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ABSTRACT. We introduce a subclass k — TUS*(«, 9)of uniformly star-
like functions fand study characterization theorem and coefficients
estimates. We also define a neighbourhood of a function funder cer-
tain assumptions and study this neighborhood related results. We
establish results relating to the partial sums of functions belonging
to the class k — TUS*(a, ¥). These functions are closely linked with the
conformal mappings which lead to the growing applications in boundary
and eigen-value problems in mathematics and various other fields of sci-
ence and engineering. This research may also be related with the various

known classes already found in the literature.
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1. INTRODUCTION

Let A denote the subclass of analytic function with the representation given
below

A:{f:f(Z)zz—l—Zamzm, (ZEU(O,l))},
m=2

where U (0,1) = {z € C: | z |< 1} is the unit disk in the z—plane with center
at the origin and radius 1. A function f is univalent in a domain U (0, 1), if
it does not map the same point twice. A function f is univalent in U (0,1)
provided that its derivative never vanishes and we prove the univalence of f
by using Rouche’s theorem. The notation S represents the class or family of
univalent functions. The class § and its subclasses are related with the class
P of functions p with R(p(z)) > 0 and

p(z) =1+ > pmz™ (2€U(0,1)).
m=1

A large number of analytic functions classes are related with the class P and
some of its generalizations. These include §* C S, the class of starlike functions
f satisfying the condition
2f'(2)
f(2)
A function f € S is convex in U (0, 1), if and only if zf’ € §*. For these classes

with order and arguments, see [17, 22, 23, 27] and others. These classes are
further extended in such a way that the function f maps on to the right half

eP,  (eU(0,1)).

plane or some specific plane region Ay defined by
Ay = {w:u+iu’:u2 > k2 ((u—1)2—|—(u’)2) kK ZO},

under certain restriction on k, for detail see [8, 10, 11, 12, 16, 18]. The classes
k —US*(a) and k — UC(«) contain k-uniformly starlike and convex functions
of order « respectively. We define these classes in the following.
Let f € A. Then f € k —US" (), if
TECINBNELS
f(2) f(2)
where —1 < a < landk > 0. Also f € k—UC(«) if and only if 2 f' € k—US™ ().
For « = 0 and k = 1, these classes were studied by Goodman [4, 5] and
Ronning [24, 25]. These and related subclasses are nicely extended in various
aspects in the literature of the subject. Importantly Kanas and Srivastava also
determined conditions on the parameters for which a certain linear operator
maps the classes of starlike and univalent functions onto the class £k — UC of

_4 (€ U(0,1)), (1.1)

uniformly convex and the class k — US* of uniformly starlike functions, for
reference, see [9]. Uniformly univalent functions with respect to symmetric
points were also discussed in [19, 37, 38]. Goodman [6] in 1957 and Ruscheweyh
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[26] in 1981, introduced and extended the concept of the neighbourhood of an
analytic function f defined below:

N (f) = {hET:h(z)—z— mezm, Zm\am—bm |§T}.
m=2 m=2

Remark 1.1. For I(z) = z, we write

NT(I):{hET:h:z—ibmzm,im|bm|§7}. (1.2)

m=2 m=2
Definition 1.2. Let f, FF € A. Then f is subordinate to F' ( f < F), if for

a ”Schwarz function” w, f(z) = F (w(2)).

For Fe S, f<F < f(0)=F(0) and f(U(0,1)) C F(U(0,1)). Let

{fn(2)} = {z— Zamzm, (zEU(O,l))}

be a sequence of the partial sums of f. We choose the coefficients of f suffi-
ciently small so that we can easily find the ratio of a function f to its sequence
fn(z) = 2= _,amz™ and fi1(z) = z. We also determine the sharp lower
bounds for these ratios. For this purpose, we have the following

1—w(2) . . = :
= m < .
R <1 n w(z)) >0 if and only if w(z) E dmz™ with |w(z)] < |z|

m=1

A function f € T can be written as
f@)=2= amz™,  (am>0). (1.3)
m=2

Silverman [32] introduced some subclasses of 7. These and related classes were
further investigated in [13, 14, 20, 21, 33, 39] and others. We now introduce
the following;:

Definition 1.3. A function f € k —US™ (o, ), if

R (ﬁzzfﬂ(z) +(1+ kew)zf/(z) — ke“’) > a, (1.4)

f(2) f(2)
for z€U(0,1),9>0,0<a<1,0<k<]1.

To define the subclass k—TUS™ (o, ¥) of analytic functions with non-negative
coeflicients, we take

k— TUS™ (a,0) = k —US™ (0, 0) N'T. (1.5)

The classes of functions related with these classes are studied in [1, 2, 3, 10,
11, 12, 18, 25, 36] and others.
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2. SOME BASIC LEMMAS

From [28], we have the following two lemmas.

Lemma 2.1. If w € C and ¥ € R, then we have
Rw(z)) 29 & |wz)+(1-9) [ —[wz)-1-9)[=0.

The above lemma relates the functions with positive real part to the func-
tions defined by using the absolute values

Lemma 2.2. For w € C and ¥ € R, we can write
R(w(z)) > k| 94+w(z)—1| = R{w(z)(1+ke?)—ke’} >0, —nw<6<m.

This lemma also relates the functions having some plane curves as image
domains to the functions defined by using the positive real part. The concept
of < leads to the following lemma:

Lemma 2.3. If f,h € A with f < h, then

27 ) - 27 ) -
/ | f(re')] d@g/ |h(re)|" df), (2.1)
0 0

where z =re®, 0 <r <1 and 7> 0.

For the reference of the above result, see [15].

3. MAIN RESULTS

In 1957, Goodman in [15] studied certain coefficient conditions for the con-
vexity and starlikeness of some subclasses of analytic functions. These results
were further extended in the prospective of various other related subclasses
of analytic, harmonic and meromorphic functions. In the following, we study
the characterizations of functions in the class k¥ — TUS™ (o, ¥) under certain
restrictions on the parameters involved.

Theorem 3.1. A function f € k — TUS™ (o, ¥) iff
> lm =)k +1)(@m+1) + (1 - a)am < 1—a. (3.1)
m=2

The above inequality is sharp.

Proof. Suppose (3.1) holds. Then, we can write
(9221 " (2) + 2f ' (2)) (1 + ke™®) — ke f(2)
f(2)
=2 [PkePm(m — 1) + Im(m — 1) + m + ke'®m — ke?® — 1]amzm"1

- 1= 5 amzm1
< ‘ 2om=2l(m —1)(k + 1)(Im + D]am

1= —aam

|F(z)—1|:‘ _1’

<l-—a.
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Thus |F (z) — 1] <1 — a, that is
(92°f"(2) + 2f "(2)) (1 + ke™) — ke” f(2)
f(z)
lies in the disk centered at 1 and radius 1 — «. Thus, f € k — TUS™(«, 9).
Conversely, suppose that f € k — TUS™(«, ). Then from (1.4), we have
<1 — 3% ,Wm(m — 1) + m + 9ke¥m(m — 1) + ke'¥m — ke f(2)]amz™"1 )
R > a.

11— yamzm !

For real values we take z — 1~ and write

i[(m—1)(k+1)(19m+1)+1—a]amg1—04

m=2

as required. The following function

l-«
. >9 3.2
1@ =2 e DemsD+i-a’ > ™22 (2
provides the sharpness for the assertion (3.1). O

Corollary 3.2. Let f € k— TUS" (a,9). Then for m > 2, we have

11—«
S RO om)m—D+1—a

(3.3)

The following Theorem deals with the inclusion for ¥, < 5.

Theorem 3.3. Let 0 < a < 1,0 < ¥y < ¥ and 0 < k < 1. Then k —
TZ/[S*(Oé77.92) Cck-— TZ/[S*(Oz,ﬁl)

Proof. For f € k—TUS"(a,2), we write
i (m—=1)(k+1)(14+md1)+(1—a)]am < Z [(m—=1)(k+1)(mI2+1)+(1—a)lam < 1—a.

m=2 m=2

Hence f € k — TUS™ (o, V7). O

From the above theorem, we deduce that f € k—TUS" («a, ) is k—uniformly
starlike and starlike of order a.

Following the results of Goodman [6] and Ruscheweyh [26], we find the
neighbourhood of f € k — TUS™ (o, ¥).

Theorem 3.4. Let 0 < o < 1,0 < ¥ < P9 and 0 < k < 1. Then k —
TUS* (e, ) CN-(I), where I (2) =2 and
2(1 — )
204+ 1)(k+1)+(1-a)
Proof. For f € k — TUS™(a,¥) and by Theorem 3.1, we have

T =

[(2041)(k+1)+(1—a)] i am < 3 [(1+9m) (1+k)(m—1)+(1—a)]am < 1—a,

m=2 m=2
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which yields
oo
Z a < 1 —
=T kDI D)+ (1)

(3.4)
Also, we have

294+ 1)(k+1) imam <(l—a)—[1-—a)—20+1)(k+1)] iam.

m=2 m=2
Using (3.4), we can write

l-a)[l-—a—-(1+k)(20+1)]
204+ 1)(k+1)+(1—a)

(1+k)(219+1)imam§17047

m=2

On simplifying the above inequality, we see that

= 2(1 —a) B
2 mam < 2+ Dkt +(1—a)

m=2

which, in view of (1.2), leads the proof. O

Letting ¢ = 0, we have k — TUS™(a) € N;(e), where 7 = z(j;j:% and

kE — TUS*(a) is a subclass of k—uniformly starlike analytic functions with
non-negative coefficient of order a.. Also, if we take ¥ = k = 0, then we obtain
that TUS™ (a) CN;(e), where 7 = 2(;_;20‘) and TUS™ () is a subclass of starlike
analytic functions with non-negative coefficient of order «. Silverman [32] found

that fi(z) = z — Z—; is an extremal for 7. He used it to solve the integral

inequality conjectured in [29] and finally settled in [30], that is

27 27
/ |f(z)|"d9g/ FL ()"0, freT, O<r<l.
0 0

We solve the conjecture for k — TUS™ («r,9). We use the concept of subordina-
tion already defined above and a known result of Littlewood seen in [15].

Theorem 3.5. If f € k — TUS*(a,9) and z = re'®, r < 1 with 7 > 0, then

2 o 2m o
/ |f (rel9)| do < / | f1 (rele)‘ do,
0 0

where
(1 — )22

fl(z)zz_2z9k+219+k+2—a'

(3.5)

Proof. Let f and f; be given by equations (1.3) and (3.5) respectively. Then,

we write
T 27
do < /
0

27
</0

o0

1-— E Azt
m=2

T

1-a do.

]__
Wk 120 +k+2—a
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By using Lemma 2.2, we have

o]
11—«
1_ m m71<1_ )
n;a N Wk +20+k+2—a

or we can write

1— 2l =1— . 3.6
mzﬁa ¢ 20k 120+ k12—l (3:6)

From (3.1) and (3.6), we obtain

11—«

lw(z)| < |2| Z [(m -1 (k+1)(¥Im+1)+1 —a]am <7

This completes the proof. O

For f € k — TUS* («) with 7 > 0, we have
2 o 2m .
/ {f (7"619)| do < / ’fl (rew)‘ do,
0 0

where f1(z) =2 — k(_gf?l 22. Also for f € TUS*(a) with 7 > 0, we deduce

27 ) - 27 ) -
/ | f (re?)| d0§/ | fi(re®)|" b,
0 0

where f1(2) =z — =222,

Theorem 3.6. If f € k — TUS™(a, V), then

f (Z) dpy1 — 1
%fn(z) > 4ot (3.7)
and
fn(z) dn+1
e S Thdnny (3:8)
where

d =: [(m—-1)(k+1)(Im+1)+1—q]
m - 1_a )

These estimates in (3.7) and (3.8) are sharp.

Proof. Using the similar procedure as adopted by Silverman [31], we see that
[ €k—TUS (o,V) if and only if > °_, dma,, <1 . Clearly, 1 > dp, > 1.
So we can write

n o0 o0
Z G + dpt1 Z A, < Z dmam, <1, (3.9)
m=2 m=2

m=n-+1
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where d,,, =: [(m_1)(k+11)(:9am+1)+1_a]. We also have

nk+ D@+ +1)+1-0] f(z) nk+H@MCR+D)+DH+1—o
1—a fn(2) l1—«
_ 2-20—(1-a)3 0 _samz™ ' —[nk+)@Wn+9+1)+1 -] Y00 1 amz™?

1= 3y amzml

+1

L 14C()
T 1+ D(2)
From the assertion ig(é; = 1;5%2, we have w(z) = %. Thus

< {n(k+ D@ +I9+ D)+ (1 —a)} 37, 1y am
T2-20-2(1-a) Y0 _sam—{nk+)@n+Id+1)+1—-a}> 0 iam

Now |w(z)| < 1 if and only if

n n(k+1)(19(n1+_1;+1)+1_0‘] i ay, <1,

lw(2)

Gy + [ (3.10)

m= m=n-+1

which is true by (3.9) and we get the assertion (3.7). To check the sharpness,
we consider

F) = 2 (1 —a)znt! f(z) o (1—a)z"
T nk+ D)@+ D)+ D) +1l—a’ fa(z) 0 nk+D)@0+1)+1)+1-a’
(3.11)
and letting z — 17, we write
falz) T E+ D)@+ + 1)+ (1-a)]
which shows that (3.7) is the best possible for n € N. Now consider that
1— n, m m—1 + n(k+1)(In+9+1)4+(1—a) 007 m m—1
(1 +dnt1) In(2) _ dnt1 = Zm=2 m P mont1 O
f(2) =3 g amz™ !
_1-w(z)
T l+4w(z)
where

nk+1)@0m+1)+1)+ (1 —a)
1-—a '

dn+1 ==
Then we have

w(2) Yom=nt1 12— 2a+n(k+1)(On+9+1)}am

< 2—20—2(1—a) X n _sam+> oo 1 {2—2a—nk+1)@n+9+1)}am
Using (3.10), we obtain (3.8). These estimates in (3.7) and (3.8) are sharp
for f in (3.11). O

We note that k — TUS (a,9) = k — TUS (o) and 0 — TUS™(,0) =
TUS* (). In the following, we find the ratios of the derivatives.

Theorem 3.7. If f € k — TUS™(a, ), then

*[7) 2 agtton = e {5 2 o (),
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where

[(m—1(k+1)@m+1)+ (1 —a)
11—« ’

The lower bounds are sharp for f given by (3.11).

dy, =:

Following procedure of Theorem 3.6, we can easily prove this Theorem.

4. SUMMARY AND CONCLUDING REMARKS

In this research, we studied a subclass k — TUS™ (a, ¥) of uniformly starlike
functions including characterization theorem and coefficients estimates. Also
we defined a neighbourhood of an analytic function f under certain assumptions
and studied some neighborhood related results. We established results relating
to the partial sums of functions in the class k — TUS™ (a,¥). This research
can be related with the various known subclasses of analytic functions already
seen in the literature and it may be kept updated with the emerging trends in
geometric functions theory as found in [34, 35].
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