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ABSTRACT. In this article, we introduce and study Euler Catalan Riesz
sequence spaces of nonabsolute type. We obtain some topological proper-
ties and Schauder basis of the newly formed sequence spaces. Moreover,
we compute the a—, B—, y—duals and characterize some matrix classes on
this space. Finally, we prove that this sequence spaces are of Banach-Saks

type p and has weak point property.
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1. INTRODUCTION

One of the compelling integer sequence in mathematics is
1,1,2,5,14,42,132,429, ...

of Catalan numbers. The Catalan sequence was discovered by Leonhard Euler
in 1751 when searching for the solution to the question “How many different
ways exists to divide a polygon into triangles.” The name ‘Catalan’ is attached
to this sequence because the Belgian mathematician Eugene Charles Catalan
solved the parenthesization problem (see [10], Example 20.3) which is a situ-
ation where these numbers arise. These numbers have unique applications in
linear algebra, abstract algebra, analysis, topology, geometry, etc. The Bino-
mial coefficient of ¥*"* Catalan number is given by

1 (20
Co = 19+1(19)

(20)!
@+ 1)1l

The recurrence and the initial condition are given as

9
Cor1 = CuCon, Co=1,

n=0

which is the most important recurrence verified by the Catalan numbers. Also,
the non-linear recurrence relation

229+1)

Cy, Cop=1
9+ 2 ) 0 y

Cyy1 =

which is again satisfied by the Catalan numbers. For more applications regard-
ing Catalan numbers one can refer to ([10, 22]).

M. Ilkhan [12] defined the Catalan matrix C = (cg,) as

Cyt1

Celos it <9<,
C =
ve 0, if 0> 9.

Also, C~! = (c;;) of the matrix C is computed as

Cﬂcg*Q*’l

(—1)0-e—CSett _Hy . if0< o<,
0, if o > ¢,
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where Hy = 1 and

Ci Gy 0 .. 0

Co O Co ... O
Hy =

Cy Cy_1 Cy_o ... C)

V ¢ € N, where N denotes the set of natural numbers.
o

Suppose a sequence (g,) of positive real numbers and Qg = Zpg, V¢ eN.
0=0
Then, the Riesz mean R = (ry,) is defined by
o5 i 0<0<d,
9o =
0, if o> 19,

V 49, 0 € N. For more details about Riesz mean one can refer to (see [2, 3, 14,
24)).
Now, we define Euler mean & = (ey,) of unit order as

(2)

20

if 0<p<9,
€Yo =
0, if o>,

V 4, 0 € N. For more details about Euler mean one can refer to (see [4, 5, 6]).

By €, we expressed the space of all real or complex valued sequences. Also
by ¢,co and £o, we denote the spaces of all convergent, null and bounded
sequences, respectively. We denote the spaces of all absolutely, p-absolutely,
bounded and convergent series by /1, £,, bs and cs, respectively. Consider U
and V be two sequence spaces and £ = (lg,) be an infinite matrix of real
numbers, where ¢, p € N. Define a matrix transformation £ : i/ — V as the
sequence Lz = {Lyz}, if for every sequence z = (z,) € U. The L-transform of
z is in V, where

Loz = lypz, (9€EN). (1.1)
0=0
By (U,V), we denote the class of all matrices £ such that £ : U — V. Thus,
L € (U,V) if and only if the series on the right-hand side of (1.1) converges for
each ¥ € N. Let U be a sequence space. The matrix domain U, of an infinite
matrix £ is defined by

Ur={2=(2,) €eQ: Lz eU} (1.2)
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which is a sequence space. To know more about infinite matrices one can refer
to (see [1, 13, 16, 19, 20, 23]) and many others.

Consider a sequence space U with linear topology. Then U is said to be a
K—space provided that each of the maps p; : U — R given by p;(z) = z; is
continuous, Vi € N. A K—space U, where U is a complete linear space is called
an FIC space. An FIC—space whose topology is normal is called a BK —space.
For example, the space I, (1 < p < 0o0) and the spaces co, ¢, l are BK-space
with

e 1
P
2l = (D 1zel”) " and [zl = sup fo, |,
0=0 ¢

respectively. Consider a normed space U contains a sequence (b,) such that for
every z € U, there is a unique sequence (a,) of scalars as
v
z— Z aob,
0=0

lim =0,

then (b,) is said to be a Schauder basis for I/. For a detailed study about recent
results in summability theory one can refer to ([11, 17, 25, 27, 28]).

The multiplier space R(U,V) of Y and V is defined as
RU,V) ={A=(Np) € Q:pX = (upA,) € Vfor all p=(u,) €U}

From this notation, we can define a—, 83— and y— duals of the sequence space
U as

U™ =RU, L), UP =R(U,cs)and UY = R(U, bs).

Inspired essentially by the above mentioned studies, we introduce the concept of
Euler Catalan Riesz sequence spaces by means of Catalan matrix, Euler mean
and Riesz mean. First, we discuss some algebraic and topological structure.
Furthermore, we obtain basis for the sequence space and compute a—, 5—,v—
duals. In addition, we characterize some matrix mappings on the space. Also,
we examine some geometric properties of the newly defined sequence space in
the last section.

2. EULER CATALAN-RIESZ SEQUENCE SPACE AND ITS TOEPLITZ DUALS

In this section, we introduce the composition matrix C' = (€9,) obtained
by combining the Catalan matrix, Euler mean of unit order and Riesz mean
defined by

(19)C9C’(9—,Qq9 .
Ggp=1{ Coma, 0 HO0Ses?
0, it o> 0.
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Next, we define Euler Catalan-Riesz sequence space as
) CoCo—odp  |P
~ o~ o~ 04
@@ﬁj@:{ )eQ: E: <w}

733
Qz% 29Cy+1Qy
for 1 < p < co. By using (1.2), the sequence space ﬁp(EA, CA, ﬁ) may be redefined
as

gp(g’cvR) = (E;D)é-
Let y = (y,) be the C—transform of a sequence z = (o), ¥ 0 € N which is
given as

zg: C Cg idi
—;.
QQCnglQQ

Theorem 2.1. Fuler Catalan-Riesz sequence space Zp(g, 5, 73,) is a linear space
which is also a BK—space with the norm Hl'“gp(?éﬁ) = ||Cx|lp.

Proof. The proof is straight forward, hence we omit the proof. O
Therefore, the absolute type property does not hold on the sequence space
2,(€,C,R) because ||o:\|£p(§’5ﬁ) # |||x|||£p(5,5,7€)’ for atleast one sequence in

the space Ep(g,(?, 7/?\,), where |z| = (|z,|). Thus, we say that the sequence space
£,(€,C,R) is of non-absolute type.

Theorem 2.2. The sequence space Ep(g, 5, 7/5) is linearly isomorphic to l,.

Proof. To prove this theorem, we should show the existence of a linear bijection
between the spaces £ (5 C,R) and l,. Define a mapping T:¢ (éA‘ C,R) — I,
given by y = Tx. Clearly, T is linear and it is true that for every Tz =0 implies
that = = 0 which shows that T is injective.

Consider y € 1, and define the sequence = = (xy) as

O (DY (_1\9—inic, .
:Cﬂzz(i)( 1) "2 Ciga Hy—iQ

i 2.1
2 Cots Y (2.1)
Then, we have
oo 9 (Y C 019, q p\ 1/p
el s = (30|30 st ')
(&0 ot s 20Cy41Q0

Taking (2.1) into account, we have
1/p R
lall, ¢ c.) = (ZW) ~ Ilyll, = Iall, < oo.

Thus, T is norm preserving and z € Ep(g,(?,ﬁ). Hence T is surjective and

0,(E,C,R) = 1,. O
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Let us define a sequence b(?) = {béﬁ)}geN of the elements of ép(fj', C,R) for
every 9 € N,

Coqo

e\ (_1)e—Y9V
B (5)(=ne 2 Cﬂ+1He—19Q19’ if0<d <o
? 0, otherwise.

Theorem 2.3. The sequence (b'?)(t)),en is a Schauder basis for fp(cz,’\, C,R)
and every x € £,(€,C, R) has a unique representation of the form

z =Y A",
J

where Ay = (Cx)g, V9 € N.

Remark 2.4. Tt is well known that every Banach space X with a Schauder basis
is separa- ble.

From Theorem 2.3 and Remark 2.4, we can give following corollary:
Corollary 2.5. The sequence space Ep(é,(?,ﬁ), 1 <p < oo is separable.

To define the duals of this newly formed sequence space, we first study the
following lemma defined by Stielglitz and Tietz [21]. Throughout the study, A/
will denote the collection of all finite subsets of N.

Lemma 2.6. Consider G = (gy,) be an infinite matriz.

P
sup Z Z Goo| < 00, (2.2)
GeN o | vec
li = 2.
Jim gyo = g, Vo EN, (2.3)
sup goolP < oo. 2.4
%NZ| ol (2.4)

0
Then, the following holds:

(i) G € (I, 1h) iff (2.2) hold,

(ii) G € (Lp, c) iff (2.3) and (2.4) hold,
(i11) G € (Ip, 1) iff (2.4) hold.

Theorem 2.7. Consider the set a; defined by

> _1)e—990
"o {a = (ag) € N: sup Z Z (5)(=1)7"2"Co11Hy-9Quay

GeN 5o 0€G Coty

p
<oo}.

Then, [ép(EA, C,R)* = a.
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Proof. Suppose that (ay) € Q and x = (zy) is defined in (2.2), then we have

9
- Z —1)7= ZTCi-i—lHﬂ—iQia y
gLy = VY
pard Coqo
= (By)ﬂr

where B = (by;) is a matrix defined by

N(=1)P"2Cip1Hy—i Qs .
{ (D)(=17712'Cipa Hy ch7 for0<i<?®

bﬂz = 019 q9

0, otherwise.

Thus, we have ax = (agxy) € l; whenever x € Ep(c‘j’, a ﬁ) iff By € l; whenever
y € I, which gives [¢,(E,C,R)]* = a1. O

Theorem 2.8. The matriz T = Ky, 15 given by

=0

N (=1)27 2" Ci11 Ho i Qs

o | o OVt 0 < g <

0=
0, otherwise.

Then, [EP(EA, C,R)]? = as Nas, where

ag = {a = (a,) €Q: ﬂlim Kyo exists for each o € N}
— 00

D
<oo}

g 742 C1+1Hg 'LQl

)
v ;0 Cotpo

<i Q g 22 CH-IHQ 1Q1 >
a; |y
i— Coteo ¢

and

as = {a(ag)eQ supz

YveN

Ryp

Proof. Consider the equation

9
E Aoly =
0=0

i

M@?M%

I
o

0

= (Ty)v,

V9 € N. Hence az = (ayxy) € cs whenever zy € Ep(f, 5, 7%) iff 7y € ¢ whenever
(y9) € lp. Thus, we have

lim kg, exists for each o € N

¥—00
and
P
su K <00, (1<p<oo),
ﬁegz Yo ( p )
which gives [Ep(g,(?, R)]? = as N as. O
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Theorem 2.9. [ép(g', CA, 7%)}7 =

Proof. In a similar manner as in the above theorem one can easily get the proof
of this theorem. O

3. MATRIX TRANSFORMATIONS RELATED TO THE SEQUENCE SPACE
p(€.C.R)
In this section, we characterize the matrix transformations from ¢ (5 CA7 7%)
into any given sequence space V.
Also, since £ (5 C,R) = l, it is trivial that the equivalence = € ¢ (é\ C,R) if
and only if y € £, holds.

Now, we give the following two theorems to determine matrix classes on the
space £,(E,C,R).

Theorem 3.1. Suppose that V be any given sequence space and the entries of
an infinite matric B = (bg,) and D = (dy,) are connected with the relation

P i (9)(=1)77220Cp 41 Hy— o Q,
ve Coqy

0=0

for all 9,0 € N. Then, B € (¢ (g C.R): V) iff {byp}oen € {fp(é\,é\,ﬁ)}ﬁ for
ally €N and D € (¢, : V).

bgo, (3.1)

Proof. Suppose that V be any given sequence space. Consider that (3.1) holds
between B = (by,) and D = (dy,) and take into account that the space
Kp(g ,C,R) and ¢, are linearly isomorphic.

Suppose B € (Ep(g,aﬁ) : V) and take any y = (y,) € ¢,. Then, DC exists
and {by,}oen € a2 Naz which implies that {by,},en € ¢1, V¥ € N. Hence Dy

exists and thus
> dogy, = Zbﬂga:g, v € N.
0

Therefore, we have Dy = Bz which gives D € (£, : V).
Conversely, suppose {bg,}oen € { p(é’ C,R)} for all ¥ € Nand D € (¢, : V)
hold. Consider any = = (z,) € £,(&,C, R) Then Bz exists. Thus, we have
> A (—1)e"2'Cip1 HyiQ;
Zbﬁgmg Z [Z ( ) C - boi | Yo
0=0 0=0 -4i=0 oo
V¥ € N, that Dy = Bz and therefore B € (ﬂp(é\, C,R):V). O

Theorem 3.2. Suppose that V be any given sequence space and the entries of
an infinite matric A = (ag,) and B = (by,) are connected with the relation

e (¢ C;Co_iq;
bﬁg — Z (7,) o—i4d ig,

i=0 QQCQJFIQQ

Vd,0€N. Then, Ac (V:L,(E,C,R)) iff Be (V: 1)
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Proof. Suppose z = (z,) € V and consider the following equality

Z ( CCQ iqi

Zobﬂgzg = ZO 200,10, (Z:Oawz@), Yv,0 €N,
o= i

which yields as v — oo that (Bz)y = {C(Az)}g, ¥ € N. Since Az €

(¢p(€,C,R)) whenever z € V iff Bz € £, whenever z € V. O

~

4. GEOMETRIC PROPERTIES OF {,(¢&, g,
l

)

Here, we study some geometric properties of the space (g C, 7/@), (I1<p<
00).

Let (U, ]|.|lz¢) be a Banach space. Then U admits the Banach-Saks property if
every bounded sequence x = (xy) contains a subsequence z = (zy) such that
the Cesaro mean which is defined as

[
%Z%

=0
is norm convergent [7].

Further, U is said to have the weak Banach-Saks property whenever for any

weakly null sequence x = (zy) C U and there exists a subsequence z = (zy)
9

whose Cesaro means sequence %H Z z;j is norm convergent. A Banach space
j=0

U has Banach-Saks type p, if every weakly null sequence z = (xy) in Y admits

z = (z9) such that, for some G > 0,

9

>

i=0

< GO+ 1)P,
u

V¢ € N [15]. In [9] Gracia-Falset introduce the following coefficient:

RU) = sup{ﬂlim inf ||y —z|| : (x9) C B(U), 9 — 0 weakly, x € B(U)} < 2,
)
(4.1)
where B(U) is the unit ball of Y.

Remark 4.1. Suppose a Banach space U with R(U) < 2. Then U is said to
contain the weak fixed point property [9].

For a detailed study about Banach-Saks type p one can refer to ([8, 18, 26]).

Theorem 4.2. The sequence space ép(EA, é\, ﬁ) is of Banach-Saks type p.
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Proof. Consider a sequence (ey) of positive numbers such that ) ey < 1/2
and (zy) is the weak null sequence in B(¢,(£,C,R)). Fix ko = z9 = 0 and
k1 = x9, = x1. Then 3 g; € N such that

i kl (i)e(i)

i=g1+1

< €1.

6,(E.CR)

Since (xy) is weakly null sequence implying xy — 0 coordinatewise, then
3195 € N such that

< €1,

91 )
Z 29 (i)el
i=0

where 9 > 5. Set ko = xy,, so there exists g2 > ¢1 such that

£,(E,CR)

o0

> ka(i)el

1=g2+1

< éo.

6,(ECR)

Since xy — 0 coordinatewise, then 3 93 > 15 such that

g2 )
Z 29 (i)el
i=0

for ¥ > 3. Proceeding similarly, we can find two subsequences (g;) and (¢;)
such that

< €9,

£,(E,CR)

gj
ng(i)e(l) < g,
i=0 £p(E,CR)
for ¥ > ¥4, and
oo
o ki) < g
=gy 1 6,(ECR)
where k; = xy,. Thus,
9 gj—1 ‘ 9; v oo ‘
Sk = Z( ki@)e® 4+ > ki@)e® + kj(i)em) o
j=0 1£p(€,C,R) =0 N i=0 i=gj_1+1 i=g;+1 £p(E,C,R)
gj—1 9 9gj
< [ (Zwoe)| S X wee)|
j=0 N i=0 Lp(E,C,R) J=0 Ni=gj_1+1 Lp(E,C,R)
(X wee)|
Jj=0 Yi=g;+1 £p(€,C,R)
9 9j ) 9
< 2( T we)| sy
J=0 Ni=gj_q1+1 £p(E,C,R) j=0
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Clearly, ||x19||g gcr) <1 Thus,

0 9 9 g _—
. 1 . ! Cucifu u P
Z( 2 kjme@) =y |pe 5 kj<u>]
3=0 Ni=g;_,+1 £, (E,CR) j=0¢=gj,1+1 u=0 i+l
Ouc’l 'quu P
s Y|y Wb,
=0 i=0 | u=0 2'Cin1Qs
< J9+1.
Therefore,
Z( Z Goe)| <@
7=0 —1+1 ZP(57€77/€)
Since 1 < (9 + 1)Y/P, V9 € N, we get
9
>k < 14+ (0+1)MP
=0 (ECR)
< 200+ 1)V
Hence, Kp(g , 5, ﬁ) contains Banach-saks type p. |

~ o~ o~ ~ o~ o~

Remark 4.3. R(£,(€,C,R)) = R(l,) = 2Y/?, as £,(E,C,R) is linearly isomor-
phic to I,.

By using (4.1) and remark (4.3), we have

~ o~ o~

Theorem 4.4. (,(£,C,R) has a weak fized point property, where 1 < p < oo.
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