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ABSTRACT. Li et al. (2021) obtained the generator polynomials and the
minimal generating sets of FqF[u]-linear skew cyclic codes, where g is a
power of a prime integer and u? = 0. In this paper, we determine the
structure of dual of these codes in terms of their generating polynomials
and we illustrate the dual of some special FqF,[u]-additive skew cyclic

codes.
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1. INTRODUCTION

The class of constacyclic codes plays a very significant role in the theory of
error-correcting codes. The most important class of these codes is the class of
all cyclic codes. The ZsZ4-additive codes are subgroups of the group Z§ x Zf .
These codes are observed as a generalization of quaternary and binary codes
for « = 0 and 8 = 0, respectively. Abualrub et al. studied ZsZ4-additive cyclic
codes in [1]. Inspired by this paper, Aydogdu et al. presented the structure

*Corresponding Author

Received 13 February 2022; Accepted 25 December 2023
(©2026 Academic Center for Education, Culture and Research TMU
181


http://ijmsi.ir/article-1-2285-en.html

[ Downloaded from ijmsi.ir on 2026-06-08 ]

182 S. Bagheri, R. Mohammadi Hesari, E. Shahpouri, K. Samei

of cyclic and constacyclic codes and their duals in [2]. Borges et al. carried
the findings on Z7Z4-additive cyclic codes over Zj,-Zys-additive cyclic codes for
any prime p, in [4]. In order to generalize the concepts appeared in [4] and [2],
Mahmoudi and Samei (in [12]) introduced and investigated the SR-additive
codes as R-submodule of S® x R®, where R is an arbitrary finite commutative
ring and S is a finite R-algebra.

The detailed structures of all constacyclic codes of length p® over Ry, =
Fpm + uFpm (with u? = 0 ) has been classified in [7]. Dinh et al. [8] studied
the stucture of self-dual cyclic codes of length p® over Rs.

One of the most applicable generalizations of cyclic codes is the class of skew
cyclic codes which were introduced by Boucher in [5]. The algebraic structure
and some properties of these codes over finite chain rings and their Euclidean
and Hermitian dual codes have been established in [10]. Hesari et al. in [9]
determined the structure of (Euclidean) dual of some special skew cyclic codes
of length p® over Ry and identified all self-dual codes in this category. Li et al.
have studied the F,F,[u]-linear skew cyclic codes in [11].

The purpose of this paper is to continue the investigations done in [11] and
to determine the structure of the (Euclidean) dual of F,F,[u]-additive skew
cyclic codes obtained there.

This paper has been organized as follows. Section 2 contains some basic
definitions, notations and specifics of the F,F,[u]-additive skew cyclic codes,
where u? = 0. These codes have been classified into eight different types in
terms of their explicit generator polynomials. Section 3 is divided into two
parts. In Subection 3.1, we calculate the dual of F,F,[u]-additive skew cyclic
codes. Finally, in Subsection 3.2, as an application, we provide some examples
of FyF,[u]-additive skew cyclic codes and compute their duals in terms of their
generating polynomials.

2. PRELIMINARIES

In this section, we present some basic definitions, notations and previous
results related to our work.

A ring R is a principal left ideal ring if it has unity and every left ideal is
principally generated. R is called a local ring if R has a unique maximal right
(left) ideal. Furthermore, a ring R is called a chain ring if the set of all ideals
of R is linearly ordered under set-theoretic inclusion.

Definition 2.1. Let R be a finite commutative ring and ¢ be an automorphism
of R. Consider the ring R[x;0] = {ap + a17 + agz?® + ... + apz™ :  a; €
R and n € Ny}, where the addition is defined to be the usual addition of
polynomials and the multiplication is defined by the basic rule za = o(a)z (a €
R). The multiplication is extended to all elements in R[z; o] by associativity
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and distributivity. The ring R[z; o] is called a skew polynomial ring over R and
every element in R[z;o] is called a skew polynomial. It is easily seen that the
ring R[x; o] is non-commutative unless o is the identity automorphism on R.

Proposition 2.2. [10, Proposition 2.2] Let R be a finite commutative ring, n
be a positive integer and A be a unit in R. Then the following statements are
equivalent:

i) ™ — X is central in R[z;0o].

i1) (x™ — A) is two-sided.

i11) n is a multiple of the order of o and X is fized by o.

Definition 2.3. A code C of length n over R is a non-empty subset of R and
the ring R is referred to as the alphabet of C'. If C' is also an R-submodule of
R™, then C' is called a linear code.

For a given automorphism ¢ of R, a code C over R is called skew o-cyclic,
if C' is closed under o-cyclic shift p_ : R — R™ which is defined by

0. ((ao, ai, ..., an,l)) = (U(an,l),a(ao), ey a(an,g)).

Each codeword ¢ = (¢, c1, ..., Cn—1) is customarily identified with its polyno-
mial representation c(r) = ¢y + c12 + ... + ¢, 12"~ 1. In particular, if o(o) | n,

then L)
of ¢ = (co,c1, ..., Cn—1). In this way, C is a skew cyclic code of length n over R

if and only if C is a left ideal of % When there is no ambiguity, we say

is a ring and the polynomial zc(x) corresponds to the o-cyclic shift

“skew cyclic” instead of “skew o-cyclic”.

Proposition 2.4. [10, Proposition 2.3] Let h(x),g(x) € R[x;o]. If h(z)g(x) is
a monic central skew polynomial, then h(x)g(z) = g(x)h(z).

Let F, denote the finite field with ¢ elements and § be a primitive (g — 1)-th
root of unity in Iy, i.e.,

F, ={0,6,---,8972, 677 =1}.

Suppose that Ry = F, + ulF,, with u? = 0. It is known that Ry is a chain
ring with the unique maximal ideal ulF,.

Lemma 2.5. [10, Corollary 2.1] For 6 € Aut(F,) and n € F}, let
Og, : Fg +uFy — Fy + ulfy,

be defined by
Op,n(a + bu) = 6(a) + nb(b)u.

Then Aut(F, +uF,) = {Op, : 6 € Aut(F,) and n € F}}.
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As we saw in the above lemma, every automorphism of F, + ulF, is of the
form Oy . From now on, let n =1 and ©y ; will be denoted by ©.

We say that f(x) is a right divisor (left divisor) of g(x) in Fylx, 6] and we
write f(x) |» g(x) (f(z) |1 g(x)) if there exists a skew polynomial h(z) such
that g(z) = h(z)f(z) (9(x) = f(z)h(z)).

Definition 2.6. Suppose f(z), g(x) are skew polynomials in F, [x; 0]. The great-
est common right divisor of f(x) and g(z) is the monic polynomial d,.(x) €
F,[z; 0], where d,(z) |, f(x),d(x) |- g(z) and for any d.(x) € Fy[z;0] such
that d.(z) |, f(z) and d.(z) |, g(x), we have d.(z) |, d,(z). We denote d,(z)
by ged,.(f(z), g(x)).

The greatest common left divisor di(z) of f(x) and g(x), written
di(x) = gedy (f(2), g())

is defined in the same manner using left division.

Definition 2.7. The least common left multiple (Icm;) of f(x) and g(x) is the
unique monic polynomial m;(z) = lem; (f(z), g(x)) such that f(z) |, mi(z), g(x) |,
my(z) and for any m/(z) € Fylx; 0] such that f(z) |, m'(z) and g(z) |, m'(z),
then we have m;(x) |, m/(z).

Lemma 2.8. [13, Page 486] Let f(z) and g(x) be skew polynomials in F[x; 6].
Then,

deg(lemy (f(z), 9(x))) = deg(f(x)) + deg(g(x)) — deg(ged,(f(2), g(x)))-

Lemma 2.9. Let f(z), g(x), h(z) and c(x) be skew polynomials in the ring
Fylx; 0] such that c(x) is a central element. If

f(@)g(z) =0 (mod c(z))
and
f(@)h(z) =0 (mod c(z)).
Then,
f(x)gedy(g(x), h(x)) =0 (mod c(z)).
Proof. By the hypothesis, f(z)g(x) = k1(z)c(z) and f(x)h(x) = ka(z)c(x), for

some k1(x), ka(x) € Fylz; 6]. In other hand, there exist a(z) and b(x) in Fy[x; 6]
such that

g(x)a(z) + h(z)b(x) = gedy(9(x), h(x)).
Hence, f(z)g(x)a(z) + f(x)h(x)b(x) = f(x)gedy(9(x), h(x)). We have
ki(z)e(z)a(z) + ko (z)e(z)b(z) = f(z)ged; (9(x), h(x)).
h(

Since c(x) is central element, then c(z)|f(z)ged;(g(x), h(z)).
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Throughout this paper, we use the following symbols for simplicity:

o Ry =F,[u] =F, + ulF,.
e m = lem(a, 5).

d Rl,k = ?‘;J??])7 for k = a757m'

o R, = ?;,[af%}, for 7 = B,n,m.

) R:Rl,a X Rﬁ

In this paper, we assume that o(0) = o(f) | ged(e, 8), where a and 3 are
positive integers and o(0) is the order of 6. By Proposition 2.2, (z* — 1) and
(x# — 1) are two-sided ideals of Ry[z;©].

Since 2® — 1 and z” — 1 are monic central skew polynomials, by Proposition
2.4, right divisors of 2% — 1 and z” — 1 are two-sided divisors.

Let o : Ry — F,, be the natural ring morphism, defined by p(ag + uai) =
ag. We consider the set

F, x Ro = {(alb): a€F,be Ry}
By the following scalar multiplication, F; x R is a left Ro-module,
>f<Z.R2><(IFq><R2)—>]F,1><.R27
v+ (alb) = (u(v)alub).
This multiplication can be extended to the set Fy x Rg in the following way.
For any v € Ry and (ao, a1, .., aa—1|bo, .., bg—1) € Fg x Rg define
v (ag, a1, .., Gq—1|bo, .., bp—1) = (W(V)ao, u(v)as, ..., w(v)aag—1|vbo, ..., vbg_1).
Definition 2.10. A non-empty subset C' of Fg x Rg is called an FFg[u]-
additive skew cyclic code of length n = o + B, if C' is a left Rp-submodule of
Fo x R.
There is a bijective map between Fy x RY and R = Ri,a X Rg given by
(a0, oy G100, ooy bp_1) — (a0 + -+ a1 Hbo+- - +bs_12° ") = (a(x)|b(x)).
Suppose (f(z)|g(z)) € R and v(x) € Ra[z; ©], we have
x: Ro[r; 0] X R — R,
v(z) * (f(2)lg(x)) = (v (2))f(x)v(z)g(x)),

where
a—1 a—1
p((@) = p(d>_ via?) = p(v)a?
7=0 =0


http://ijmsi.ir/article-1-2285-en.html

[ Downloaded from ijmsi.ir on 2026-06-08 ]

186 S. Bagheri, R. Mohammadi Hesari, E. Shahpouri, K. Samei

and v; € Rs.

Note that the skew polynomial ring F,[x;6] is not a unique factorization
domain. In fact, many different factorizations may be possible in this domain.
The ring Ro[xz; O] is neither left nor right Euclidean. However, left and right
divisions can be defined for some suitable elements. Let f(z),g(z) be skew
polynomials in Ry[x; ©], where leading coefficient of f(x) is a unit in Ry. Then
there exist ¢(x), r(x) € Ra[z, ©] such that g(x) = q(z) f(x)+7r(z), where r(z) =
0 or deg(r(x)) < deg(f(z)). Note that g(z) and r(z) are unique.

Set Fi := {a(x) € Fyz;0] : a(x) is a monic factor of 2% — 1}, for k =
a, B,m.

Proposition 2.11. [5, Theorem 1] The ring R i is a principal left ideal ring,

in which left ideals are generated by a(z) + (z* — 1), where a(z) is a monic
divisor of 2% — 1 in F,[x;0].

It is well known that Ry = F, + ulF, is a finite chain ring of nilpotency
index 2 and the unique maximal ideal uFy. In [11], Li et al. determined the
F,F,[u]-additive skew cyclic codes of length o+ 3, where o and § are multiples
of the order of ©.

Proposition 2.12. [10, Theorem 2.2] A linear code C of length f is a skew
cyclic code over Ry if and only if C is a left ideal of Rg.

For each left ideal Z in R, the image u(Z :r, u) = p({v € Rg : vu € I})
is a left ideal in R g. Inasmuch as every skew cyclic code C over the ring Ry
is a left ideal of R, the image u(C :r, u) is in fact a skew cyclic code over F,
which is called the torsion code associated to C and it is denoted by Tor(C).

Lemma 2.13. [11, Lemma 3] A code C' is an F,F,[u]-additive skew cyclic code
of length o + B if and only if C is a left Ra[x; ©]-submodule of R.

Theorem 2.14. [11, Theorem 1] Every left Ra[x; ©]-submodule of R is of the
form

R ((a(2)]0)) + R (k1 (2)]ar(z) + ugr(2))) + R ((ka(2)uas(x))),
where n == a + B, a(z) € Fo, a;(x) € Fp, az(x) | a1(x), ki(x) € Ri,a,
deg(k;(x)) < deg(a(x)) and deg(g1(x)) < deg(az(x)).

We can list all F,F,[u]-additive skew cyclic codes of length oo+ S as follows:
Theorem 2.15. [11, Theorem 2| Every F,F,[u]-additive skew cyclic code of
length n = a+ B can be presented in one of the following forms:

o Type1: 0, R.
e Type 2: R, ((a(x)|0)), where a(z) € Fo and 0 < deg(a(z)) < a —1.
o Type 3 : Ry((k1(2)]ar(x) + ugi(z))), where ki(z) € Ria, ar(z) € Fg,
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0 <deg(ai(z)) < B—1, gi(z) € R1,5 and deg(g1(x)) < deg(ai(x)).

o Type 4 : Ry((k2(x)|uaz(x))), where ka(z) € Ry, az(z) € Fs and 0 <
deg(az(z)) < B —1.

e Type 5 : Rn((a(x)|0)) + Rn((kl(sc)|a1(x) + ugl(z))), where a(x) € Fa,
0 < deg(a(z)) < a—1, ki(z) € Ri,a, a1(z) € Fp, 0 < deg(ai(x)) < B —1,
g1(x) € Ry, deg(k1(x)) < deg(a(z)) and deg(g1(x)) < deg(ai(x)).

e Type 6 : Ry, ((a(2)]0))+Ry, (k2 (x)|uaz(x))), where a(x) € Fq, 0 < deg(a(z)) <
a—1, ka(x) € Ria, az(z) € Fg, 0 < deg(az(x)) < B —1 and deg(kz(x)) <

deg(a(z)).

o Type 7 : Ry ((k1(2)]|ar(z) + ugi(z))) + R ((k2(x)|uaz(z))), where ki(z) €

Rias ai(x) € Fa, az(z) |» a1(z), 0 < deg(ai(z)) < -1, g1(z) € Rip and

deg(g1(z)) < deg(az(x)).

o Type 8 : Ry ((a(2)|0)) + R ((k1(2)]ar(z) + ugi(2))) + R ((k2(@)[uaz())),
where a(x) € Fq, 0 < deg(a(z)) < a—1, a(x) € Fg, 0 < deg(ai(z))
B =1, ax(2) | a1(x), ki(x) € Rua, deg(ki(x)) < deg(a(z)) and deg(g:())
deg(az()).

Lemma 2.16. Let C = Ry ((a()]0))+Rn ((k1(z)|a1 (z)+ugi (z))) +Rn ((k2 () |uaz(x))),
be an F F,[u]-additive skew cyclic codes of length a.+ 8 such that deg(g1(x)) <
deg(az(x)). Then, g1(x) with the above condition is unique.

<
<

Proof. Let

m:C — Rg,
A@)[Ar(2)) — A ()

be a homomorphism between two left Rs[x; ©]-modules and assume that ¢'(z)
is a polynomial satisfying

C =R ((a(@)]0)) + R ((k1(2)]a1(x) + ug'(x))) + R ((k2(2)|uaz(2))).
Hence (a1 (z) +ug1(z)) —(a1(z) +ug'(z)) € Im(7). So u(gi(z)—g'(x)) € Im(x),
implies that g;(z) — ¢/(z) € Tor(Im(m)) = Ry g(az(z)). If g1(z) # ¢'(x), then
deg(az(z)) < deg(g1(z) — ¢'(x)). But by the hypothesis, deg(g1(z) — ¢'(z)) <
deg(as(x)), a contradiction. Thus g1 (z) = ¢'(x). O

3. DuaLITY OF F,F,[u]-ADDITIVE SKEW CYCLIC CODES

This section is devoted to discussing the structural properties of the dual
codes of F,F,[u]-additive skew cyclic codes.
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3.1. Dual of F,F,[u]-additive skew cyclic codes of length a + 3.

In this subsection, we determine the dual of F,F,[u]-additive skew cyclic
codes of length o + .
Let

/ / / /
T = (20, %1, s Ta—2; Ta—1]T0, T, s T2, Tg_1)
and
o ro ] ’
Yy = (y07yla ~--7ya72aya71|y07y17 "'7y572>yﬁ71)

be elements of Fy x Rg . The inner product is defined as

a—1 B—1
N P )
i=0 7=0

The dual of an F,F,[u]-additive skew cyclic code of length a + § is an
F,F,u]-additive skew cyclic code of length o + 3, defined by

Cl:{xng‘ng: x-y=0, forallye C}.
A code C is called self-orthogonal if C C C*, and it is called self-dual if
C=C+.

Definition 3.1. [6, Definition 3] Let f(z) = ag + a12 + ... + apx’ € Fy[z; 0],
where a; # 0. Then the polynomial f*(z) = a; + 0(a;—1)x + ... + 0% (ag)a’ is
called the reciprocal polynomial of f(x). Equivalently, f*(x) can be expressed

by f*(z) = é}&i(at_i)xi.

Lemma 3.2. [6, Section 3] Let ¢ be the map
¥ : Ra[x; ©] — Ra[x; 0],

n n
Z a;r’ — Z O(a;)z",
i=0 i=0

where a; € Ro. Then 1 is a ring homomorphism.

Lemma 3.3. Let f(z),g(x) be skew polynomials in Ra[z;©].

(1) If deg(f) > deg(g), then (f(z) + g(x))* = f*(z) +as/ 9B Ig"(z).
(2) (fg)* ==/ () f*.

(3) (f*)" = ¢"(f), where deg(f) = n.

Proof. Tt is similar to the proof of [9, Lemma 2.8]. |
v—1
Set I',(x) = > 7. As the unit element 1 remains fixed under automorphism
§=0

0, we have the following lemma whose proof is evident.

Lemma 3.4. Letn,n' € N. Then ™ —1 = (2" —1)[p (2™) = Tpr (2™) (2" —1).
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Definition 3.5. Let v(z) = (v(z)|v'(x)) and w(x) = (w(z)|w’(x)) be any two
elements in R and m = lem(«, ). Define the map

0: RXR—Rm
such that

o(v(@), w(x)) =uv(z)p™ ) (w* (z))a™ AW (%)

+ v/(z)ﬂ}mfdeg(w'(z)) (w/* (:C))xmflfdeg(w'(:v))rxﬂ (.CEB)

The map o is bilinear between left Rz [x; ©]-modules. We denote o(v(z), w(z))
by v(x) o w(x).

Proposition 3.6. Let v and w be elements in Fy x Rg with associated poly-

nomials v(z) = (v(z)|v'(z)) and w(z) = (w(z)|w'(x)), respectively. Then, w
is orthogonal to v and all its ©-shifts if and only if

v(z) ow(z) =0.

Proof. Let
V = (00, U1, oo Va1[0G, V] 5 ey V1)
and
W = (W0, W1, .oy We— 1 [Wh, W, ooy W _q).
Let

V(i) = (ei(U(),i), Hi(vl,i), ceey 0i(’l)a717i)|@i(v(/)7i)7 ®i(vllfi)a seey @i(v/ﬁflfi))

be the i-th cyclic ©-shift of v such that 0 < i< m—-1.For0 < j; < a-—1
and 0 < jo, < B — 1, indices j; — ¢ and jo — 7 are computed modulo « and S,
respectively. Hence

a—1 -1
v w =0 if and only if u Z Hi(vj,i)wj + Z O'(v,_,)w, =0.
§=0 V=0
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a—1 Bg=1
Let S; =u Y, 6" (vj_j)w; + Y, ©'(v,_,)w,. We can get
j=0 v=0

a—1la-1
v(z)ow(z) =u [ Z Z v 0™ (wy)a ™
n=0 j=p
a—1a—1
SO 9D DM EC INED
p=1j=p
B—-1p5-1
+ [Z Z vy, O™ (wy, )™
n=0v=n
B—18-1
+ Z Z v%@”(w{,_n)me”] [ (zP)
n=1v=n

m—1
_ Z @mfi(Si)mmflfi.
=0

So, v(z) ow(z) =0 if and only if S; =0 for 0 <i <m — 1.
O

Lemma 3.7. Let v(z) = (v(z)|v'(z)) and w(z) = (w(z)|w'(x)) be elements in
R such that v(x) ow(z) = 0. If v'(x) =0 or w'(z) =0, then

o(@)Ym B e (7 (2)) =0 (mod (2 — 1))
Respectively, if v(z) =0 or w(x) =0, then
o (@)™ D) (' (1)) =0 (mod (2 — 1)),
Proof. Suppose that v'(z) = 0 or w'(z) = 0. Therefore
v(z)ow(x) = uv(x)yp™ 9B E) (4* (w))xm_l_deg(“’(ﬁ))f‘%(xo‘)—i—O (mod (z™-1)).
This imply that there exists f(x) € Ro[z, ©] such that
()B4 (1)) 7N T (39) = () (2™ — 1),

Since I'm (2) = fﬁajll and (™ —1)(z* — 1) = (® — 1)(z™ — 1), we have

o()m ) (1 (@)™ = f()a o E @I (g 1)
Hence
v(@)y™ 4 (w* (2)) =0 (mod (2 - 1)).
The same argument can be used to prove the other case. (I
Notation 3.8. Let C be an F F,[u]-additive skew cyclic code and o (resp. ()

be the set of Fy (resp. Rsy) coordinate positions. Denote C, (resp. Cg) the
punctured code of C by deleting the coordinates 8 (resp. «).
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Proposition 3.9. [11, Lemma 5] Let C be an F,F,[u]-additive skew cyclic code
of length o + 3, then C* is also an additive skew cyclic code.

If C' = Ra((a(@)]0)) + Ru((k1(z)]ai(z) + ugi(2))) + Ra((k2(2)|uaz())) is
an F,F,[u]-additive skew cyclic code of length a + . For simplicity, we denote
the polynomial a1 () + ugi(z) by A(z). The dual code C+ is also an F,F,[u]-
additive skew cyclic code of length a 4+ 8. We denote

Ct =R ((@(2)0)) + Ry (k1 (2)|A(2))) + R ((ka2(2)|uaz(2))),
< ki

where a(z) € Fo,az(z) € Fp, A(z) € Rp, 0 < deg(a(z)) () € Ria

and deg(k;(z)) < deg(a(x)), for i = 1,2.

u
Qa,

Theorem 3.10. Let

C =R ((a(2)0)) + R ((k1(z)|A(2))) + R ((k2(2)|uas(z)))
be an F,F [u]-additive skew cyclic code of length o + . Let

O = R ((@(@)[0)) + R (1 ()| A(2))) + R (a0 iz ()

be its dual code. Then we have

= _ z¥—1
(1) a(z) = god, (¢ — (@@ (a* (z)), ¢ 1)) (ki (2)) 5 — =Bk D) (k3 ()

(2) ky(z)pm—dee@®@) (q*(2)) = f(x)(x™ — 1), for some f(x) € Fy[z,0].
T m—de lom (a(@) kg (2) x cmy(a(x),ki(x *
(3) A(wyy™ = # e A (el R D An))*) = () (o — 1),
for some u(zx) € Rolz, ©).
(4) ko(z)ypm—dee@®) (g*(2)) = v(z)(z* — 1), for some v(z) € Fyz, ).
lcml(kél(fi;)kz(l')) A(LE))

(5) @2(93)1/Jm_deg(
for some A(z) € Ralz, ©].

(B A2)) = Ma) (@ ~ 1),
Proof. (1) Since (a(x)|0) is an element in C*, it follows that
(@@)10) o (a(@)|0) =0 (mod (=™ — 1)),
(@()[0) o (k1(2)|A(z)) = 0 (mod («™ — 1))

and
(a(2)|0) o (k2(z)|uaz(z)) =0 (mod (z™ —1)).
By Lemma 3.7,
d(x)wm_deg(“(m))(a*(:p)) =0 (mod (z%-1)),
()= @) (5 () = 0 (mod (2% — 1)
and
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Using Lemma 2.9,

a(x)ged, (™ de8(a(@) (g* (z)), o8k (@) (k¥ (1)), ™ de8(F2(2)) (k1 (2))) = 0 (mod (z¥—1)).

Therefore, there exists h(z) € F,[z, 0] such that
a(z)ged, (v~ 8@ (a* (2)), AL (1] (), i 9eBEUED (k] (2)) = h(a) (@ ~1).
Since Cy = R, (ged, (a(z), k1 (2), k2(2))), we have

_ % —1
a(r) = gcdl(wmfdeg(a(x))(a*(x))7 wmfdeg(kl(z))(kf(x))’ wmfdeg(kz(aj))(kéﬂ ())) :

(2) Inasmuch as (kq

(k1(z)|A(x)) € C*, hence

(k1()|A(z)) o (a(2)[0) =0 (mod (2™ — 1)).

By Lemma 3.7, l%l(x)wm_deg(a(f))(a*(x)) =0 (mod (z* —1)). Thus there
exists f(z) € Fy[r, 0] such that ki (z)ypm~9e(@@)(g*(2)) = f(z)(z* — 1).

(3) Let
_lemy(a(x), k1 (x)) DAL — lemy(a (), k1(x)) alz
o) = UDLD (4, ()4 - LDID, (g
_ olemiaz) k@) ,

Hence c¢(x) € C, which implies that

(k1(z)|A(z)) o (0] lcmz(aljlx()li)kl(x))

Using Lemma 3.7, there exists p(x) € Rp[z; O] such that
lemy (a(x), ki (x))

A(z)) = 0.

lemy (a(x),kq (2))
WA(:”))

Ay (g2 Aw)) = p)’ 1)
(4) Similarly to the proof of (2).
(5) Let
o) = LD 1, (o) (o)) - D) )
- (O|WA(£) - uwam».

Hence c¢(z) € C, which implies that

lemy (ki(x), k2(x)) lemy (ki(x), k2(x))
k1 (1’) ko (33)

Using Lemma 3.7, there exists f(x) € Ro[z; 0] such that

(B 4w = upo)a” - .
(]

(k2 (@)|uaz () o (0] Alz) —u az(z)) = 0.

lemy (kq (2),ka(x))
_ —d SRR )R T)) A
UG/Q(.’II)'(/)WL eg( k1 (@) (2))
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When 6 is the identity automorphism, we have the following corollary.

Corollary 3.11. Let C = ((a(x)[0), (k1 (z)|A(z)), (k2(x)|uasz(z))) be an F Fq[u]-
additive cyclic code of length o+ . Let

O = ((a()|0), (k1 (2)| A(x)), (k2(2) uas(x)))

be its dual code. Then we have

_ _ ¢ —1
W) al) = e @) m@ B @)

(2) k1(z)a*(z) = f(x)(z* — 1), for some f(x) € Fylx].

(3) In the ring Fylx], we have
lem(a(x), ki(x)).ged(a(z), k1 () = a(x)ky (z).
Hence, A(x)a*(x)A*(x) = p(x)ged(a*(x), ki (x))(z? — 1), for some p(x) €
RQ[?E]
(4) ko(z)a*(z) = v(z)(x™ — 1), for some v(z) € Fylx].

(5) ag(x)ki(z)A*(z) = Mxz)ged(ki (z), k3 (z)) (2P —1), for some A(z) € Ra[z].

3.2. Examples.

In this subsection, we provide some examples of FF,[u]-additive skew cyclic
codes of length o + 3, which are generated by different factors of x® — 1 and
2? — 1 and we specify their dual.

ExAMPLE 3.12. Consider R 3 = 15;73[?10)] and Rg = %:%Fiw, with © be an

automorphism of Fo7 +uFa7 which is defined by O(a+ub) = 0(a)+ub(b), where
6 is the Frobenius map, 0(a) = o3, for all a € Fa7. Clearly, o(0) = o(f) = 3.
Let § be a primitive 26th root of unity in Far, i.e, For = {0, 4, ...,0%%, 826 = 1}.
A factorization of 2 — 1 in Far[x; 0] is

23— 1= (z—6%)(x—6")(z—%).
e Let C =Rz (((x — 6'8)(x — 6°)[0)). Then C*+ = Ry2((6% — 1/0)).

Consider the following code:
o C =Riz((x —02|0)) + Ri2((8]2* — 1)) + R12((62 + L|u(z — §'8)(x — 6°))).

By Theorem 3.10, we have
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_ z3—-1 _ $25/..3
(2) = FawranowET) =0 (@ — 1)

Ql

(1)
(2) Fa(2)(1 — 6%2) = f()(z® — 1), for some f(z) € Far[z, 6].
(3) A(x) (6% — 6z — 0%2% + dat) = p(x) (2 — 1), for some p(x) € Ry, O)].
(4) Fa(2)(1 — 0%2) = v(z)(2® — 1), for some v(z) € Far [z, 0].

(5) aa(x)((6%° + )3 — 625 — §) = —A(x)(2? — 1), for some \(x) € Ra[z, ©).

ExXAMPLE 3.13. Consider Ry 2 = ]E;%[f;f)] and R4 = %W with © be an

automorphism of Fy6+ulF1 which is defined by ©(a+ub) = 0(a)+ud(b), where
6 is the Frobenius map, 6(v) = 12, for all v € Fig. Then 0(©) = o(f) = 4.
Let § be a primitive 15th root of unity in Fig, i.e, F1 = {0, 4, ...,0'4, 815 = 1}.
Consider a factorization of 2% — 1 in Fyg[z; 6]

2t —1= (2 -6z —8)(z -6 (z - 5°).
e Suppose C' = Rg((z — 6°|0)). We have a(z) = % = 6%(x — 6'0) and
C* =Re((6°(x — 6'9)(0)).
Consider the following code:

o C'=Rg((z—60)) + Re((02|(z — 1)(z — 6'0))) + Re((6% + 1|u(x — 6'7))).

Using Theorem 3.10, we have

=]

(1)

(2) k1 (2)(1 —0'02) = f(x)(2? — 1), for some f(z) € Fig[z, 6].

22—
(@) = oo sy =0 (@2 —1)-

(3) A(z)(07 + 6% + §1222 4 §323) = p(z)(2* — 1), for some p(x) € Ry, O).
(4) ko(z)(1 — 6%) = v(x)(z? — 1), for some v(x) € Fyg[x, ).

(5) ao(x)(0° + 08z + d2%) = A(x)(2* — 1), for some \(x) € Ry[x, O]

EXAMPLE 3.14. Consider Ry 4 = I?;i[f;f)] and Rg = %W with © be an
automorphism of Fi6+uF16 which is defined by O(a+ub) = 0(a)+ub(b), where
6 is the Frobenius map, 8(v) = v*, for all v € F1. Then 0(0©) = 0(f) = 2. A

factorization of 28 — 1 in Fyg[z; 6] is
2 —1=(z—08)(x—8)(z—8)(x—)(x—08)(z—8)(z— ) (x—%.

Consider:
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C = Ras (2 —8) (z—06%)[0)) +Raa ((8%| (2% — 1) (z—6) (2 —6%))) + Raa (5+ 1 u(z—06%))).

By Theorem 3.10, we can get

(1) a(m) = ngl(1/)6(1+67$+54m2§’¢8(55),¢8(5+1)) = 611(.’1]4 _ 1)

(2) ky(2)(1 + 872 4 6*22) = f(z)(2* — 1), for some f(x) € Fygz, 6].

(3) A(z)(1 + 8%z + 61222 + 2* + §%2° + §1225) = p(x)(2® — 1), for some
wu(z) € Rolz, ©).

(4) ko(x)(1 + 872 + 6*2?) = v(z)(z* — 1), for some v(z) € Fig[z, ).

(5) az(z)(1 — 07z + 6*2? + 2% + 672 + §%26) = A(z)(2® — 1), for some \(z) €
Rg[m,@].

4. CONCLUSIONS

In this paper, we studied the structure of the (Euclidean) dual of F,F,[u]-
additive skew cyclic codes in terms of their generating polynomials, where q is
a power of prime integer and u? = 0.
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