an MV -algebra and the operation ® : Ax M — M be defined by ®(«, u) =
a, which satisfies the following axioms:

(AM1) If p+ ¢ is defined in M, then au + ad is defined in M and a(u +0) =
ap + ad,

(AM2) If o +  is defined in A, then au + yu is defined in M and (o +y)u =
o+ yp,

(AM3) (a.y)p = a(yp), for every o,y € A and p,6 € M, where “+ 7 is the
partial addition on M.

Then M is called a (left) MV -module over A or briefly an A-module. We say
M is a unitary MV-module if A has a unity for the product, that is

(AM4) 14p = p, for every p € M.

Lemma 2.5. [6] Let A be a PMV -algebra and M be an A-module. Then
a) Op =0,
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h) alp®y) < ap® ad,

i) d(ap, ab) < ad(u, 5),

j) if w =50, then ap =; ad, where I is an ideal of A,

k) if M is a unitary MV -module, then (au)® = a®u+ u®, for every a,v € A
and p,6 € M.

(
(
(
(

Lemma 2.6. [15] Let A be a PMV -algebra and M be an A-module. Then
d(ap,yu) < d(a,y)u, for every o,y € A and p € M.

Definition 2.7. [6] Let A be a PMV-algebra and M be an A-module. Then
an ideal N C M is called an A-ideal of M if (I4) au € N, for every a € A and
1 € N. Moreover, N is called a prime A-ideal of M, if ap € N implies p € N
ora€(N:M)={aeA:aM C B}, forany a € A and u € M.

Definition 2.8. [15] Let A be a PMV-algebra, M be an A-module and B
be an A-ideal of M. Then the radical of B is the intersection of all prime
A-ideals of M including B, and is denoted by Radas(B) or Rad(B). We have
Rad(B) = B, where B is a prime A-ideal of M. Also, if there is no prime
A-ideal of M including B, then we set Rad(B) = M.

Definition 2.9. [1] Let A be a PMV-algebra, and M be an A-module.
() UP#ATC M and

M = {ixltl cx; € At €T, for 1 <i<nandzit; + -+ xpty is defined in M},
=1

then we say that T has generated M, where “+ 7 is the partial addition. In
this case, we set M =< T > (Similarly, < T' > can be defined, if T is an infinite
set). If T' is a finite set, then M is called a finitely generated A-module. Also,
if T' has only one element, then M =< T > is called a cyclic A-module.
(17) Let § #£ T C M. We say that T is a basis for M if M =< T > and if
St xit; =0, where z; € A and ¢; € T, then x; = 0, for every 1 < i < n (that
is, T is a linearly independent set).
(#i7) If M has a nonempty basis, then M is called a free A-module.

Definition 2.10. [18] Let M be a unitary A-module and > ; afm; <
(>r, aym;)°, for every n € N, then M is called an Ay-module, where a; € A
and m; € M and 1 <i<n.

Note: From now on, in this paper, we let A be a PMV-algebra, and M be
an MV-algebra. Also, let Z(A) ( Z(M)) be the set of all ideals of A (A-ideals
of M), PZ(A) ( PZ(M)) is the set of all prime ideals of A (prime A-ideals of
M), and PZ;(A) (PZ;(M)) is the set of all prime ideals of A that contain
J € Z(A) (prime A-ideals of M that contain J € Z(M)).
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3. CHARACTERIZATION OF ELEMENTS OF RADICAL OF A-IDEALS

In this section, we define the notion of the envelope of an A-ideal in MV-
modules. Then by using of notion, as a fundamental result, we formulate the
elements of the radical of an A-ideal in MV -modules.

Definition 3.1. Let M be an A-module and B be an A-ideal of M. Then the
envelope of B is defined by
Ey(B) = {ze€eM:3me M,a€ A;x=am and VP € PZ(A),
Jec € A\ P such that (¢ ANa)m € B}.
Remark 3.2. Let M be a unitary A-module, and suppose that A has not any

prime ideal. Then by vacuity, it is proved that FEy;(B) = M, for every A-ideal
B of M.

EXAMPLE 3.3. (i) Let A = {0,a1,az,as} and the operations “@®” and “.” on
A are defined as follows:

D ‘ 0 ai ao as . ‘ 0 ay ao as
0 0 aq as as 0 0 0 0 0
ai a1 a1 as as a1 | 0 a1 0 ay
as a9 as a9 as a9 0 0 a9 as
as as as as as as 0 a1 as as

Consider 0° = a3, a§ = a2, a5 = a; and a§ = 0. Then we can show that
A=(A,®°,.0)is a PMV-algebra and M = (A,®,°,0) is an MV-algebra.
Now, let the operation ® : A x M — M be defined by ®(a, b) = a.b, for every
a € Aand b € M. It is easy to show that M is an MV-module on A and
B ={0,a1} is an A-ideal of M. Then Ep(B) = {0,a;}. Because A has two
prime ideals P, = {0,a1} and P, = {0,a2}. We have

Ey(B) = {zeM:3Ime M,a€ A;x=am and for P =Py, P,
Jece A\ P such that (cANa)m =0 or a1 }.

Consider x = a;. Then we have a; = aj.a1, that a = m = a;. If P = Py,
then we have ¢ = ag € A\ P; such that (a3 A aj)a; € B. Also, if P = Py,
then we have ¢ = a3 € A\ P such that (a3 A aj)a; € B. Hence a1 € Ep(B).
Similarly, we see that 0 € Ep(B). Note that as ¢ Ep(B). Because we have
as = as.az3 = as.as = as.az. For example, if we consider as = as.a3 and
P = Py, then there isno ¢ € A\ P; such that (cAaz)as € B. Similarly, we can
show that for other cases.

(i3) Let A be all the subsets of {a1,as2,a3,a4}, and M be all the subsets of
{a1,a2,a3}. If we consider @ := U and ©® := N, then A is a PMV-algebra,
and M is an MV-algebra. Also, M is a unitary A-module (with the external
operation defined by TX =T N X, for any T' € A and X € M). It is easy to
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see that B = {0, {a2}} is an A-ideal of M, and Ep(B) = {0, {a2}}.

(7i1) Let A be a PMV-algebra and M be an MV-algebra. If we define ® :
Ax M — M by ®(a,m) = am = 0, for every a € A and m € M, then M
becomes an A-module. Then for every A-ideal B of M, we have Ey(B) = {0}.
Because for every 0 # = € M, there is no any a € A and m € M such that
x = am.

(iv) Let A = {0, a1, as,as, a4, as, ag, a7} and the operations “&” and “.” on A
be defined as follows:

&) 0 a1 as as ay as ag ar
0 0 al a as a4 as ae ar
ay a1 aq aq as a4 as ar ay

a2 a2 Qa4 a2 ae Qa4 az ag ar
as as as ag as ar as ag ar
Gy Gy Qg a4 ar Qg ar ar ar
as as as ar as ar as ar ar
ag ae ar ag ae ar ar ag ar
ar az a7 ar ar az az ar ar

0 ai as as ay as ag ar

0] 0 0 0 0 0 0 0 0
ay 0 ay 0 0 ai ai 0 al
a2 0 an 0 a2 0 as an
az | O 0 0 as 0 as as as
aq 0 ay as 0 ag ai 0 ay
as | 0 ai 0 as ai as as as
ag | O 0 as as a9 as ag ag
a7 | O ai as as ay as ag ar

Consider 0° = a7, af = ag, a$ = as, a§ = a4, aj = ag, af = a2, af = a1
and a$ = 0. Then it is easy to show that A = (A,®,°,.,0) is a PMV-algebra.
Let M = {0,a1,a2,a3} be the MV-algebra that is defined in (i), and the
operation ® : A x M — M be defined by ®(a,b) = a.b, for every a € A
and b € M. Then it is easy to show that M is an A-module. We have
Z(M) = {{0}, {0,a1}, {0,a2}}. Then Ep(B) = B, for every B € Z(M).

The following example shows that, Fps(B) is not an A-ideal of M in general.

EXAMPLE 3.4. In Example 3.3(iv). If we define ® : Ax M — M by ®(a,m) =
ag, for every a € A and m € M, then M is an A-module. Now, for A-ideal
B = {0} of M, we have Ej;(B) = 0 that is not an A-ideal of M.

Proposition 3.5. Let M be a unitary A-module and B be an A-ideal of M.
Then
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(1) B C< Ep(B) »=C Rad(B);
(i3) If B is a prime A-ideal of M, then Rad(B) =< Ep(B) ».

Proof. (i) Let b € B. Consider b = 1b = (1 A 1)b. Now, since c=1¢€ A\ P,
for every P € PZ(A), we have b € Ep(B), and so B C< E(B) .

By definitions of < Ep(B) > and Rad(B), it is clear that < Ep(B) =C
Rad(B).

(i1) Assume B is a prime A-ideal of M. Then Rad(B) = \gcpepron P =B
and so by (i), Rad(B) =< Ep(B) ». O

The following example shows that in general < Ej(B) =¢ B and Rad(B) €<
Ey (B) -

EXAMPLE 3.6. (i) The standard PMV-algebra [0, 1] is a [0, 1]-module. We set
A =M =[0,1]. Then B = {0} is an A-ideal of [0,1]. Also, {0} is the only
ideal of A. Note that %9% ¢ {0}. Also, %6% ¢ {0}. It means that {0} is
not a prime ideal of [0, 1]. Therefore, by Remark 3.2, Ey(B) = [0, 1].

(73) Let A = {0,e} be the Boolean algebra with two elements. Consider the
standard MV-algebra M = [0,1]. If ® : Ax M — M is defined by ®(0,m) =0
and ®(e,m) = m, then M is an A-module. Consider the A-ideal B = {0} of
M. Then we have Rad(B) = [0,1] and < Ej(B) == {0}.

Lemma 3.7. Let M and M’ be two A-modules, and o : M — M’ be an

A-epimorphism. Then

(i) Kerp C Ex(p™(B"));

(i) Ex(p™H(B") € o~ (Enm(B"));

(iii) p(Em(B)) = EM/(@(B));

(iv) <= p Y (Em (B')) ==< Eum(p~*(B')) =, where B is an A-ideal of M

containing kergp and B’ is an A-ideal of M.

Proof. (i) We have

Eyu(p *(B)) = {x€M:3Ime M,ac A;x =am and VP € PZ(A),

Jece A\ P such that (cha)ym e o (B} ={x e M:
dmeM,a € A;z =am and VP € PZ(A),Jc € A\ P
such that (c A a)p(m) = p((c Aa)m) € p~H(B')}.

Now, for every z € Kerp, we can consider a = ¢ = 1 and m = z. Since

(1A 1Dp(x) = 0 € B, we have z € Ep(p '(B’)). Therefore, Kerp C

Em(p~'(B)).

(ii) Let z € Ep(p~1(B’)). Then there are a € A and m € M such that x =
am. Also, for every P € PZ(A), thereis c € A\ P such that (cAa)m € p~1(B’).
It means that (¢ A a)p(m) = p((c Aa)m) € B’ and so p(am) = ap( ) €
Ep(B'). Tt results that © = am € p~ 1 (Ep(B')). Therefore, Ep(p~1(B')) C
o (Bap (B).
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(7i1) Let y € p(FEp(B)). Then there is € Ej(B) such that p(z) = y. So
thereisa € A, m € M; x = am and for every P € PZ(A) thereis ¢ € A\ P such
that (¢ A a)m € B. Hence y = ap(m) and (c A a)p(m) € p(B). It means that
y € En(p(B)) and so p(Enm(B)) C En(p(B)). Now, let y € Env(p(B)).
Then there is a € A, m’ € M'; y = am’ and so for every P € PZ(A) there is
¢ € A\ P such that (¢ A a)m’ € p(B). Since @ is onto, there is m € M such
that p(m) = m’. Then (cAa)p(m) = p((cAa)m) € p(B) and so there is x € B
such that p((c A a)m) = p(x). It results that

(9(2))° @ p((c Aa)m) = 1 and so p(z° & (¢ Aa)m) = (p(0))°.
Hence
p((x° & (cAa)m))® = p((z° & (¢ Aa)m)®) = p(0) = 0
and so (z° @ (¢ A a)m)® € kerp C B. It means that (c Aa)ym &z € B.
Now, since z € B, we have (c Aa)m € B and so y € p(Em(B)). Hence,
En (p(B)) C p(Epm(B)) and therefore, p(En (B)) = Env (p(B)).
(iv) Let B’ be an A-ideal of M'. By (i), En(p~1(B’)) C o~ (Em/(B’)) and
S0
< En(p'(B) =C< o ' (Ex(B)) > .
Now, let € =1 (Ep/(B’)). Then p(z) € Ey/(B’) and so there are a € A,
m' € M’ and ¢ € A\ P, for all P € PZ(A) such that p(z) = am’ and
(cAa)m’ € B’. Since p is onto, there is y € M such that p(y) = m’. Hence
p((c A a)y) = (cAa)ply) = (cAay' € B,
So (cAa)y € p~1(B’) and so ay € Ep(p~!(B’)). On the other hand,

pzoay) = p(x0o(ay)°®) = p((=° @ ay)®) = (p(a® & ay))® = (p(z°)  p(ay))®
((am)® @ ap(y))® = ((am)® @ am’)® =1° = 0.

Then = © ay € kerp. By (i), kerp C< Ey(p~'(B')) =. Since ay €<
Ey(p~Y(B')) =, wehave x €< Ey(p~1(B’)) =. Hence, < o~ Y (Ey/(B')) =C<
En(p~'(B’)) = and therefore,

< o~ (Ear(B') === Enx(p~'(B')) - .
O

Theorem 3.8. Let M and M’ be two A-modules, p : M — M’ be an A-
epimorphism and B be an A-ideal of M containing kerg.
(¢) If Rad(B) =< Ep(B) >, then

Rad(p(B)) =< Em(p(B)) -
(1) If B" is an A-ideal of M' and Rad(B') =< (E(B') =, then
Rad(p~'(B')) =< Ex(p~ ' (B)) >
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Proof. (i) It is routine to show that there is an isomorphism between all proper
A-ideals of M containing B and all proper A-ideals of M’ containing p(B).
Then p(Rad(B)) = Rad(p(B)) and by Lemma 3.7(#4i),

Rad(p(B)) = p(Rad(B)) = p(< (Em(B) -) =< p(Em(B)) === En(9(B)) ~ .

(i) Similarly to (i), we have p~'(Rad(B')) = Rad(p~'(B’)) and by Lemma
3.7(iv),
Rad(p~'(B")) 9~ (Rad(B")) = o~ (= (Ear (B') =) == o~ (Ear (B')) =

= < Ey(p'(B))>.

O

Proposition 3.9. (i) Let f : A — S be a PMV -homomorphism. Then every
S-module can be considered as an A-module.

(ii) Let f : A — S be a PMV -epimorphism. If for every A-module M and for
every A-ideal B of M, Rad(B) == Ep(B) >, then Rad(B') =< Ep:(B’) >,
for every S-module M’ and for every A-ideal B’ of M'.

Proof. (i) Let © be an S-module. If we define
d:AXxQ— Qby &(a,x) = f(a)z,

then Q is an A-module. Because for every a,b € A and z,y € ), we have :
(AQ1) Let x + y is defined in Q. Then by (SQ1), we have

a(z +y) = ®(a,z +y) = f(a)(z +y) = fla)z + fla)y = ax + ay.
(AQ2) Let a + b is defined in A. Then a < b° and so a® @ b® = 1. Hence
(f(@)® & (f(0))° = f(a®) & f(b°) = fla®®b°) = F(1) = 1.

and so f(a) < (f(b))°. It means that f(a)+ f(b) is defined in S. Then by
(592), we have

(a+b)z = B(a+b,a) = fla+b)z = (f(a)+ F(b)x = f(a)a+ f(b)x = az +ba.
(AQ3) By (SQ3),
(ab)z = f(ab)a = (f(a).f(b)x = f(a)(f(D)z) = a(ba).

(i4) By (i), every S-module can be considered as an A-module. Since f is onto,
every A-module can also be considered an S-module. In other words, B (By)
is a prime A-ideal of M as an A-module if and only if B (Bg) is a prime A-ideal
of M as an S-module. Then

RadBY§ = RadB)y =< Ey(B)) === En(Bg) = .
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Note. IM = {>"" , a;m; : a; € I,m; € M and n € N}, where I is an ideal
of A.

The following example shows that in general, IM is not an A-ideal of M.

ExAMPLE 3.10. In Example 3.3(iv), I = {0, az2,as,ag} is an ideal of A. It is
easy to see that M = {0, aq,as}. Note that IM is not an A-ideal of M.

Lemma 3.11. Let B be an A-ideal of M. If B C (B: M)M, then
(i) (B: M)M is an A-ideal of M.
(i) B DM is an m—module,
Proof. (i) It is easy to see that (B : M) is an ideal of A. At first, we show that
(B : M)M is an ideal of M.
(I1) Tt is clear that 0 € (B : M)M.
(I)Letx € M,y € (B: M)M and x < y. Sincey € (B: M)M, for 1 <i <mn,
there are a; € (B : M) and m; € M such that y = > | a;m;. Now, since
a; € (B: M), we have a;M C B, for 1 <14 < n. It means that y € B and so
x € B. Since B C (B: M)M, we have x € (B: M)M.
(I3) Let z,y € (B: M)M. Then z = Y. ; a;m; and y = >, b;t;, for some
a;,b; € (B: M) and m;,t; € M. By renumbering, we have z @y = > .| ¢;k;,
where ¢; € (B: M) and k; € M. Then x @y € (B : M)M. Hence (B : M)M
is an ideal of M.
(I) Leta€ Aand y =Y., aym; € (B: M)M. By Lemma 2.5(h), we have
ay = az a;m; = alaymy ® agme ® -+ ® apmy,) < alaym) ® alagms) @
i=1
- @ alapmy) = (a.a1)my ® (a.az)me @ -+ ® (a.ap)my,.
Now, by (I2) and (I3), we get ay € (B : M)M. Therefore, (B : M)M is an
A-ideal of M.

M
(#4) By (), we can have quotient MV -algebra B DM Consider the map
) A « M N M by W( a m ) = am
"(B:M) " (B:M)M (B: M)M Y (B: M)’ (B: MM’  (B:M)M’
a A m M
f d . At first h,
OI‘eVeI‘y(B:M)E(B:M) an (BM)ME(BM)M Ir'st, we show
that U is well defined. Let — - — = —2 S L S
ab Bomwedamed Xy T BM) M B M) T (B:M)
for ever il 2 € A and i 2 € M
YW B M)y (B:M)  (B: M) (B:M) (B:M) ~ (B: M)M’
Then

d(ay,az) € (B: M) and d(my,msg) € (B: M)M.
We must prove that d(aimi,asms) € (B : M)M. We have

d(alml, a2m2) S d(alml, almg) D d(almg, agmg).
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By Lemmas 2.5(:) and 2.6,
d(aimq,a1ms) < ard(mq, mg) and d(ayma, asms) < d(ay,az)ms.

Note that
ald(ml,mg),d(al,ag)mg S (B : M)M

Hence d(aymq,aemsg) € (B : M)M and so U @22 pt pesults that

(B: M) (B:M)

¥ is well defined. Now, we show that m is an m—module:

A M mi mo M a
((BA: M) (B : M)Ml): Let (B:M)M' (B:M)M ~ (B:M)M " (B:M)
I If (B:A})MJF (B:]\z)M is defined, then
mi mo o ms
(B: MM = ((B:M)M) T (B: MM
and so by Lemma 2.5(f),

amq am$§ (amg)®
(B:M)M ~ (B:M)M = (B: MM’

ami armsg
It Its that
reSwts At B AN M T (B MM

is defined. Now, by (AM1), it is routine

to see that
a ( mq + mo ) . am;i ams
(B: M) (B: MM (B:M)M _(B:M)M (B: MYM’
A M a1 as A m

(w0 S @oan ™ B ©
M . Also, let

B MM +( is defined. Then B :IM) < ((B :QM))O

(B :IM)

as
B: M)

aim asm .

L 2. fi . N AM?2
and so by Lemma 2.5(f, ¢), (B:M)M+(B:M)M is defined. Now, by ( ),
we have

( a1 + a9 ) m - aim asm

(B:M) (B:M)(B:M)M (B:M)M ' (B: M)M’

A M

( 3): By (AM3), the proof is easy. O

(B: M) (B: M)M
In general, not necessarily B C (B : M)M.

EXAMPLE 3.12. (i) In Example 3.3(¢), let B = {0,a;}. Then (B : M) = B

and (B : M)M = {0,a;}. Note that B C (B : M)M.

(#) In Example 3.3(74i), let {0} # B be an A-ideal of M. Then (B: M) = A

and so (B : M)M = {0}. Note that B ¢ (B : M)M.

Theorem 3.13. Let B be an A-ideal of M and Radw (C) =< Ew (C) >, for

A
every m-module W and A-ideal C of W. Then Rad(B) =< Ep(B) .
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M A
Proof. By Lemma 3.11(i1), (B MM is a B M)—module. By the same
M

reason, we can consider as an A-module, too. We have that f :

(B: M)M

A A
A— m is a PMV-epimorphism. Since for every m—module W
and A-ideal C of W, Rady (C) is generated by Ew (C'), we can use Proposition

3.9(i7). So for every A-module W and A-ideal C of W, Rady (C) is generated
M
by Ew(C), too. Now, consider the A-epimorphism ¢ : M —

(B: MM

B M M
Note that m is an A-ideal of m Since B = @_1(m),
by Theorem 3.8(ii), we conclude that Rad(B) =< (Ep(B) >. O

In the following theorem, we present some conditions to identify the radical
elements of an A-ideal in M V-modules.

Lemma 3.14. Let A be unital, and X be a nonempty set. Then

(i) A (the copies of A that are indexed with X ) have a nonempty basis (we
denote it by K = {ez}rex)

(i) Denote i : X — AX) the function sending = to e,. Then for any f :
{e2Yoex — G there exists a unique A-homomorphism h : AX) — G such
that hot = f, where G is an arbitrary Ay-module.

(#i1) Every An-module is a homomorphic image of a free A-module.

Proof. (i) We construct a basis for AX). Let

Ej(x):{ 1 ifj==

0 otherwise

We show that K = {e,},ex is a basis for AX). Let {;};ex € AX). Since
1.y =~.1 =7, for every v € A, we have

{Vj}jeX = {71)07...}@{0)72’07...}@...@{07...7/)/”...}
= {71.17()7...}@{0772'1’07...}@...@{07... ,’Yn.l"'}
= ’Yl-{LO,"'}@72-{0,1,"'}@"'@’Yn~{07"' 71...}
= 1DV ® DVEn D
Note that y161 + -+ - + Ynen + - -+ is defined, and the elements of X have been
renumbered by N. Hence, AX) =< K >. Now, let ZjeX v;-€5 = 0. Then we

can see that v; = 0, for every j € X.
(41) By (i), K is a basis for AX). We define

h: AX) — Gy h(Y are) =Y arf(e),
teX teX

where a; € A, for every t € X. Let ), yaz.es = ) ,cx bpcr, for every
at, by € A. Then {at}tex = {bi}tex and so a; = by, for every t € X. Hence,


http://ijmsi.ir/article-1-2336-en.html

[ Downloaded from ijmsi.ir on 2026-09-01 ]

30 S. Saidi Goraghani, R. A. Borzooei

Y oiex at-f(et) =D e x be-f(e¢) and so h is well defined. It is clear that h(0) =
0. Let > ,c y as-€¢ + D 4c x be.€¢ be defined in A We have

> arer+ Y e ={ar+bi}ex.

teX tex

Then a; + b, is defined in A and so by (AG1), a.f(e¢) + by f(e¢) is defined in G
and

(ar + ;) f(er) = ar f(0r) + be f(0:)
for every t € X. Hence,

h(z at.€¢ + Z bt.Et)

h({at +bihiex) = Y (ar +be) f(er)

teX teX teXx
= > (acf(ee) +bef(er)) = Y (acf(er) ®bef(er))
tex tex
= Zatf(?ft)@ thf(st) Zh(z at.Et)@h(Z bt.Et).
teX teX teX teX

Now, let a € A and ),y as.e¢ € AX). Then

h(a. Z ar.er) = h({a.attiex) = Z(a.at)f(st) = Z alagf(et))

teX teX teX
= a Z arf(er) = ah{ariex.
tex
Finally, since

L= (h(0))° = h(0°) = h(1) = h(Y &) = Y f(et)
t=1

tex
we have

WD aer)?)

h(({ac}iex)®) = h({afhex) = h()_ afer) = Y af f(er)

teX teX teX
= > aifle) @ (O fe)* =D arf(er)®
teX teX teX
= (h(D_ aer))°
teX

for every ..y ar.er € AX) . Then h is an A-homomorphism. On the other
hand, hoi(e;) = h(er) = f(et). It is easy to show that h is the unique A-
homomorphism such that AX) is a free object on K.

(#4i) Let M be an A-module and X be a set of generators for M. Then by (i7),
the inclusion map f : X — M induces an A-homomorphism h : AX) — M
such that X C Im h. Since M =< X >, we have I'm h = M. Therefore, M is
a homomorphic image of a free A-module. O

Definition 3.15. A-module M is called a faithful A-module if {a € A: aM =
0} = {0}.
EXAMPLE 3.16. In Example 3.3(i7), M is a faithful A-module.
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Theorem 3.17. (i) If one of the following conditions holds, then for every
Ayn-module M,
Rad(B) =< (Epm(B) >
where B is an A-ideal of M :
(a) For every free A-module M, Rad(B) == (Ep(B) =,
(b) For every faithful A-module M, Rad(B) =< Ep(B) =,

(1) If one of the following conditions holds, then for every A-module M,
Rad(B) =< Ep(B) »

where B is an A-ideal of M :

(¢) Rad(0) == (EMm(0) =, for every A-module M.

(d) There is a PMV -algebra A’ such that ¢ : A’ — A is an PMV -epimorphism
and Rad(B') =< (Eyy(B') =, where M’ is any A’-module and B’ is any A’-
ideal of M.

Proof. (a) Let Q be an Ay-module and W be an A-ideal of . By Lemma
3.14(#i1), there is a free A-module F' such that ¢ : FF — ) is an A-epimorphism.
By hypothesis, Rad(¢~1(W)) =< (Er(¢~1(W)) =. Now, by Theorem 3.8(i),
we have

Rad(W) = Rad(¢(¢~'(W))) =< (Ea(g(¢~ (W) === Eq(W) ~ .

(b) Tt is clear that every free A-module is a faithful A-module. Then the proof
is similar to (4).
(¢) Let ©Q be an A-module and W be an A-ideal of Q. Consider the A-

Q
epimorphism ¢ : Q — W By hypothesis, for the A-module %, we have
Rad(7%) =< En(5%) - . Hence
0 0
Radq (¢~ (=) == (Ba(¢ (=
ada (¢ (377)) == (Eald™ (37)) =

and so Rado(W) =< (Eq(W) .
(d) Tt is the same as Proposition 3.9(i7). O

4. CONCLUSION

The radical of A-ideals in M'V-modules was studied. The definition of enve-
lope of an A-ideal was presented, and by using of that definition, a method (a
formula) for identifying the radical elements of an A-ideal was introduced. The
study of radicals of A-ideals plays an important role in the study of A-ideals
and their decomposition. In the future, we will continue on this path.
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