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Abstract. In this study, we are interested mainly in investigating the re-

lations between two graph irregularity measures which are widely used for

structural irregularity characterization of connected graphs. Our study

is focused on the comparison and evaluation of the discriminatory ability

of irregularity measures called degree deviation S(G) and degree variance

V ar(G). We establish various upper bounds for irregularity measures

S(G) and V ar(G). It is shown that Nikiforov’s inequality which is valid

for connected graphs can be sharpened in the form of V ar(G) < S(G)/2.

Among others, it is verified that if G is a bidegreed graph then the dis-

crimination ability of S(G) and V ar(G) is considered to be completely

equivalent.
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1. Preliminary

Let G be a connected simple graph for which V (G), E(G) denote the set of

vertices and edges, and n andm the numbers of vertices and edges, respectively.

Let ∆ = ∆(G) and δ = δ (G) be the maximum and the minimum degrees,

respectively, of vertices of G. A universal vertex of an n-vertex graph G is a

vertex adjacent to all other vertices i.e. ∆ (G) = n − 1 holds. In a connected

graph G the number of universal vertices is denoted by q = q (G). For a

vertex u in G, dG(u) stands for the degree of u. An edge of G connecting

vertices u and v is denoted by uv. It is assumed that the vertex sequence

of G denoted by (u1, u2, . . . , un) is characterized by the degree sequence

∆ = d1 ≥ d2 ≥ · · · ≥ dn = δ where dj denotes the degree of the vertex

uj . The degree set of a graph G is denoted by Ds(G).

For a connected graph G with n vertices and m edges the average degree is

equal to 2m/n. The so-called cyclomatic number of a connected graph with n

vertices and m edges is defined as c = c(G) = m − n +1. A connected graph

G having c(G) = k ≥ 1 cycles is said to be a k-cyclic graph. If k = 0 holds

the corresponding acyclic graph is called a tree graph.

Using the standard terminology [5, 14, 34, 35], a graph G is called R-regular

if all its vertices have the same degree R. A connected graph is called irregular

if it contains at least two vertices with different degrees. The number of vertices

of degree i is denoted by Ni.

An irregular graph G is said to be k-degreed, if its degree set Ds(G) con-

tains exactly k different degrees. Consequently, a bidegreed graph G(∆, δ) is an

irregular graph whose vertices have exactly two different degrees.

An n ≥ 4 vertex bidegreed graph G(∆, δ) is called a balanced graph if

n is an even integer for which N∆ = Nδ = n/2 holds. Among n-vertex

connected bidegreed graphs, path P4 with degree sequence (2, 2, 1, 1) and the so-

called diamond graphGD with degree sequence (3, 3, 2, 2) represent the smallest

balanced bidegreed graphs.

2. Graph irregularity measures

By definition, a topological invariant IT (G) is called an irregularity measure

of a graph G if IT (G) ≥ 0 and IT (G) = 0 if and only if G is a regular graph.

The majority of irregularity measures are the so-called degree-based graph

invariants.

The degree deviation S(G) and the degree variance V ar(G) of a graph G

belong to the family of most popular graph irregularity measures. The degree

deviation S(G) was introduced by Nikiforov [26], and for a connected irregular

graph G with n vertices and m edges it is defined by S (G) =
∑n

i=1

∣∣di − 2m
n

∣∣ .
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The degree variance Var(G) introduced by Bell [3] is formulated as

V ar (G) =
1

n

n∑
i=1

(
di −

2m

n

)2

=
M1 (G)

n
−

(
2m

n

)2

where M1(G) stands for the first Zagreb index of a graph G. By definition [11,

16, 18, 23]M1 (G) =
∑n

i=1 d
2
i . Additionally, in our study we introduce two novel

graph irregularity measures denoted by IRD(G) and IRR(G), both of them

will be used in the subsequent sections. They are formulated as IRD (G) =
2N∆Nδ

N∆+Nδ
(∆− δ) and IRR (G) = n

2 (∆− δ) .

In this study we investigate primarily the relations among the above irregu-

larity measures and evaluate their discriminating ability for characterizing the

topological structure of connected bidegreed graphs. It should be mentioned

that during last three decades the irregularity measures S(G) and V ar(G) and

the corresponding extremal graphs have been intensively studied, some impor-

tant results are included in [1, 3, 8, 12, 19].

3. Relationships between irregularity measures S(G), V ar(G),

IRD(G) and IRR(G)

The aim of this section is to provide some inequalities between the irreg-

ularity measures S(G), V ar(G), IRD(G) and IRR(G). In all inequalities, a

necessary and sufficient condition for equality will be presented.

Theorem 3.1. [25] Let x = (x1, x2, . . . , xn) be a real number sequence with

the property
∑n

i=1 xi = 0 and
∑n

i=1 |xi| = 1. Then∣∣∣∣∣
n∑

i=1

aixi

∣∣∣∣∣ ≤ 1

2

(
max
1≤i≤n

ai − min
1≤i≤n

ai

)
,

where a1, a2, . . . , an are real numbers.

Theorem 3.2. If G is an n-vertex graph with degree sequence d (G) = (d1, d2, . . . , dn),

then

(1) V ar (G) = 1
n

∑n
i=1

(
di − 2m

n

)2 ≤ ∆−δ
2n S(G),

(2) S (G) ≤ n
2 (∆− δ) = IRR (G),

(3) V ar (G) ≤ 1
n2 (IRR (G))

2
= (∆−δ)2

4 ,

with equalities if and only if G is regular or a bidegreed balanced graph.

Proof. (i) Suppose xi =
di− 2m

n

S(G) and ai =
∣∣di − 2m

n

∣∣ for all i = 1, 2, . . . , n. It is

easy to see that
∑n

i=1 xi = 0 and
∑n

i=1 |xi| = 1. Apply Theorem 3.1 to deduce

that ∣∣∣∣∣
n∑

i=1

(
di − 2m

n

)2
S (G)

∣∣∣∣∣ ≤ 1

2
max

{
∆− 2m

n
,
2m

n
− δ

}
≤ 1

2
(∆− δ) .

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

m
si

.ir
 o

n 
20

26
-0

6-
08

 ]
 

                             3 / 21

http://ijmsi.ir/article-1-2183-en.html
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Therefore,

n∑
i=1

(
di −

2m

n

)2

≤ 1

2
(∆− δ)S (G) (3.1)

with equality if and only if G is regular or a bidegreed balanced graph.

(ii) By Cauchy-Schwarz inequality we have
∑n

i=1

(
di − 2m

n

)2 ≥ (
∑n

i=1 |di− 2m
n |)2∑n

i=1 1 .

This means that
n∑

i=1

(
di −

2m

n

)2

≥ S(G)
2

n
(3.2)

with equality if and only if
∣∣d1 − 2m

n

∣∣ = ∣∣d2 − 2m
n

∣∣ = · · · =
∣∣dn − 2m

n

∣∣ if and

only if |Ds (G)| ≤ 2 and n
(
∆− 2m

n

)
= S (G)= n

(
2m
n − δ

)
if and only if

|Ds (G)| ≤ 2, Nδ = n − N∆ and n (∆ + δ) = 4m if and only if |Ds (G)| ≤ 2

and (n− 2Nδ) (∆− δ) = 0 if and only if G is regular or a bidegreed balanced

graph. Thus, by (3.1) and (3.2), S (G) ≤ n
2 (∆− δ) = IRR(G), with equality

if and only if G is regular or a bidegreed balanced graph.

(iii) By (ii) and (3.1), V ar (G) ≤ 1
n2 (IRR (G))

2
with equality if and only if G

is regular or a bidegreed balanced graph.

□

Proposition 3.3. [30] For connected bidegreed graphs G(∆, δ) with n vertices

and m edges it has been proved that S (G (∆, δ)) = IRD (G (∆, δ)).

Suppose G is a graph and k is a positive integer. Define:

N (G, k) = {v ∈ V (G) | dG (v) = k} .

Theorem 3.4. Let G be graph with n vertices. Then S (G) ≥ 2N∆Nδ

n (∆−δ) =
N∆+Nδ

n IRD(G) and the equality holds if and only if G is regular or a bidegreed

graph.

Proof. By definition of N(G, k),

S (G) =
∑

v∈V (G)

∣∣∣∣dG (v)− 2m

n

∣∣∣∣ ≥ ∑
v∈N(G,δ)

(
2m

n
− δ

)
+

∑
v∈N(G,∆)

(
∆− 2m

n

)

= Nδ

(
2m

n
− δ

)
+N∆

(
∆− 2m

n

)
. (3.3)

The equality holds in (3.3) if and only if |Ds(G)| = 1, |Ds(G)| = 2 or (|Ds(G)| =
3 and 2m

n ∈ D (G)). On the other hand,

2m

n
− δ =

2m− nδ

n
≥ N∆ (∆− δ)

n
(3.4)

and

∆− 2m

n
=

n∆−2m

n
≥ Nδ (∆− δ)

n
. (3.5)
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The equality in (3.4) (and also in (3.5)) holds if and only if |Ds(G)| ≤ 2.

Now, By Equations (3.3),(3.4) and (3.5), S (G) ≥ NδN∆(∆−δ)
n + N∆Nδ(∆−δ)

n ≥
2N∆Nδ

n (∆−δ) = N∆+Nδ

n IRD(G) and the equality holds if and only if |Ds(G)| ≤
2. □

Theorem 3.5. If G is an n-vertex graph, then

V ar (G) ≥ (Nδ +N∆)
2

n4
IRR (G) IRD (G) .

The equality is satisfied if and only if |Ds(G)| ≤ 2.

Proof. By definition of N (G, k) ,

V ar (G) =
1

n

∑
v∈V (G)

(
dG (v)− 2m

n

)2

≥ 1

n

∑
v∈N(G,δ)

(
2m

n
− δ

)2

+
1

n

∑
v∈N(G,∆)

(
∆− 2m

n

)2

=
1

n
Nδ

(
2m

n
− δ

)2

+
1

n
N∆

(
∆− 2m

n

)2

with equality if and only if |Ds(G)| ≤ 2. So, by (3.4) and (3.5),

V ar (G) ≥ NδN∆ (Nδ +N∆) (∆− δ)
2

n3
=

(Nδ +N∆) (∆− δ)

2n4
IRD (G)

=
(Nδ +N∆)

2

n4
IRR(G)IRD (G)

with equality if and only if G is |Ds(G)| ≤ 2. □

Corollary 3.6. Let G be an n-vertex connected bidegreed graph. Then

(1) V ar (G) = NδN∆

n2 (∆− δ)
2
for any bidegreed graph.

(2) IRD (G) = S (G) ≤ IRR(G) with equality if and only if G is a bide-

greed balanced graph.

(3) V ar (G) = 1
n2 IRR (G) IRD (G) ≤ 1

n2 (IRR (G))
2
= (∆−δ)2

4 with equal-

ity if and only G is a bidegreed balanced graph.

Proof. Since G is bidegreed, n = Nδ+N∆ and the proof follows from Theorems

3.2, 3.4 and 3.5. □

Proposition 3.7. [2] Let G(∆, δ) be a connected bidegreed graph with n (≥ 4)-

vertices. Then V ar (G (∆, δ)) ≤ 1
4 (∆− δ)

2
with equality if and only if G(∆, δ)

is a balanced bidegreed graph.

Proof. According to Corollary 3.6,

V ar (G (∆, δ)) =
N∆Nδ

n2
(∆− δ)

2
=

N∆ (n−N∆)

n2
(∆− δ)

2
.
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Consider the monotonically increasing function h(N∆) defined in the interval(
2 ≤ N∆ ≤ n

2

)
, h (N∆) = N∆(n−N∆)

n2 = N∆

n − N2
∆

n2 . From ∂h(N∆)
∂N∆

= 1
n −

2
n2N∆ ≥ 0 it follows that h(N∆) has a maximum value when N∆ = n/2 holds.

Consequently, V ar (G (∆, δ)) ≤ 1
4 (∆− δ)

2
where equality holds if and only if

G(∆, δ) is a balanced bidegreed graph. □

Proposition 3.8. Let G = G(∆, δ) be a connected bidegreed graph with n-

vertices and m-edges. Then S (G (∆, δ)) = IRD (G (∆, δ)) ≤ IRR(G (∆, δ)),

where equality holds if and only if G(∆, δ) is a bidegreed balanced graph (i.e. if

n ≥ 4 is an even integer, and N∆ = Nδ = n
2 ).

Proof. By Proposition 3.3, S (G (∆, δ)) = IRD(G (∆, δ)) = 2N∆(n−N∆)
n (∆− δ) .

Consider the monotonically increasing function g(N∆) defined in the interval

(2 , n/2) by g (N∆) =
2N∆Nδ

n = 2N∆(n−N∆)
n . Its maximum value with respect

to N∆ can be computed from ∂g(N∆)
∂N∆

= 2
n (n − 2N∆) ≥ 0. As can be ob-

served, function g(N∆) has a maximum value if N∆ = Nδ = n/2 is fulfilled.

Consequently, for n-vertex bidegreed graphs S (G (∆, δ)) = IRD (G (∆, δ)) ≤
IRR(G (∆, δ)), with equality if and only if n ≥ 4 is an even integer and

N∆ = Nδ = n/2. □

Remark 3.9. If n is an odd integer, then for any n-vertex bidegreed graphS(G) <

IRR(G) holds. Moreover, if n is even integer, but N∆ ̸= Nδ then for a bid-

greed graph, IRR(G) will be always larger than S(G). For example, if G is the

4-vertex star K1,3 then S(K1,3) = 3 < 4 = IRR(K1,3).

4. Upper bounds for S(G) and V ar(G) measures

A connected irregular graph G having at least one universal vertex is called

a dominating graph. Dominating graphs form a subset of irregular graphs of

diameter 2. There are several bidegreed graphs belonging to the family of

dominating graphs. Typical examples are the n ≥ 5 vertex wheel graphs Wn

and the complete split graphs [8, 12, 34].

As it is known, an n-vertex complete split graph denoted by CS(n, k) consists

of an independent set of n−k vertices and a clique of k universal vertices, such

that each vertex of the clique is adjacent to each vertex of the independent

set. [8, 12]. Complete split graphs CS(n, k) represent a particular subclass of

bidegreed dominating graphs G(∆, δ) where ∆ = n − 1 and δ = k, and the

corresponding edge number is equal to m(CS(n, k)) = [(2n − 1)k − k2]/2 =

[(2n− 1)δ − δ2]/2.

Lemma 4.1. [6] Let G be an n-vertex connected irregular graph. If M1(G) is

maximal among n-vertex irregular graphs then G contains at least one universal

vertex of degree n− 1.
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Lemma 4.2. [7] Let G be a connected graph with n vertices and m edges.

Then M1 (G) ≤ 2m[2m+(n−1)(∆−δ)]
n+∆−δ with equality if G is a regular graph or

G is isomorphic to the complete split graph CS(n, k) where δ = k and m =

[(2n− 1)δ − δ2]/2.

Proposition 4.3. Let G be a dominating graph with n-vertices and m-edges.

Then

V ar (G) =
M1 (G)

n
−
(
2m

n

)2

≤
(
2m

n

)
[2m+ (n− 1) (n− 1− δ)]

2n− 1− δ
−
(
2m

n

)2

and equality holds if G is isomorphic to a complete split graph CS(n, k) where

δ = k and m = [(2n− 1)δ − δ2]/2.

Proof. Because for complete split graphs with n vertices and m edges ∆ = n−1,

δ = k, and m = [(2n−1)δ − δ2]/2 hold, the result follows from Lemma 4.2. □

Proposition 4.4. [2, 26] For a connected graph G with n vertices and m edges,

it is verified that

S (G) ≤ n
√

V ar (G). (4.1)

In what follows, we show that there are infinitely many balanced bidegreed

graphs for which equality holds in Eq. (4.1).

A broad class of bidegreed balanced graphs can be constructed from an n-

vertex R ≥ 3 regular graph GR by inserting vertices of degree 2 into GR. The

concept of construction is illustrated with graphs depicted in Fig. 1.

GT G1 G2 G3

Figure 1. Balanced bidegreed graphs Gj (j = 1, 2, 3) con-

structed from the 3-regular graph GT .

Example 4.5. Balanced bidegreed graphs of different type can be generated

from the 3-regular polyhedral graph GT . It is the graph of the 6-vertex trigonal

prism. Balanced bidegreed graphs Gj (j = 1, 2, 3) constructed from GT

are 12-vertex non-isomorphic graphs, all of them contain 6 vertices of degree 3

and 6 vertices of degree 2.
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Balanced bidegreed graphs Gj (j = 1, 2, 3) have identical degree de-

viation S (Gj) = IRD (Gj) = IRR (Gj) = 6 and identical degree variation

V ar (Gj) = 1
12

∑12
i=1

(
di − 30

12

)2
= 1

4 . As can be observed, balanced bidegreed

graphs depicted in Fig. 1 cannot be discriminated by irregularity measures

S(G) and V ar(G).

Proposition 4.6. Let G(∆, δ) be an n-vertex balanced bidegreed graph. Then

S (G (∆, δ)) = n
√

V ar (G (∆, δ)) = n
2 (∆− δ) = IRR(G (∆, δ)).

Proof. For balanced bidegreed graph G(∆, δ) the equality N∆ = Nδ = n/2

holds. It follows that 2m
n = ∆Nδ+δNδ

n = ∆+δ
2 . On one hand, S (G) =

N∆

(
∆− ∆+δ

2

)
+Nδ

(
∆+δ
2 − δ

)
= n

2

{
2∆−∆−δ

2 + ∆+δ−2δ
2

}
= n

4 {∆− δ +∆− δ}
= n

2 (∆− δ) . Also, n× V ar (G) = N∆

(
∆− ∆+δ

2

)2
+Nδ

(
∆+δ
2 − δ

)2
= (∆−δ)2

4 .

Consequently, S (G (∆, δ)) = n
√
V ar (G (∆, δ)) = n

2 (∆− δ) = IRR(G (∆, δ)).

□

5. Comparing the discrimination power of irregularity measures

S(G) and V ar(G)

A common property of irregularity measures V ar(G) and S(G) is that

if two n-vertex graphs GA and GB have an identical degree sequence, then

V ar(GA) = V ar(GB) and S(GA) = S(GB) hold. During last three decades

the discrimination power of various graph irregularity measure was evaluated

in several relavant publications [9, 15, 17, 21, 27, 29, 33].

In what follows it will be demonstrated for bidegreed graphs that there is a

strict algebraic relation between irregularity measures S(G) and V ar(G). This

observation implies that for an n-vertex bidegreed graph the discrimination

performance of V ar(G) and S(G) is considered to be completely equivalent.

Proposition 5.1. Let G(∆, δ) be an n-vertex connected bidegreed graph. Then

V ar (G (∆, δ)) = ∆−δ
2n S(G (∆, δ)).

Proof. According to Corollary 3.6, for the bidegreed graphG(∆, δ), S (G (∆, δ))

= IRD(G) = 2N∆Nδ

n (∆ − δ) and V ar (G (∆, δ)) = 1
n2 IRR (G) IRD(G) =

N∆Nδ

n2 (∆ − δ)2 hold. From these formulas the result follows. □

Using comparative tests, it is revealed that if G is not bidegreed, then for

general irregular graphs there is no uniquely defined deterministic algebraic

relation between irregularity measures S(G) and V ar(G).

In Fig. 2 this fact is demonstrated by irregular graphs with 6 vertices and

12 edges. For irregular graphs shown in Fig. 2 the corresponding topological

indices are summarized in Table 1.

As we can conclude, graphs JA, JB and JC are tridegreed graphs, while JD
is a balanced bidegreed graph having 3 vertices of degree 3 and 3 vertices of

degree 5.
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JA JB JC JD

Figure 2. All connected irregular graphs with 6 vertices and

12 edges.

Graph Topological parameter

M1 S Var q

JA 98 2 1/3 1

JB 100 4 2/3 2

JC 102 4 1 2

JD 102 6 1 3
Table 1. Topological invariants of irregular graphs with 6-

vertices and 12-edges.

Among all irregular graphs depicted in Fig. 2, there exist irregular graphs

with q = 1,2 and 3 universal vertices. The bidegreed graph JD with 3 universal

vertices is the only graph with a maximum irregularity measure S, i.e. S(JD) =

6.

Table 1 contains the corresponding first Zagreb indices and the numbers q

of universal vertices for graphs JA, JB , JC and JD.

As we have already mentioned that Cioabǎ proved [7] that if among n-vertex

connected graphs, the first Zagreb index M1(G) is maximal for a graph G, then

G contains at least one universal vertex of degree n− 1. Consequently, if G is

an n-vertex connected graph for which M1(G) is maximal, then G contains at

least one universal vertex.

Let Gn,m be a connected irregular graph with n vertices and m edges. From

the definition of V ar(G) it follows that the value of V ar(Gn,m) will be maximal

if M1(Gn,m) is maximal, as well.

In Table 1 graphs JC and JD have equal maximal first Zagreb index, i.e.

M1(JC) = M1(JD) = 102 holds. It follows from this observation that the

maximal degree variance (V ar = 1) belongs to graphs JC and JD. Moreover, we

can conclude that the maximal degree deviation of S = 6, belongs to bidegreed

graph JD.
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In order to compare different irregularity measures IA(G) and IB(G) for

connected irregular graphs we introduced a topological invariant ω(G) formu-

lated as ω (G) = IA(G)
IB(G) . As a particular case, consider the graph invariant

defined by Ω (G) = V ar(G)
S(G) .

Nikiforov mentioned without proof in Ref. [26] that if G is a connected

irregular graph then inequality Ω (G) = V ar(G)
S(G) ≤ 1 holds. In what follows, we

find a better bond for Ω (G).

Corollary 5.2. Ω (G) < 1
2 .

Proof. From inequality (3.1), one can see that Ω (G) = V ar(G)
S(G) ≤ 1

2n (∆− δ) ≤
n−2
2n = 1

2 − 1
n < 1

2 . □

The inequality 0 ≤ V ar(G) ≤ S(G)/2 is the best possible, it cannot be

sharpened as it is demonstrated by the following two examples.

Example 5.3. Consider the infinite sequence of wheel graphs Wn with n ≥ 5

vertices. For these bidegreed graphs ∆− δ = n− 4 holds. Because

V ar (Wn) =
(n− 1) (n− 4)

2

n2
→ ∞ if n → ∞,

S (Wn) =
2 (n− 1) (n− 4)

n
→ ∞ if n → ∞.

One obtains that Ω (Wn) =
V ar(Wn)
S(Wn)

= n−4
2n = 1

2 − 2
n → 1

2 if n → ∞.

Example 5.4. There exists an infinite sequence of n-vertex paths Pn for which

V ar (Pn) =
2(n−2)

n2 → 0 if n → ∞, S (Pn) =
4(n−2)

n → 4 if n → ∞, it follows

that Ω (Pn) =
V ar(Pn)
S(Pn)

→ 0 if n → ∞.

Starting with considerations outlined previously the following proposition

yields.

Proposition 5.5. For a connected irregular graphs Ω(G) < 1/2 and V ar(G) <

S(G)/2 are fulfilled. Moreover, for any small ε > 0 positive number there ex-

ists an n-vertex graph Gn for which
∣∣∣V ar(Gn)

S(Gn)
− 1

2

∣∣∣ < ε holds if n is sufficiently

large. For example, such graphs are the n-vertex stars K1,n−1 and n-vertex

wheel graphs Wn.

Proposition 5.6. Let H1(∆1 , δ1) and H2(∆2 , δ2) be n-vertex connected bide-

greed graphs for which DIF = ∆1 − δ1 = ∆2 − δ2 ≥ 1 holds. Then

Ω (H1) =
V ar (H1)

S (H1)
= Ω (H2) =

V ar (H2)

S (H2)
=

DIF

2n
.

Proof. Because H1(∆1 , δ1) and H2(∆2 , δ2) are connected bidegreed graphs

with n vertices, it follows that for i = 1, 2 , Ω (Hi) =
∆j−δj

2n = DIF
2n . □
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Example 5.7. Consider the connected bidegreed 7-vertex graphs depicted in

Fig. 3 They have identical DIF = ∆− δ parameter and different edge numbers

(m = 6, 8, 10 and 16). For path P7 the equality ∆ − δ = 2 − 1 = 1 holds,

and for bicyclic and 4-cyclic graphs B7 and F7 one obtains that ∆ − δ =

3 − 2 = 1, respectively. Graph G7 is a 10-cyclic bidegreed graph for which

∆ − δ = 5 − 4 = 1. Because for these 7-vertex graphs DIF = ∆− δ = 1

holds, we have that Ω (P7) = Ω (B7) = Ω (F7) = Ω (G7) =
1
14 .

P7 B7 F7 G7

Figure 3. Bidegreed 7-vertex graphs with different edge num-

bers.

6. Multiplicative decomposition of degree variance

Proposition 6.1. [4] Let G be a connected graph with n vertices and m edges.

Then

V ar (G) =
1

n

n∑
i=1

(
di −

2m

n

)2

=
M1 (G)

n
−
(
2m

n

)2

≤
(
∆− 2m

n

)(
2m

n
− δ

)
.

Based on the previous proposition, for connected bidegreed graphs a multi-

plicative decomposition of the degree variance can be performed.

Proposition 6.2. Let G(∆, δ) be a connected bidegreed graph with n vertices

and m edges. Then

V ar (G(∆, δ)) =
1

n

n∑
i=1

(
di −

2m

n

)2

=
M1 (G(∆, δ))

n
−

(
2m

n

)2

=

(
∆− 2m

n

)(
2m

n
− δ

)
.

Proof. It follows that
(
∆− 2m

n

) (
2m
n − δ

)
= 2m

n (∆ + δ) − ∆δ −
(
2m
n

)2
. Con-

sequently, it suffices to show that M1 (G (∆, δ)) = 2m (∆ + δ)− n∆δ. Because

n = N∆ + Nδ, 2m = ∆N∆ + δNδ and M1(G(∆, δ)) = ∆2 N∆ + δ2 Nδ,

one obtains that (∆N∆ + δNδ) (∆ + δ) − (N∆ +Nδ)∆δ = ∆2N∆ + δ2Nδ =

M1 (G (∆, δ)). □
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It is interesting to note that a similar formula can be derived for the so-called

2-walk linear graphs representing a broad class of connected irregular graphs

[10, 20, 22, 28, 32, 33].

A connected irregular graph G is called 2-walk linear (more precisely, 2-walk

(a, b)-linear) if there exists a unique rational number pair (in fact, integers pair)

(a, b) such that S (u) = dG (u) t (u) = adG (u) + b holds for every vertex u of

G, where S(u) is the sum of the degrees of all vertices adjacent to u, and t(u)

stands for the average of degrees of vertices adjacent to u.

As it is known, [10, 20, 22, 28, 33]:

(1) If G is a 2-walk (a, b) linear graph, then a and b are integers, and a ≥ 0.

(2) A connected irregular graph has exactly two main eigenvalues λ > µ

if and only if it is 2-walk linear.

(3) If G is a 2-walk (a, b) linear graph with two main eigenvalues λ and

µ, then λ, µ = 1
2

(
a±

√
a2 + 4b

)
, consequently λ + µ = a and

λµ = − b where λ is the spectral radius of G.

Proposition 6.3. [32] Let G be a 2-walk (a, b) linear graph with main eigen-

values λ and µ, where λ > µ. Then V ar (G) =
(
λ− 2m

n

) (
2m
n − µ

)
.

(1) As an example, consider the 11-vertex and 20-edge connected graph GR

with degree sequence (51, 45, 35). It is depicted in Fig.5. This triangle-

free graph having chromatic number 4 is known as the Grötzsch graph

[5]. Graph GR is a 2-walk (a, b) linear graph with parameters a = 1

and b = 10.

Figure 4. A 11-vertex 2-walk (a, b) linear graph.

The corresponding main eigenvalues of graph GR are λ (GR) , µ (GR) =
1
2

(
1±

√
41
)
. It is easy to check that V ar (G) =

(
λ (GR)− 40

11

) (
4
11 − µ (GR)

)
=

50
121 .

Remark 6.4. There are several bidegreed 2-walk linear graphs with various

structure, such graphs are the wheel graphs, friendship graphs, complete split

graphs.
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7. S(G) and V ar(G) for n-vertex connected graphs with

cyclomatic number ≤ (n+ 2)/2

The aim of this section is to study the graph invariants S(G) and V ar(G) for

n-vertex connected graphs with cyclomatic number c such that 1 ≤ c ≤ n+2
2 .

Theorem 7.1. [13] If G is a connected graph with n vertices and cyclomatic

number c, then

N1 = 2− 2c+

∆∑
i=3

(i− 2)Niand N2 = 2c+ n− 2−
∆∑
i=3

(i− 1)Ni,

where Ni for all i = 1, 2, . . . ,∆ are the number of vertices of degree i in G.

Theorem 7.2. Let T be a tree on n vertices. Then,

(1) S (T ) = 4(n−2)
n + 2(n−2)

n

∑∆
i=3 Ni (i− 2) ,

(2) V ar (T ) = 2(n−2)
n2 + 1

n

∑∆
i=3 Ni (i− 1) (i− 2) ,

(3) IRR (T ) = n
2 (∆− 1) ,

(4) IRD (T ) ≤ 4N∆(∆−1)+2N∆
∑∆

i=3 (i−2)Ni(∆−1)

2+(∆−1)N∆
, with equality if and only

if D (G) ⊆ {1, 2,∆} .

Proof. Since m = n− 1, by definition of S(T ) and Theorem 7.1 we have

S (T ) = N1

(
2(n− 1)

n
− 1

)
+N2

(
2− 2(n− 1)

n

)
+

∆∑
i=3

Ni

(
i− 2 (n− 1)

n

)

= 2

(
2(n− 1)

n
− 1

)
+

∆∑
i=3

(i− 2)Ni

(
2(n− 1)

n
− 1

)
+ n

(
2− 2(n− 1)

n

)

− 2

(
2− 2 (n− 1)

n

)
−

∆∑
i=3

(i− 1)Ni

(
2− 2 (n− 1)

n

)
+

∆∑
i=3

Ni

(
i− 2 (n− 1)

n

)

=
4 (n− 2)

n
+

2

n

∆∑
i=3

Ni (i− 2) (n− 2) .

This completes (1). Let Γ = n× V ar (T ). To prove (2), we apply definition
of V ar (T ) and Theorem 7.1 to deduce that

Γ = N1

(
2 (n− 1)

n
− 1

)2

+N2

(
2− 2 (n− 1)

n

)2

+

∆∑
i=3

Ni

(
i− 2 (n− 1)

n

)2

= 2

(
2 (n− 1)

n
− 1

)2

+
∆∑
i=3

(i− 2)Ni

(
2 (n− 1)

n
− 1

)2

+ n

(
2− 2 (n− 1)

n

)2

− 2

(
2− 2 (n− 1)

n

)2

−
∆∑
i=3

(i− 1)Ni

(
2− 2 (n− 1)

n

)2

+

∆∑
i=3

Ni

(
i− 2 (n− 1)

n

)2

=
2 (n− 2)

n
+

∆∑
i=3

Ni (i− 1) (i− 2) .
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Hence, V ar (T ) = 2(n−2)
n2 + 1

n

∑∆
i=3 ni (i− 1) (i− 2) which completes (2).

The proof of (3) is straightforward and so it is omitted. To prove (4), we use

definition of IRD(T ) and Theorem 7.1. We can see that,

IRD (T ) =
2N1N∆ (∆− 1)

N1 +N∆
=

4N∆(∆− 1) + 2N∆

∑∆
i=3 (i− 2)Ni (∆− 1)

2 +
∑∆

i=3 (i− 2)Ni +N∆

≤
4N∆ (∆− 1) + 2N∆

∑∆
i=3 (i− 2)Ni (∆− 1)

2 + (∆− 2)N∆ +N∆

=
4N∆ (∆− 1) + 2N∆

∑∆
i=3 (i− 2)Ni (∆− 1)

2 + (∆− 1)N∆
,

with equality if and only if Ds (G) ⊆ {1, 2,∆} . □

Corollary 7.3. If T is a tree on n vertices, then

(1) S (T ) ≥ 4(n−2)
n and equality holds if and only if T ∼= Pn.

(2) V ar (T ) ≥ 2(n−2)
n2 and equality holds if and only if T ∼= Pn.

(3) IRR (T ) ≥ n
2 and equality holds if and only if T ∼= Pn.

(4) IRD(T ) ≥ 4N∆(∆−1)+2N2
∆(∆−2)(∆−1)

2+(∆−2)(n−N1−N2)+N∆
, with equality if and only if Ds (G)

⊆ {1, 2,∆} .
(5) IRD (T ) ≤ 4N∆(∆−1)+2N∆(∆−2)(∆−1)(n−N1−N2)

2+(∆−1)N∆
, with equality if and

only if Ds(G) ⊆ {1, 2,∆}.

Proof. The proofs of Parts (1), (2), (3) and (5) are direct consequences of

Theorem 7.2. To prove (4), we have

IRD (T ) =
4N∆(∆− 1) + 2N∆

∑∆
i=3 (i− 2)Ni (∆− 1)

2 +
∑∆

i=3 (i− 2)Ni +N∆

≥
4N∆ (∆− 1) + 2N∆

∑∆
i=3 (i− 2)Ni (∆− 1)

2 + (∆− 2) (n−N1 −N2) +N∆

≥ 4N∆ (∆− 1) + 2N2
∆ (∆− 2) (∆− 1)

2 + (∆− 2) (n−N1 −N2) +N∆
,

with equality if and only if Ds (G) ⊆ {1, 2,∆}. □

Corollary 7.4. If T is a tree on n vertices, then

V ar (T )− 1

2n
S (T ) =

1

n

∆∑
i=3

Ni (i− 2)

(
i− 2n− 2

n

)
.

Proof. The proof follows from Theorem 7.2. □

Corollary 7.5. If T is a tree on n ≥ 4 vertices, then Ω (T ) = V ar(T )
S(T ) ≥ 1

2n

and equality holds if and only if T ∼= Pn.

Proof. By Corollary 7.4, V ar (T )− 1
2n S (T ) ≥ 0, equality holds if and only if

T is isomorphic to Pn. Therefore, Ω (T ) = V ar(T )
S(T ) ≥ 1

2n and equality holds if

and only if T ∼= Pn. □
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Corollary 7.6. Let T be a tree on n vertices. Then S (T ) ≥ IRD(G), equality

holds if and only if T is bidegreed tree.

Proof. If tree T is bidegreed, then T = T (∆ ≥ 2, δ = 1), and according

to Proposition 3.3 the equality S(T ) = IRD(T ) holds. Assuming that T is a

non-bidegreed tree with ∆ ≥ 3, then by Theorem 7.2 we have

S (T )− IRD (T ) ≥ 4 (n− 2)

n
+

2

n

∆∑
i=3

Ni (i− 2) (n− 2)

−
4N∆ (∆− 1) + 2N∆

∑∆
i=3 (i− 2)Ni (∆− 1)

2 + (∆− 1)N∆

=
8 (n− (∆− 1)N∆ − 2)

n (2 + (∆− 1)N∆)
+

∆∑
i=3

(4i− 8) (n− (∆− 1)N∆ − 2)

n (2 + (∆− 1)N∆)

≥ 8N2

n (n−N2)
+

∆∑
i=3

(4i− 8)N2

n(n−N2)

≥ 8N2

n (n−N2)
+

(4∆− 8)N2N∆

n(n−N2)
≥ 0,

with equality if and only if Ds (T ) = {1,∆}. □

Theorem 7.7. Let G be a connected graph with n vertices and cyclomatic

number c such that 1 ≤ c ≤ n+2
2 . Then,

S (G) =
2

n

∆∑
i=3

Ni (in− 2m) ,

V ar (G) =
1

n

∆∑
i=3

Ni (i− 1) (i− 2)− 2 (2m− n) (m− n)

n2
.

Proof. Since m = n + c − 1 and 1 ≤ c ≤ n+2
2 , 2 ≤ 2m

n ≤ 3. Therefore, by

Theorem 7.1 we have

S (G) = N1

(
2m

n
− 1

)
+N2

(
2m

n
− 2

)
+

∆∑
i=3

Ni

(
i− 2m

n

)

= (2− 2c)

(
2m

n
− 1

)
+

∆∑
i=3

(i− 2)Ni

(
2m

n
− 1

)
+ (2c+ n− 2)

(
2m

n
− 2

)
−

∆∑
i=3

(i− 1)Ni

(
2m

n
− 2

)
+

∆∑
i=3

Ni

(
i− 2m

n

)

=
2

n

∆∑
i=3

Ni (in− 2m) .
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n× V ar (G) = N1

(
2m

n
− 1

)2

+N2

(
2m

n
− 2

)2

+

∆∑
i=3

Ni

(
i− 2m

n

)2

= (2− 2c)

(
2m

n
− 1

)2

+

∆∑
i=3

(i− 2)Ni

(
2m

n
− 1

)2

+ (2c+ n− 2)

(
2m

n
− 2

)2

−
∆∑
i=3

(i− 1)Ni

(
2m

n
− 2

)2

+

∆∑
i=3

Ni

(
i− 2m

n

)2

=

∆∑
i=3

Ni (i− 1) (i− 2)− 2 (2m− n) (m− n)

n

and this gives V ar (G) = 1
n

∑∆
i=3 Ni (i− 1) (i− 2)− 2(2m−n)(m−n)

n2 . □

Corollary 7.8. Let G be an n-vertex connected unicyclic graph. Then S (G) =

2
∑∆

i=3 Ni (i− 2) , V ar (G) = 1
n

∑∆
i=3 Ni (i− 1) (i− 2) and n × V ar (G) −

S (G) =
∑∆

i=4 Ni (i− 2) (i− 3) .

Proof. Since m = n, the Theorem 7.7 gives the results. □

Corollary 7.9. Let G( ̸= Cn) be a connected unicyclic graph with n vertices.

Then Ω (G) = V ar(G)
S(G) ≥ 1

n , the equality holds if and only if Ds (G) ⊆ {1, 2, 3} .

Proof. By Corollary 7.8, n × V ar (G) − S (G) ≥ 0, the equality holds if and

only if Ds (G) ⊆ {1, 2, 3} . Thus, Ω (G) = V ar(G)
S(G) ≥ 1

n and equality holds if and

only if Ds (G) ⊆ {1, 2, 3} . □

Corollary 7.10. Let G be a connected irregular graph with n vertices and

cyclomatic number c such that 1 ≤ c ≤ n+2
2 . Then Ω (G) ≥ 1

n − 2
S(G) .

Proof. By Theorem 7.7, we have,

S (G)− n× V ar (G) =
2 (2m− n) (m− n)

n
+

2

n

∆∑
i=3

Ni (in− 2n)

−
∆∑
i=3

Ni (i− 1) (i− 2)

≤ 2 (2m− n) (m− n)

n
−

∆∑
i=4

Ni (i− 2) (i− 3)

≤ (2m− n) (2m− 2n)

n
≤ (3n− n) (3n− 2n)

n
= 2n.

Therefore, Ω (G) = V ar(G)
S(G) ≥ 1

n − 2
S(G) . □
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Proposition 7.11. There exist infinitely many tridegreed unicyclic graphs

G with degree set Ds (G) = {1, 2,∆ ≥ 3} for which S (G) = IRD (G) =
2N∆N1

N∆+N1
(∆− 1) = 2N1.

Proof. Consider an arbitrary bidegreed unicyclic graph H with degree set

Ds (H) = { δ = 1,∆ ≥ 3} and vertex number n(H) = N1 + N∆.

Denote by G the tridegreed unicyclic graph generated from H by inserting

N2 vertices of degree 2 into H. The number of vertices of G will be equal

to n(G) = N1 + N2 + N∆. By Corollary 7.8 the unicyclic graphs

G and H have identical degree deviations, S (G) = S (H) = 2N∆ (∆− 2).

Additionally, by Theorem 7.1, N1 = N∆(∆ − 2). Therefore, IRD (G) =

IRD (H) = 2N∆N1

N∆+N1
(∆− 1) =

2N2
∆

N∆(∆−1) (∆− 2) (∆− 1) = 2N∆ (∆− 2) . Thus

S (G) = S (H) = IRD (G) = IRD(H) = 2N1. □

Proposition 7.12. Let T be an n ≥ 2 vertex tree which contains N1 ≥ 2

pendent vertices (vertices of degree 1). Then S (T ) = 2(n−2)
n N1.

Proof. By Theorem 7.2, S (T ) = 4(n−2)
n + 2(n−2)

n

∑∆
i=3 Ni (i− 2). Therefore,

by Theorem 7.1, S (T ) = 4(n−2)
n + 2(n−2)

n (N1 − 2) = 2(n−2)
n N1. □

Proposition 7.13. Let G be an n ≥ 3 vertex unicyclic graph which contains

N1 ≥ 0 pendent vertices. Then S(G) = 2 N1.

Proof. Since m = n, by Theorem 7.1 and Corollary 7.8, S (G) = 2N1 =

2
∑∆

i=3 Ni (i− 2). □

Let Tn and Un be a tree and an unicyclic graph on n ≥ 4 vertices, respec-

tively. If N1 (Tn) = N1 (Un), then by Propositions 7.12 and 7.13, S(Tn) →
S(Un) when n → ∞.

Proposition 7.14. Let G be a connected graph with n vertices, N1 ≥ 0

pendent vertices and cyclomatic number c such that 1 ≤ c ≤ n+2
2 . Then,

S (G) ≤ 2(N1 + 2c− 2), with equality if and only if G is an unicyclic graph.

Proof. Since m ≥ n, by Corollary 7.8 we have S (G) = 2
n

∑∆
i=3 Ni (in− 2m) ≤

2
∑∆

i=3 (i− 2)Ni and equality holds if and only if G is an unicyclic graph.

Therefore, by Theorem 7.1 we have S (G) ≤ 2
∑∆

i=3 (i− 2)Ni = 2(N1+2c−2)

and equality holds if and only if G is an unicyclic graph. □

Proposition 7.15. There are infinitely many n-vertex connected bidegreed

graphs G(∆,∆− 1). For such bidegreed graphs,

Ω ( G(∆,∆− 1)) =
V ar ( G(∆,∆− 1))

S ( G(∆,∆− 1))
=

1

2n
.

Proof. For n ≥ 3, the path Pn is a bidegreed graph such that ∆− δ = 2− 1 =

1. Therefore, there are infinitely many n-vertex connected bidegreed graphs

G(∆,∆ − 1). Suppose G(∆,∆ − 1) is a bidegreed graph. By Proposition 5.1,

Ω ( G(∆,∆− 1)) = V ar( G(∆,∆−1))
S( G(∆,∆−1)) = ∆−(∆−1)

2n = 1
2n . □
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8. Two conjectures

Let G be an arbitrary n-vertex and m-edge simple graph (connected or dis-

connected) with maximum degree ∆ and minimum degree δ. Our calculations

on trees, unicyclic graphs and graphs with a small numbers of vertices suggest

the following two conjectures:

Conjecture 8.1. It is conjectured that

S (G) ≥ IRD (G) and V ar (G) ≥ 1

n2
IRR (G) IRD (G) .

The equalities hold if and only if Ds (G) ⊆ {δ, 2m
n ,∆}.

Conjecture 8.2. It is conjectured that Ω (G) = V ar(G)
S(G) ≥ 1

2n .

By Proposition 7.15, there are infinitely many connected graphs such that

Ω (G) = V ar(G)
S(G) = 1

2n . It is important to note that sharp inequalities repre-

sented by above conjectures are valid for several tridegreed graphs.

Example 8.3. As an example, consider the complete tripartite graph K2,3,5

depicted in Fig.5. Starting with the 10-vertex tridegreed graph K2,3,5 char-

acterized by degree sequence (82, 73, 55) one obtains that S (K2,3,5) = 12 >

60/7 = IRD(K2,3,5). Because IRR(K2,3,5) = 15 and V ar(K2,3,5) = 39/25,

it follows that 1.56 = 39
25 = V ar (K2,3,5) > 1

n2 IRR (K2,3,5) IRD (K2,3,5) =
15
100 × 60

7 = 9
7 = 1.2857. Moroever, Ω (K2,3,5) =

V ar(K2,3,5)
S(K2,3,5)

= 39
25×12 = 13

25×4 =
13
100 > 5

100 = 1
20 = 1

2n .

Figure 5. Complete tripartite graph K2,3,5.

9. Additional considerations

Determination of extremal graphs with respect to irregularity measures S(G)

and V ar(G) belongs to the fundamental problems. In the research focused on

the identification of extremal graphs the complete split graphs CS(n, k) play a

central role [1, 8, 12].
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For complete split graphs one obtains that

S (CS (n, k)) =
2k

n
(n− k) (n− 1− k) =

2δ

n
(n− δ) (n− 1− δ) ,

V ar (CS (n, k)) =
k

n2
(n− k) (n− 1− k)

2
=

δ

n2
(n− δ) (n− 1− δ)

2

Consequently, 1
2n ≤ Ω (CS (n, k)) = V ar(CS(n,k))

S(CS(n,k)) = n−k−1
2n = n−δ−1

2n < 1
2 .

Recently, it has been proved [12] that among all n-vertex connected graphs

the maximal degree deviation is obtained for a particular subset of complete

split graphs CS(n, k) where

(1) k = n/3, if n is divisible by 3,

(2) k = (n− 1)/3, if n− 1 is divisible by 3,

(3) k = (n− 2)/3 if n− 2 is divisible by 3 and

(4) k = (n+ 1)/3 if n+ 1 is divisible by 3.

An open problem: Let Γ(n,m) be the set of connected graphs with n vertices

and m edges. Let G be a connected irregular graph with n vertices and m edges

for which the degree deviation S(G) is maximal with respect to any connected

graph contained in set Γ(n,m).

Question: Is it true that if an n-vertex and m edge connected graph G included

in Γ(n,m) has a maximal degree deviation (i.e. S(G) is maximal with respect

to all graphs contained in Γ(n,m)) then this graph G also has a maximal degree

variance V ar(G)?

Based on computational results it can be proved that the answer to the question

is positive in some particular cases, but for the majority of cases the answer is

negative. This observation is demonstrated on the following examples.

Case A: Consider the set Γ(7, 11) of connected irregular graphs with 7 vertices

and 11 edges. In Γ(7, 11) there exist exactly 15 irregular graphs having universal

vertices. Among them there are 14 graphs with one universal vertex, and only

one 7-vertex graph with 2 universal vertices. This graph having the degree

sequence (62, 25) is isomorphic to the complete split graph CS(7, 2), and it is

characterized by the following parameters: N6 = 2, N2 = 5, m = 11, M1 = 92

and V ar(CS(7, 2)) = 160/49 = 3.2653. It is easy to see that graph CS(7, 2)is

the unique graph having a maximal degree variance among 15 irregular graphs

belonging to set Γ(7, 11). Additionally, from previous considerations it follows

that graph CS(7, 2) is the unique maximal graph in Γ(7, 11) with respect to

the degree deviation for which S(CS(7, 2)) = 80/7 is fulfilled. It is easy to

check that S (CS (7, 2)) = 2n
∆−δV ar (CS (7, 2)) = 2×7

6−2

(
160
49

)
= 80

7 holds.

As we can conclude, among irregular graph with 7 vertices and 11 edges, the

complete split graph CS(7, 2) is the unique extremal graph having maximal

degree deviation and maximal degree variance, simultaneously.

Case B : Among 12-vertex connected graphs, the complete split graphs CS(12,4)

with edge-number 38 has the maximal degree deviation S(CS(12, 4)) = 37.333.
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Its degree variance is V ar(CS(12, 4)) = 10.889. Performing computer search

it can be verifed that in the set Γ(12, 30) there exists a connected graph denoted

by H12,30 for which V ar(H12,30) = 12 and S(H12,30) = 36 hold. Consequently,

one obtains that S(H12,30) = 36 < 37.333 = S(CS(12, 4) and V ar(H12,30) =

12 > 10.889 = V ar(CS(12, 4). By simple computation it is easy to show that

graph H12,30 is isomorphic to the 12-vertex and 30-edge complete split graph

CS(12, 3).
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