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ABSTRACT. Many works are elaborated to derive interesting identities
for hypergeometric-type series containing as a factor a digamma func-
tion. In the present paper, new reduction formulae for Kampé de Fériet
series of types }721512;“'01 and Z*"321201 are performed. By specializing certain
parameters, series identities and related reduction identities are deduced.
An interesting application is also studied concerning the evaluation of
the average intensity of a multi-Gaussian beam propagating through a

turbulent atmosphere.
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1. INTRODUCTION

The pioneer of the present investigation is the work of Chu and Liu [3]. Based
on quadratic approximation and § expansion the first order, these authors have
investigated the on-and off-axis average intensity errors due to quadratic ap-
proximation for the multi-Gaussian beam spreading in turbulent atmosphere.
Following up, the average intensity in this paper is evaluated as a summation
formula for hypergeometric-type series containing a digamma function as a fac-
tor. This idea, in view of previous works (see [5, 9, 10, 11, 12, 14]), helps us
to obtain many interesting results. The following definitions are necessary to
recall for the present study:

The Gamma function I'(z) is defined by the definite integral (see [2])

(z) = /OOo et ldt (R(z) > 0). (1.1)

At a point > 0, this last equation yields two incomplete gamma functions
(see [6],[7])

x
v(z,x) ::/ e tt* Tl dt (1.2)
0
and

[(z,x) ::/ e tt* 1 dt, (1.3)

where v(z, x) is the lower incomplete gamma function and I'(z, ) is the upper
incomplete gamma function with z is a complex parameter with a positive real
part.

The generalization of Gauss’s hypergeometric function o F; is called the gen-
eralized hypergeometric series ,F, and defined by (see [13], [15, pp. 71-75])

qu(ozl,...,ap;ﬁl,...,ﬂq;z)—ZMi (1.4)

n=0

(ﬂj # 07_17_27' 7] = 17"'aq)7

where (a)y,, is the Pochhammer symbol defined by (see [15, p. 2 and p. 5])

INao+n
(@) = S,
In 1921, the four Appell functions were unified and generalized by Kampé de
Fériet, who defined a general hypergeometric function of two variables (see
[16]). We recall here the definition of a more general double hypergeometric
function in a slightly modified notation (see [8, 16])

a#0,-1,-2,...
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p l k
(@5), s L1 i) ] (¢),
FP:l;k (a’)P: (b)l7 C)/waj y:| _ i ]1;[1 ’ .7=11 J];[l lig
# (@) (B ()oY T 2 TR
=TT @, TT 60, T 00,
Jj= j= Jj= 15)

where, for convergence
)p+l<g+m+1l,p+k<g+n+1, |z <oo, |yl <oo,or

(i)p+l=qgq+m+1L,p+k=qg+n+1, and

||V P=D) - |y|V/ =) <1, if p>q,

max{|z|, |y} <1, ifr<q

The main objective of the present note is to give new reduction formulas of
Kampé de Fériet functions.

2. REDUCTION FORMULAE FOR KAMPE DE FERIET FUNCTION Fy 1o}

In this Section, we prove two theorems, which yield the reduction formulae
for the Kampé de fériet function F21::12;01 [—z, —2], given by (2.2).

Theorem 2.1. The following formula holds true:

IR CE S VP
s 7; T (-2 mat (s +2)] 2.1)
=1—-2e¢*lna+(1—2)(1—7)e *— zel::ﬁ;Ol[—z, —z],
where 5. 191
121 _ 1:2;1 . y 45 13 o o
F2:1;0[ 2z, —2] F2:1;0 2.2: 3 — 2, =R (2.2)
Proof. Applying the identity
AA+1),
(A)s
we can write the summation S as
S=1+1I,
where
I =1n(a). 1F1 (2;1;—2)
and
) 9 . .
= @)+ 3 O (o uls + 2).

= [
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Firstly, we now make use of the useful identity called as the Kummer first
formula for the confluent hypergeometric function (see [2, 13])

1F1 (a;3b;2) = €*1Fy (b—a;b; —2) . (2.4)
It helps us in rearranging I; to write
L =(1-2)e” Ina. (2.5)
To evaluate the expression of I, we use the identity (see [4])
L WO+ n) = b ()"
_ (—2) a1---apr:2;1 Oél+1,...,04p+]. : ]., )\, 1, 5 5
R G I PPRIYC A B D S . e A
(2.6)
and the identity
o~ (2)s (=2)° .
> O (1—2z)e*—1. (2.7)

s=1
Now in view of (2.6) and (2.7), and for ¥(2) = 1 — v, where ~ is the Euler
number, Is becomes

Li=(1-2)(1-7e*- zF21::12;01[—z, —z]. (2.8)

Consequently, we get the summation (2.1). This completes the proof of Theo-
rem 2.1. ]

Theorem 2.2. The following transformation holds true:

oo

e® Z (s+1) (—=2)°Y(s+2) =2—e 7+ (2—1)[Shi(z) + Chi(z) —In(2)], (2.9)

s!
s=0

where Chi(z) and Shi(z) are the hyperbolic cosine and sine integral functions
(see [1]).
Proof. With the help of the following identities (see [6])

and ) . )
(S; ) _ R (2.11)

the summation S can be expressed as

s=% (s ; 1) (—2)na+d(s+2)] =T+ T+ T3+ Tu+T5,  (2.12)
s=0 ’

where

Ti=lna|Y (i:Z)l)' +y (_j) : (2.13)

oo o0 s
s=0 s=0
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T, = ; (iiz)lz!w(s +1), (2.14)
0o —Z)s
T = ; (er(l)(sl)' (2.15)
=Y (_j)sw(s +1), (2.16)
s=0 ’
and -
Ty = X::O S'Es_i)l)' (2.17)

To evaluate these above summations, we make use of the following identities
(see [6])

(k)
Jim gy = (2.18)
and -
Y(a, z) = 2 ZO s!((sj—)oz)' (2.19)
For T7, one finds
Ty _ - (_Z)s —z
E_g(sfl)!—’—e . (2.20)

To evaluate Ts, we introduce the variable change s —1 = [ and use the identity
(2.10), such that Ty becomes

o~ (=)

=Y Zl' bl +1) +e = (2.21)
I=—1 )
With the help of (2.18), the first right term of (2.21) can be rearranged as
> (_Z)Hl _ > (—Z)l 1
> 1) ==z > TR AUV (2.22)
I=—1 1=0
and by using the following identity (see [12])
S (=2)' _ .
Zw(l +1) o= e *[lnz — Ei(2)], (2.23)
=0 ’

where Ei is the exponential integral function (see [6]), then (2.21) becomes
To=—ze ?*[lnz—Ei(z)] - 14+e7%. (2.24)
In what follows, we shall utilize the formula (2.19)
Y(a, z) =T(a) — (e, 2). (2.25)
Now, (2.15) can be derived as

Ty = _71 [1-T(2,2)]. (2.26)
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It’s easy to derive (2.16) by using (2.25) and we have

Ty = e *[Inz — Ei(z)]. (2.27)
By using the identity
i (_SZ!)S —e ™t -1, (2.28)
T5 can be written as .
Ty = %(1 — 7). (2.29)
Finally, with the help of the following identity (see [7])
I'2,2z)=e*(14+2), (2.30)
and the relation
Ei(z) = Shi(z) + Chi(z), (2.31)
(2.12) can be written as
S =e*{(z—1)[Shi(z) + Chi(z) — In(az)] + 2 — €*}, (2.32)

and eventually (2.9) is proved. This completes the proof of Theorem 2.2.

Note that (2.32) is equivalent to (16) of (see [3]), found by using another method
based on the expansion of the hyperbolic cosine and sine integral functions, Chi
and Shi. |

Corollary 2.3. The following reduction formula for F21f12;01 holds true:

—Zz

Fyigl-2,—2] = —{(1=2)[Shi(2) +Chi(2) —In z+(1=7)]+(e* ~2)}, (2.33)

with v is the Euler number defined as v =1 —(2) = 0.577.

Proof. By equating (2.1) and (2.32), one finds easily, a new reduction for the
Kampé de Fériet function given by (2.33). O

Theorem 2.4. The following closed-from summation holds true:

oo
s+A+a R
S AT el + )+ v )
s=1 ’
= %{%QFQ (1,1;2,A+2;2) — (A +a)oFo (1,1;2, A+ 1;2) + 1}
(2.34)
Proof. We denote the left side of (2.34) by S" which can be written as
, A Fa+1),(—2)°
= A) — . .
=0+ g ey GGG (2:35)
Again, with the help of the identity (2.6), (2.35) can be written as
© L Odatl) 2 | At ad 20 A, L Lo
S = 2’4)\ F2:1;0[)\+Oz+1,2: >\+1; - 2y —Z| . (2.36)
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On the other hand, (2.35) can be expanded as

S =T+ (\+a), (2.37)
where
_ 2 (i_z)s s+ ) — vV, (2.39)
and
5=3 T s ) - wv) (2.39)

s=1
By using the results of (see [12]), (2.38) and (2.39) can be rewritten as

—Zz

Ze ze
I = Fo(1,1;2, A+ 2;
1 (}\+1)2 Q(a ) 4y + Z) Y

(2.40)

and

—ze %

from which, the result (2.34) easily follows. This completes the proof of Theo-
rem 2.3. (]

Corollary 2.5. The undermentioned reduction formula holds true:

izl Ata+2:A L L;
FEOL Ao+ 1,20 A4+1; —
:(/\+a+1){1+()\+a)2FQ(1 12)\4’12’) ()\+1)2F2(1 12/\+2 Z)}

(2.42)

— 2=z

Proof. Tt is easy to derive (2.42) from (2.34) and (2.36). So, we skip the details
of the proof.

From the corollary 2.5, we intend to deduce a new formula. By specializing
the parameters A = 2 and a = —1, (2.42) becomes

Fyiol—2z -2 = [L+2F (1,1;2,3;2) — 255 (1,1;2,4;2)] . (2.43)

(]
Now, from (2.33) and (2.43), we derive the undermentioned corollary.
Corollary 2.6. The following relation holds true:
. z 2z
Ei(z) = 50 -7 14+9F5(1,1;2,3;2) — ngQ (1,1;2,4;2)
-z
A (2.44)
—e
Inz—(1—7).
+ ) +lnz—(1-7)
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3. NEW FORMULA FOR THE KAMPE DE FERIET FUNCTION Fj 1201

Theorem 3.1. The following transformation holds true:

Ata+2,x+1:1, A5 1; 2:2:1
-z —z| =F315(~2 2

F221
B0 N a4+ 1,A+1,2: A+1; —;

x+1:1, A 1;

= o OR (CH LA L= + Q)i | YT T —ss
.9 +2:1, A+1; 1;
B R | A 2,2: A+2 - _Z} g
(3.1)
Proof. To prove (3.1), we introduce the following summation (see [4])
"N (X)s (=2)°
S" = ;(S—F)\—i—a) 0). sl WA =) (3.2)
By using the identity
A+a+1),
A = (A —_— 3.3
(s+A+a)=0N+a) Ota). (3.3)
and (3.2), we obtain
§" = QN 2B, ), (3.4)
which can be written with the help of the following identity
(s+A+a) 1 A+ o)
= , 3.5
5! CES T (3:5)
as
S"=I'+\+a)l,, (3.6)
where -
Z G N — v, (3.7)
and -
1" X s s
5=y ((A)’S, (=) (s + X) — 6N (39
s=1 s7°

Starting with the functional relation for the digamma function given by (2.10)
and using the expression (see [4])

()11 =ala+1),
and (3.2), (3.7) and (3.8) can be expressed respectively as

{z(x+1 121 | x+2:1, A+1; 1 s
ounfaio | N io9 apa o 7 ;o (39
—3F (X + LA+ 1 -2)}

"
I, =

and

v yapi2n | xX+1:1, A 1;
I, = =X% F21:12;01[ N4 1.2: A4l . TEHTE (3.10)
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And, we can deduce the following expression of (3.2)

g xz 2D )1 x+2:1, A+1; 1; R
= 2{()\“ F 1.0 [)\—1—2,2: Ao z2;—z A+ )
x+1:1, A; 1;

A+1,2: A+1; _ _Z3_Z}—1F1(X+1;>\+1;—z)}.
(3.11)

Finally, according to (3.4) and (3.11), one obtains the new reduction formula
for the Kampé de Fériet function given by (3.1). This completes the proof of
Theorem 3.1. O

1:2;1
X510 [

Now, we reduce an expression of the Kampé de Fériet function F321201 [—z,—2]
as a function of the hypergeometric functions o F5 and 1 F} in the next corollary.

Corollary 3.2. The following formula holds true:

Fyly[—2—2] = m{ez()\ 1)1 A+ 24+ 15 —2)
+A+a—2)+ [ MA+a)—z(A+D]aFe (1,12, + 15 2) (3.12)
—-A+a- )(A+1)2F2(1v172 A+2;2)}

Proof. Tt’s easy to deduce from (3.1) for y = A + 1 the following expression

Folil-z,—2] = m{lﬂ A+2A+1-2)
L2l | A+2:1, A 1
+(A+O‘)F2¢1?O[A+12: A+1; TETE
()\+2)F A+3:1, A+4+1; 1; o
D 2150 [ N42.9: As2 . AR }-

(3.13)

We can evaluate the Kampé de Fériet function in the left side of this last
equation from (2.42). Consequently, one finds the following expressions, for
a =0 and a = 1, respectively

F1:2;1 A +2: )\7 17 17 O
; A+1,2: A+ 1; ; '
(1, 1,2, A+ 152) — (/\+1)2F2(1,1,2,)\+2 z),

(3.14)

and
F1:2;1 |: A +3: )\, 1, 1, . Z:|
O N4+2,2:0 A+1; —; ’
= G L+ A+ 1P (L2,A 4 152) — 552F (1,12, A 4 23 2).
(3.15)
Consequently, by substituting (3.14) and (3.15) into (3.13), (3.12) is proved. O
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4. APPLICATION

In recent years, many works are developed in laser physics, especially studies of
the effects of the turbulent atmosphere on the characteristics of some fields as
laser, radar and acoustic waves. Chu and Liu [3], have expressed the average
intensity. From this work, one can deduce the spreading of some particular
fields as Gaussian, flattened Gaussian, and annular beams.

We consider the propagation of a multi-Gaussian beam expressed as

=

=

0(r0,0 ZA e e <‘%’%+§ > g, (4.1)

where k, A,, ©n, w, and R are the parameters of the Gaussian beams family.
By using the Huygens-Fresnel principle, the average intensity at z plane of this
beam propagating through turbulent atmosphere, is given by

3 ( ) Winwat
A 2= 3 Ao g
m,n=1

2 ) e (5)'

where t3 = 2v/2z and t = 13+ kg%;. In this last expression, a depends on z

S

and the parameters of the beam.

(4.2) can be evaluated with the help of our Theorem 2.1, which gives the
expression of the average intensity in a weak turbulence in terms of the Kampé
de Fériet function Fy.7 0

w2 w2 t2
< Al(r,z) A Apelem—en) ___—m n3
> [T s
(1= Z)e [zn( )+1-9] - EEN-E -5

Also, by applying the second Theorem, we find (4.2) in terms of hyperbolic
cosine and sine integral functions. Finally, by applying Theorem 2.3, one finds
the average intensity in terms of the hypergeometric function o F5 given by

N () WmWnt3
< Al(r,z) >= A Ay ettFm=en n
m;l 3 (w2, + w2) tt
2 4.4
(1= )¢ [ (§) +1-1] - e o

[1+2F2(1 1:2,3; tQ)—3t22F2(1 1;2,4; 2 )}
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5. CONCLUSION

In this paper, we have investigated some new representations of the Kampé de

- . 1:2;1 2:2;1 :
Fériet functions F,.|., and F37,. The new formulae are expressed in terms

of hypergeometric functions 1 F; and oF5. Some corollaries are derived from

our main results as particular cases. We have also given a novel expression

of the Kampé de Fériet function F211201 in terms of hyperbolic cosine and sine

integral functions. An interesting application is studied in the end of this paper
concerning the evaluation of the average intensity of a multi-Gaussian beam
propagating through a turbulent atmosphere. Finally, the results derived in the
present investigation are interesting and may potentially have influence and be
useful in applied problems of the future as optics, radar, acoustic waves and
laser physics.
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