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1. INTRODUCTION

Let f: I C R — R be a convex function defined on a real interval I and let
a, b be two real constants in I such that a < b. The following inequality

() < /f SFGES 0} W

is well known in the literature as the inequality of Hermite-Hadamard (proved
by Charles Hermite in 1883 and rediscovered ten years later by Jack Hadamard)
[12, 13], it generates an estimate of the mean value of the convex function over
a bounded interval. In this context, the Hermite-Hadamard inequality, which

is, we can say, the first fundamental result for convex functions with a natural
geometric interpretation and many applications, has attracted and continues to
attract a great deal of interest in elementary mathematics. Many mathemati-
cians have devoted their efforts to generalize, refine, counterbalance and extend
to different classes of functions: quasi-convex functions, log-convex functions,
p-convex functions, etc. or apply it to special means (p-logarithmic means,
same average, etc.). In recent years there have been many extensions, gener-
alizations and results similar to the Hermite Hadamard inequality for convex
functions [1, 2, 3, 4, 5, 7,9, 10, 14, 15, 17, 18, 19, 20, 22, 23, 24, 26, 28, 29, 30,
31, 32, 33, 34, 35, 37].

In [11], Fejér established the following Hermite-Hadamard-Fejér inequality
which is the weighted generalization of the Hermite-Hadamard inequality (1.1):

Theorem 1.1. Let f : [a,b] C R — R be a convex function. Then the inequality

f<a+b>/ w(z)ds < _a/ i W/abw(x)dx,

(1.2)
holds where w : [a, b] — R is nonnegative, integrable and symmetric with respect
to (a+ ) /2.

Definition 1.2. Let f € L'[a,b]. The right-hand side and left-hand side
Riemann-Liouville fractional integrals J¢ f and Ji* f of order o € R, with
b > a > 0 are defined by :

S S@) = g [ em0m 0k e
b
R T A A (O AT

respectively, where I'(«) is the well known Gamma function.
In [31], Sarikaya et. al. gave Hermite-Hadamard’s inequalities in fractional
integral forms as follows.
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Theorem 1.3 ([31]). Let f : [a,b] — R be a positive function with 0 < a <
b and f € L'a,b]. If f is a convex function on [a,b], then the following
inequalities for fractional integrals hold:

a+b '« u .
f( ; ) < 2((b jail [J& f(b) + g f(a)] < w 1.3)

with o > 0.

In [9], Farissi obtained the following refinement of the inequality (1.1) with
a simple proof method.

Theorem 1.4. Let f : I C R — R be a convex function defined on a real
interval I and let a,b be two real constants in I such that a < b. The inequalities

a b a
f< ;b>§8§b1a/a f(x)dz < S gw, (1.4)

hold. Where
. ;f(b23a>+;f<3bza)’ (1.5)
(s T

In [9], the author also proved the result:

Theorem 1.5. Let f : I C R — R be a convex function defined on a real
interval I and let a,b be two real constants in I such that a < b. The inequalities

a b a
1(50) s <52, [r@awsso <TI0 )
hold. Where
S(t):tf<(2—t;a+tb)+(1_t)f((1—t)a—21—(1+t)b>’

S(t):%[f(tb+(1—t)a)+tf(a)+(1—t)f(b)]7 te0,1].

Definition 1.6 ([18]). A function f:I C R\ {0} — R is said to be harmoni-
cally convex, if

f (H(ft)b) < tf(a) + (1 - 0)f(b). (1.8)

for all a,b € I and ¢ € [0, 1]. If the inequality in (1.8) is reversed, then f is said
to be harmonically concave.

Theorem 1.7. [22] Let f : I C R\ {0} — R be a harmonically convex function
and a,b € I with a <b , if f € L*([a,b]). Then, we have:

f(fibb) ( ) / e) gy < H0)250) w9)
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Theorem 1.8. [24] Let f : I C (0,00) — R be a function such that f € L*[a, b,
where a,b € I with a < b. If f is a harmonically convex function on [a;b], then
the following inequalities for fractional integrals hold:

f( 2ab ) < ( ab )‘* Lo+ 1) {J%Jr(fog)(é)+J%7(fog)(l)} < M7

a+b b—a 21—« b 2
(1.10)
with o >0 and g(z) =1, z € [L }].
Definition 1.9 ([27]). A function w : [a,b] C R\ {0} — R is said to be har-
monically symmetric with respect to % if wiz) =w([at+b7t—a!] _1)

holds for all x € [a, b].

In [6], Chen and Wu presented a Hermite-Hadamard—Fejer type inequality
for harmonically convex functions as follows:

Theorem 1.10. Let f : I C R\ {0} — R be a harmonically convex function
and a,b € T with a < b, if f € L'([a,b]) and w : [a,b] C R\ {0} — R is

nonnegative, integrable and harmonically symmetric with respect to %, then
2ab \ [ w() b f@)w(z) fla) + f(b) [° w(x)

< < (111

f(a—i—b)/a 2 dx /a " dz 5 /a 2 dz. (1.11)

In [36], Zhang and Wan gave the definition of a p-convex function on I C R,
in [16], Iscan gave a different definition of a p-convex function on I C (0, c0):

Definition 1.11. Let I C (0,00) be a real interval and p € R\ {0}. A function
f: I — R is said to be a p-convex function, if

Floa? + (1= a)y?]7) < af(x) + (1 — ) f(y),
for all z,y € I and « € [0,1].

In [8, Theorem 5], if we take I C (0,00), p € R\ {0} and h(¢) = ¢, then we
have the following theorem.

Theorem 1.12. [16] Let f : I C (0,00) — R be a p-convez function, p € R\{0}
and a,b € T with a <b. If f € L[a,b], then the following inequalities hold:

s ({aijbP]p) P bﬂ de < M. (1.12)

2 — b —ap J, x17P - 2

Theorem 1.13. [22] Let f : I C (0,00) — R be a p-convex function, p €
R\ {0}, @ > 0 and a,b € I with a < b. If f € L'a,b], then the following
inequalities hold:

(i) ifp>0
aP +bP % I'(a+1) o o »
f<|: 2 } > < m Jap;rbp_'_(fog)(bp)""Jap;rzm_(fog)(a )
< f(a);—f(b)7 (1.13)
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with :
g(x) = x%w € [aP, bP],
(i) if p <O
f ([ap;—bp}p> < % J‘jp;w (fOQ)(ap)+JaP+bP (fog)(bp)
< f(a) ;‘f(b) 7 (1.14)
with.:

g(z) = x¥,x € [P, a?].
Definition 1.14. Let p € R\ {0}. A function w : [a,b] C (0,00) — R is said
to be p-symmetric with respect to [L;rbp]l/p if w(z) =w ([ap +bP — xp]l/p)
holds for all z € [a,}].

In [25], Kunt and i§can presented a Hermite-Hadamard—Fejer type inequal-
ity for p-convex functions as follows:

Theorem 1.15. Let f : I C (0,00) = R be a p-convez function, p € R\ {0}
and a,b € I with a < b. If f € L'([a,b]) and w : [a,b] C R\ {0} — R is
nonnegative, integrable and p-symmetric with respect to (#) /p, then the
following inequalities hold:

fqap—;bp]”p) / u(r)y / fayw() | f(a);f(b) /ab ;”ffﬁ b

(1.15)

The aim of this paper is to give some refinements for the inequalities (1.9),
(1.10), (1.11), (1.12), (1.13), (1.14) and (1.15).

2. REFINEMENTS OF SOME INEQUALITIES FOR HARMONICALLY CONVEX
FUNCTIONS

The main aim of this section is to prove estimations better than those of
(1.9), (1.10) and (1.11).

Theorem 2.1. Let f : I C R\ {0} — R be a harmonically convez function
and a,b € T with a < b, if f € L'([a,b]) and w : [a,b] C R\ {0} — R is

2ab
nonnegative, integrable and harmonically symmetric with respect to ib’ then

() [ < o e [0
p L/abw(;i)dch ;f()/a (f)dx,

x
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where
1 4ab 1 4ab
_ 1 1 2.2
¢ 2f(b+3a)+2f<3b+a>’ (22)
_ L)+ f(B) 2ab
L= 2[2+f arn)l (23)
Proof. Applying (1.11) on each of the subintervals [a, H] and [H,b] with H =
2ab
atb

Firstly, applying (1.11) on [a, H], we get:

() [ [

which implies

() [ e [ 20

Secondly, applying (1.9) on [H, b], we obtain

f(hﬁif)ﬁwéf)dxgﬁf(xgg(@d

thus

f(bféa)/: x? /f

Since ¢ is harmonically symmetric with respect to

/QHU;(;E)dx/I:wx(;B)dx

gfm>aﬂH2/Hw@mL

N

1) v,
H

2 2

f(0) + f (H) /b w(x)

i dz.
(2.5)
2ab

) we have

1 b
,/ w(@) g,
2/, a?

So, summing up (2.5) and (2.4) side by side we get:

() o GEL [ tens [ 25

J’_

\2[ b)+f( ) f(a)+f(H)””w<§>dx

2 2

2

. {f(b) S0 f(H)} /ab w)

As f is a harmonically convex function, so

a+b

2ab 234;?1) 3%117
f< ) = f [ 4ab 4a6;7

3a+b + 3b+a

<1f 4ab +1f 4ab
~ 27 \b+3a 2 \3b+a

267
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and
T2 IO _ Lftay + 7o) (2.7
LR+ )
> L[IOETO i
-,
which ends the proof. O

Corollary 2.2. If we choose w(x) =1 in (2.1), then we get

2ab f fa) + f(b)
/ (a + b) < b —a sls 2 '
Corollary 2.3. If we choose w(x) = ﬁ [(l - %)ail +(2- %)ail} in (2.1),

then by using the equalities

T2 o0)(0)+ T3 (fog)

we get
F(25) < e MG e+ tea)]
SPPYICES U]

Corollary 2.4. If we choose

w(:c){ iy -9, 2elaH]
s G- we[HY)

in (2.1), then by using the equalities

L (0 0)C) + T8 _(Fo0)(})

Gy e [0 )
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and
1 T\ P11\
p(a){/ (a_x> a:?dﬁ/;{(x_b) ﬁdx}
_ 21—a b—a @
F(a—!—l)( ab > 7
we get
b r b \*
f(aQib) s K(i—i”(bfa) {%:5+(f°9)(c1z)+J%§5—(fog)(z)]
o L @0 2:8)

h 2
So, we obtain a refinement of the inequality (1.10).
Theorem 2.5. Let f : I C R\ {0} — R be a harmonically convez function

and a,b € I with a < b , if f € L*([a,b]). Then there exist two real functions
I, L such that (1.9) takes the following form:

2ab ab [ f(z) f(a) + f(b)
/ <a+b) <UL(t) < b —a j ?dx <L) < -5 (2.9)

where

0= =07 (s o)+ (o)

L(#) = % [f (m“b) +tf(a)+(1—t)f(b)] te0,1].

(1-1t)a
Proof. Applying (1.9) on the subinterval [a, H;] with H; = (kf)%and t#£0
we get
f 2aH,; < aHy e f(x)dsc < f(a) +f(Ht),
a+ H; Hi—a J, x2 2
S0

2ab ab H, f(@) fla) + f (Hy)
f((?—t)b+ta><t[b—a] . a2 dz < 5 . (2.10)

Applying (1.9) on the subinterval [Hy, b] with ¢ # 1
we obtain 6

2H,b b [° f(z) f(b) + f (Hy)
f[Ht+b]<b—Ht a2 OFS 2 ’
thus
2ab ab b f(x) f(b) + f(Hy)
f((1t)b+(1+t)a><(1t)[ba] 22 TS 5 (21
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Multiplying (2.10) by ¢ and (2.11) by (1 —¢) then by summing up the obtained
inequalities side to side, we can deduce that

2ab 2ab ab b f(x)
“‘”f(<1—t>b+<1+t>a) ”f(<2—t>b+ta) Stoal, 22

ot)

S[f(H) + (A=) f(b) +tf(a)].

L(t)

As f is a harmonically convex function on [a, b], we get:

b 2ab

2a
2ab A—Db+(1+t)a (2—t)b+ta
! a+b =/ 2ab 1-¢ 2ab
aovraroe ) T =) 5=

<(1-0f <(1 - t)bac_bb(l +t>a) +tf ((2—3%)

< 100),
and
HOXIO _ 2110y + 1)
> S U7 (H) + (1= 070) + (o),
this achieves the proof. O

Lemma 2.6. Let f and g be two integrable functions on I. Then one has

b—a 2

G (G e [T (o

2ab
atb a+b
ab \¢ 2ab 1ot 1 2ab 1,1 1
= — ) —) | d - -)“ —]d
= {/; ey f<;,+;—x> e () }
1 f ab + ab
/2ta1|: (ta+(1—t)b) <tb+(1—t)a):|dt7 (2.13)
0

2

witha >0 and g(z) =L,z €L 1], abel a<b.

a’

Proof. We use the change of variables

t 1—-16)b
y:é+%—xtoprove (2.12) andx:¥topr0\/e (2.13).
a
Forz=g,y=¢+5-3 = y=,fore=58 y=1+,-55 =
b
y = 9 which gives (2.12),forx=§,a=m+(aﬁ = t=0forz =g,
ab

b= — t=1
tar(l_0b
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t —t
for o = 2 ( 7 = dt = —;*2dz. Using (2.12) we get (2.13). O
a

Theorem 2.7. Let f: I C (0,00) — R be a harmonically convex function and
a,b € I witha <b , if f € L*([a,b]). Then there exists a real function which
depends on « such that the inequalities (1.10) take the following form:

L) < Ll 10

(ags) <@ < (525) 1@ |1 o0+ st UoaG 2
(2.14)

)

with o > 0 and g(z) = L, 2 € [1,1],

Tz

' o (Yool 4ab 4ab
with K (o) = 525 [2 ¢! {f ((1+2t)b+(3—2t)a> +f ((1+2t)a+(3—2t)b>} dt.

Proof. Let Hy = #ﬁz“b,
on I = [a,b], we have for all z,y € I (by taking ¢ =  in (1.8)) we get
f( 2y > _ l 25,15 8y s ] _ 1f< day >+1f< day ) @)+ W)
- 4x 41 = =~ )
z+y 3$fy+3yfm 2 Y+ 3z 2 3y+=x 2
(2.15)

for x = Hy_4, y = H; and for all ¢ € [0, 1], we obtain from the inequality
(2.15), the following result

2ab 1 4H1_th 1 4H1_th
< = [t — ottt
f (a—i—b) = 2f <Ht +3H1t> + 2f (Ht +H1t)
f(Hio) + f (Hy)
D) )

t € [0,1].As f is a harmonically convex function

<

which allows us to write

4ab 4ab
f 2ab < f ((1+2t)b+(3—2t)a) +f ((1+2t)a+(3—2t)b)
a+b) 2
_FUH )+ F(H) _ f(a) + f(b)
~ 2 ~ 2 .
By multiplying the above inequality by 2¢t®~!, then integrating the obtained
inequality with respect to ¢ on [0, 1], we get :

1

() <o e [ (e eome) * (rame s o s @

[f(@) + ()]
2

[0}
= 21—«

1
[P et ane + s amyar<
Applying Lemma (2.6) we obtain:

1

() <a= o U (e amame) +f (arame o —am) ) @

K(a)

<oma (72) Plat D [, Foa) + It _(reap] <« LU0

b—a 2
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O

3. REFINEMENTS OF SOME INEQUALITIES FOR p-CONVEX FUNCTIONS

The main aim of this section is to prove estimations better than those of
(1.12), (1.13), (1.14) and (1.15). Also, some of the results obtained in this
section are reduced to the results obtained in the previous section in special
cases, as well as the improvements of the inequalities (1.1), (1.2) and (1.3) in
special cases.

Theorem 3.1. Let f : I C (0,00) = R be a p-convex function p € R\ {0}.
and a,b € I with a < b. If f € L'[a,b], then there exist two real numbers M
and F such that (1.12) takes the following

[a? + bP] b w(x w( b fz)w(x)
f( : )dexg M S/Wd

< ]__/ a)+f()/(; Il(—xz)adx’ (3.1)

M;[f<W}”‘”>+f(W]””>L

M+f<{ap+bpr/p>

where

f:

N —

2 2

Proof. Applying (1.15) on each of the subintervals [a, A,] and [4,,b] with A, =
[aerbp] p

Firstly, on the subinterval [a, A,] inequality (1.15) transform to :

aP + AD v Ap w(z) P f(xz)w(z) +f (Ap) [Ar w ac)
f([ 2 p} >/a ;tlfpdxg/a zl-p de ’ / zl- P
which can be written
3aP + bP|1/P Ap w(zx) Ap f(z)w(x) —I—f (Ap) [Ar w(:v)
f ([ 4 ] ) /a zl- d < @ xl-p dz ’ / xl= p

(32)
Secondly on the subinterval [Ay,b] the inequality (1.15) leads to :

AP 4 pp % w(x) b f(@)w(z) F(Ap) + F(b) b w(z)
f<[ 2 })/Apxlp e da < 2l /Apxl_pdm,

which takes the form:

aP + 3P 1P\ b w(x) b fx)w() F(Ap) + f(b) [b w(z)
f([ . ] >/Apml_pdz</Ap S dr < S /Apml_pdx. (3.3)

Since g is p-symmetric with respect to A,, we have

A b b
/a Tl*p dx = /A rlfp dz = i/a rlfp dz. (34)
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By summing (3.2) and (3.3), also via (3.4), we get :

" f@)w(@) " w(x)
< /;41) de < ]:/(; xlfpdx'

As f is p-convex function on [a, d], so :
1/1))

Sl () ()] -

3a? P a? 3bP
4 + 4 + 4 + 4
2

f(Ap):f(

and
fla)+ F(b) _ 1 [ fla)+ f(b) a” + 717\ |
3 73 5 T2 ([ 2 } )] =F
This ends the proof. O

Corollary 3.2. If we choose w(z) =1 in (3.1), then we get

f({ap+bp]p> bp_ap/ f(z g]:gw, (3.5)

2

Remark 3.3. (i) For p = 1, the inequality (3.5) reduces to the inequality (1.4).
(ii) For p = —1, the inequality (3.5) reduces to the inequality (2.1).

Corollary 3.4. If we choose

(fie-erew o

ﬁ (a? — 2P)* " 4 (2P — o)

p >0,
w(zr) =

p <0,
in (3.1), then by using the equalities
Jio 1 (f 0 9)(0°) + J5 _(f 0 g)(a”)

% /ab [(wp _ ap)afl + (P — xp)afl} il(z)gdx’ g(z) = 27 p >0,

Jio(f 0 9)(a?) + Jgo_(f 0 g)(07)

)
- P /b [(ap S bp)a_l} /(@) dz, g(x) =z p <0,

T(a+1) xl-P
and
p p _ .pya—l — 2 P _ P\
() / T —a) ]xlfpdz T(a+1) (67 —a")%,p>0,
p a 1 P _ a—1 1 _ 2 P _ P\
() / + (zF = b7)* ] :clfpdz - I(a+1) (67 —a")%,p <0,
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we get

aP +bP 75 Pla+1
f<{ s ]) < M<ﬁ[J5p+<f°9><bp>+J?Pf(fog)(“p”

f(a) + f(b)
2 )

< F< p>0, (3.6)

and

; ([a“rbp} P) < M< Pla+1) [JS_(f 0 g)(BP) + I, (f 0 g)(aP)]

2 2 (a? — bP)*

o Fel@rit)

p<0. (3.7)
Remark 3.5. (i) For p = 1, the inequality (3.6) reduces to a refinement of the
inequality (1.3).

(ii) For p = —1, the inequality (3.7) reduces to the inequality

2ab ab \*T(a+1) [, B N ,

! (a-l—b) s fs (m) T2 [Jeci_(foa) ™) + Ja (fog)(a™)]

fla) + F(b)
2 ?

< L<
where ¢ and L are as in (2.2) and (2.3).

Corollary 3.6. If we choose

s (2P —a?)* Tz € [a, Ay aP + b?
’LU(LE) = 1 pyo—1
oy (P —aP)" 7, @ €[4y, 0]

e

—
Z

Z

in (3.1), then for p > 0, by using the equalities

Sary (fog)(?) + T4 (fog)(a?)

_ b ' p_ gt £(2) e p_ gyt £(@)
= T {/ (BP — aP) xlfpdx—’—/a (z? — a?) xlpdx}

Ap
and
1 b ) A, 1
F(a){/Ap (bP — 2P)* T pdx+/a (2P — aP)* xlpdac}
- I‘(i :1) (6" = )",
we get

2 = Qlfa(bp _ap)a M

(@) + 1(6)
2

f<[ap+bp]p> < M<_LletD [ +(fog)(bp)+f3p+w_(fog)(a”)}

< F<l (3.8)

So, we obtain a refinement of the inequality (1.13).
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Similarly, for p <0, if we choose
a—1
{ (1 (aP — xP) , TE [a,Ap} A aP + bP

!
)

w(x) =

ey (@ =) welapt T2

in (3.1), then we get

aP 4+ bP % T'(a+1) o o
f <[ 2 :| > < M< m JaP;erJr(foQ)(ap)+JaP;er7(f°9)(bp)

< ref@rit)

(3.9)
So, we obtain a refinement of the inequality (1.14).

Remark 3.7. (i) For p = 1, the inequality (3.8) reduces to the inequality
a+b INa+1
H(550) < v e g0 12 )

2 = 2l-a(h —q)
< s< {0

where s and S are given in (1.5) and (1.6).
(ii) For p = —1, the inequality (3.9) reduces to the inequality (2.8).

Theorem 3.8. Let f: I C (0,00) = R be a p-convex function p € R\ {0} and
a,b € I with a < b. If f € L[a,b], then there exist two real functions M(t)
and F(t) such that (1.12) takes the following

P cant < 2 [ e < r < 0TSO, o
where

—t)aP 1/p — H\aP p11/p
M(t)=(1—t)f<[(1 J ;r(lﬂ)bp} >+tf<[(2t)2+tb} )

F(t) = % [t7(@) + (=07 ®) + (1= ya? +07]'/7)] , t € [0,1].

Proof. Let Ap(t) = [(1 —t)a? + to?)"'? | t € [0,1]. Applying inequality (1.12)
on each of the subintervals [a, A,(t)] ;  [Ap(t),b] for all ¢t € [0;1].
Firstly on the subinterval [a, A,(t)] with ¢ # 1 inequality (1.12) becomes :

[a? + Ap(8)]? p 4O f(x)

< @)+ SA0)

which gives

— t)aP 1/p Ap() (g a
f<r2t)-ﬂw} ><“ p / @) o J(@)+ F(Ap(0)

2 bP — aP) pl-p " 7 2
(3.11)


http://ijmsi.ir/article-1-2288-en.html

[ Downloaded from ijmsi.ir on 2026-06-14 ]

Some Further Refinements of Hermite-Hadamard Type Inequalities for Harmonically ... 211

Secondly on the subinterval [A,(t),b] inequality (1.12) becomes :

f<[bp+[<1—t>ap+tbpni>< P / 1@ .

2 S [or — AD®)] S a4 2P
< f(b) +J2C(Ap(t))’

which allows us to write

(1—t)a? + (1 + t)pp /P P b f(2) f(0) + f(Ap(t))
f({ } ><<1t> / s

2 bP — aP Ap(t) zl-p 2

(3.12)
Multiplying (3.12) by (1 —t) and (3.11) by ¢ and summing up side to side, we
get :

(1—t)f<{(1—t)“”+(1+t)b”]1/p>+tf<{(2—t)“p+tb”r/p>< P GO

2 2 S —qr f, zl-P

< S [tF(@) + (L= 050) + F(Ap(0)].

F(t)

As f is a p-convex function on [a, b], so we can easily write :

s ([jﬂ”) < M),

and
fla) + f(b)
2
the proof is ended. O

> F(t),

Remark 3.9. (i) For p = 1, the inequality (3.10) reduces to the inequality (1.7).
(ii) For p = —1, the inequality (3.10) reduces to the inequality (2.9).

Theorem 3.10. Let f : I C (0,00) — R be a p-convex function p € R\ {0}
and a,b € I with a < b. If f € L'[a,b], then there exists a real function S(«)
such that Theorem (1.13) takes the following form :

(i) if p>0
[a? + bP]P D(a+1) . o
f (2) < S < m Jal’;»bl’_,'_(fog)(bp) + Japgbp_(foéi)(ap)
ORSI0 (313
< 2 ) .
with :

g(z) = m%,x € [a?,b"]
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where
1/2 14 2t)aP + (1 — 2t)pP | /P 14 26)bP + (1 — 2t)aP |1/P
e g [ ([ sz ) ([ s ),
— /s

(ii) if p < 0

aP bP % '«
. M (3.14)

with
g(z) = x¥,x € [P, a?).

Proof. Let p > 0, and f be p-convex function, so we have :

s ({xﬁ—;yzﬁ]l/zj iy ( UP) 51s)

; ({W}l/l)) ny <{312+yp}1/p>
2

'y P 3yP

3z?P z
T T
2

<
and
ORI (=) Zf (=17) (310

If we choose © = A,(1 —t) = (ta? + (1 — t)b”)% and y = Ay(t) = (tbP + (1 —
t)ap)% in (3.15) and (3.16), then we get

1/p 1/p
(14+2t)aP+(1—2¢)b" (14+2t)bP+(1—2¢)a”
f<{ap+bp]””> fq 1 ] )ﬂc({ i ] )
err <

2 2

and

(142)aP+(1—2¢)bP 1/P> ( (1426)bP 4 (1—2t)a? UP)
F(Ap(1—1) + F(Ap(e) 7 S e B0 R (s

2 2
f(a);rf(b) > f(Ap(l—t)g-i-f(Ap(t))

but, we have i.e

1/p 1/p
(142t)aP+(1—2¢)b" (14+2t)bP+(1—2¢)a”
fqaubp]””) fq 1 ] )ﬂc({ i ] )
<

2



http://ijmsi.ir/article-1-2288-en.html

[ Downloaded from ijmsi.ir on 2026-06-14 ]

Some Further Refinements of Hermite-Hadamard Type Inequalities for Harmonically ... 213

Multiplying the above inequalities by 2t®~!, then integrating the result in-
equalities with respect to t on [0,1/2), we obtain :

R e

w ([(1 + 2t)bP Z (1- Qt)ap] 1/;,)} @

< oo [ e - o + sagwar < 1O,
As:
o (12
217_a/0 T F(Ap(1 = 1)) + f(Ap(t))] dt
— a0 ) + T (o g)(a”)]
and

o /2 ., (1 + 2t)aP + (1 — 2t)bP | 1/P (1 + 26)bP + (1 — 2t)aP | /P 3
Ql—a/o t [f <|: 1 :| )+f <|: 1 :| dt = S(a).

So, we get

a b 1/p «

F@) + 1)

<
- 2

We prove (i3) as (i) . O

Remark 3.11. (i) For p = 1, the inequality (3.13) reduces to the inequality

a? + b7]7 ra+1) [ ) )
f <[2]) < Sl < m |:Jaz);rw (fog)(b )+Jap+w (fog)(a )}
. f@+ o)
- 2

where S(a) = 5% 01/2 g [f (WLM> +f (M)} dt

(ii) For p = —1, the inequality (3.14) reduces to the inequality
1
[a? + bP]®

where

_ a /2 1+2t)a=t+ (1 —20)p"1]7! A+2b~ 1+ (1 —2t)a=1] 7!
S(a) = oo /0 ¢ [f ([ > ] iy - at.

IN

( +1) « P o D
5(@) < grae e [T (F00)@) + T _(Fo0) ()]

fa) + f(b)
2 )

IN
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4. CONCLUSION

In the article, we provide refinements of the Hermite-Hadamard inequality,

harmonically convex and p-convex functions. Our proved results can be pre-
sented as improvements and extensions of some exiting results. We can obtain

more results with respect to the type of convexity.
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