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ABSTRACT. Let o0 = {o;|i € I} be a partition of the set of all primes P
and G a finite group. A set H of subgroups of G is said to be a complete
Hall o-set of G if every member # 1 of H is a Hall o;-subgroup of G for
some ¢ € I and H contains exactly one Hall o;-subgroup of G for every @
such that o; N7(G) # 0. In this paper, we study the structure of G based

on the notion of o-conditionally permutable subgroups.
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1. INTRODUCTION

Throughout this paper, all groups are finite and G always denotes a finite
group. Let n be an integer. Then 7(n) denotes the set of all primes dividing
n; as usual, 7(G) = w(|G|), the set of all primes dividing the order of G.

In what follows, ¢ = {o;|i € I} is some partition of all primes P, that is,
P =;c;0i and 0;Noy = 0 for all i # j. We write 0(G) = {o4|o; N7 (G) # 0}.

Following [1, 2, 3, 4], G is said to be o-primary if |o0(G)| < 1; o-soluble
if every chief factor of G is o-primary. A set H of subgroups of G is said to
be a complete Hall o-set of G if every non-identity member of H is a Hall
oi-subgroup of G for some o;, and H contains exactly one Hall o;-subgroup
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for every o; € o(G). G is said to be o-full if G possesses a complete Hall
o-set; o-nilpotent if G has a complete Hall o-set H = {Hy,--- , H;} such that
G = Hy x---x H;. Clearly, a o-nilpotent group is o-soluble. G is said to be a o-
full group of Sylow type if every subgroup of G is a D,,-group for all o; € o(G).
A complete Hall o-set H = {Hy,---, H;} of subgroups of G is said to be a
o-basis of G if H;H; = H;H,; for all 4,j. A subgroup H of G is said to be o-
subnormal in G if there exists a subgroup chain H = Hy < H; <---< H, =G
such that either H; i is normal in H,; or H;/(H;_1)p, is o-primary for all
1=1,2,---,n.

The permutability of subgroups possess a series of interesting properties.
For example, a subgroup H of G is said to be: permute with a subgroup
K if HK = KH; permutable in G if HK = KH for any subgroup K of G;
conditionally permutable in G if for any subgroup K of G there exists an element
x € G such that HK® = K*H (see [5]); s-permutable in G if HP = PH for
any Sylow subgroup P of G (see [6]). A set S of Sylow subgroups of G is
said to be a complete set of Sylow subgroups of G if S contains exactly one
Sylow p-subgroup of G for every prime p € n(G). Let 3 be a complete set
of Sylow subgroups of G. A subgroup H of G is said to be: 3-permutable if
HA = AH for all A € 3 (see [7]); s-conditionally permutable in G if for any
Sylow subgroup P of G there exists an element x € G such that HP* = P*H
(see [8]). A subgroup H of G is said to be: o-permutable in G if G possesses
a complete Hall o-set H such that HA* = A*H for all A € H and all x € G
(see [3]); H-permutable if HA = AH for all A € H, where H is a complete Hall
o-set of G (see [2]). Many people have studied the structure of finite groups
based on above subgroups and a lot of research has been given; see for example
[2, 3, 5,6, 7, 8 9]. Recently, Mao et al. introduced the following concept (see
[10]):

Definition 1.1. A subgroup H of G is said to be o-conditionally permutable
in G if G possesses a complete Hall o-set H and, for any subgroup A € H,
there exists an element z € G such that HA® = A*H.

It is clear that every normal subgroup, every permutable subgroup, every
conditionally permutable subgroup, every o-permutable subgroup and every
‘H-permutable subgroup of G are all o-conditionally permutable in G. In
the case when o = {{2},{3},- -}, every s-permutable subgroup, every 3-
permutable subgroup and every s-conditionally permutable subgroup of G are
also o-conditionally permutable in G. However, the converse for s-conditionally
permutable subgroup, o-permutable subgroup and H-permutable subgroup is
not ture (see [10, Example 1.2]).

In this paper, we continue the research of o-conditionally permutable sub-
groups, and obtain the results in section 3.
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2. PRELIMINARIES

Lemma 2.1. [10, Lemma 2.4] Let H and K be subgroups of a o-full group G.
If K is normal in G and K < H, then H is o-conditionally permutable in G if
and only if H/K is o-Conditionally permutable in G/K.

Lemma 2.2. [11, Lemma 5] Let H, K and N be pairwise permutable subgroups
of G, and suppose that H is a Hall subgroup of G. Then NNHK = (NNH)(NN
K).

We use G, to denote the class of all o-soluble groups.

Lemma 2.3. [3, Lemma 2.1] The class S, is closed under taking direct prod-
ucts, homomorphic images and subgroups. Moreover, any extension of a o-
soluble group by a o-soluble group is a o-soluble group as well.

Lemma 2.4. [10, Theorem 1.3] Let G be a o-soluble group and H = {H,,--- , H;}
be a complete Hall o-set of G such that H; is supersoluble for i € {1,--- ,t}. If
every mazximal subgroup of any non-cyclic H; is o-conditionally permutable in
G, then G is supersoluble.

We use M1, to denote the class of all g-nilpotent groups.

Lemma 2.5. [3, Corollary 2.4 and Lemma 2.5]

(1) The class N, is closed under taking products of normal subgroups, ho-
momorphic images and subgroups.

(2) If G/N and G/R are o-nilpotent, then G/N N R is o-nilpotent.

(3) If E is a normal subgroup of G and E/E N ®(G) is o-nilpotent, then E
is o-nilpotent.

3. RESULTS

Theorem 3.1. Let G be a o-full group of Sylow type, H a complete Hall o-set
of G such that every member of H is supersoluble. Suppose that G is soluble
and for some o; € o(G), H; is nilpotent and (|G|,p — 1) = 1 for any prime
p € 0. If every mazimal subgroup of H; is o-conditionally permutable in G,
then G is oj-nilpotent (that is, G is p-nilpotent for any prime p € o;).

Proof. Let H = {Hy,---, H:} be a complete Hall o-set of G. We can assume
without loss of generality that H; is a supersoluble o;-group for allt =1,--- ¢,
and j = 1. Clearly ¢ > 1. Assume the contary and let (G, H1) be a counterex-
ample with |G| + |H;| minimal. Then

(1) Oy (G) = 1.

Assume that this is false. Let K = Oy (G). Clearly, 01 € o(G/K) and
H,K/K is a nilpotent Hall o-subgroup of G/K. Since (|G|,p—1) =1 for any
p € o1, we have that (|G/K|,p—1) = 1. Let U/K be any maximal subgroup
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of HiK/K, then U is a maximal subgroup of H; K. Since U = U N H1 K and
H,K/K is supersoluble, so

KK UJK] = BT
— |H\K : (UNH)K]|
A R ALY L ATy
= |Hy:UnNH,|

is a prime, and so U N H; is a maximal subgroup of H;. Then by the hypothesis
and Lemma 2.1, U/K is o-conditionally permutable in G/K. This shows that
(G/K,H,K/K) satisfies the hypothesis, and so G/K is oj-nilpotent by the
choice of (G, Hy). It follows that G is oq-nilpotent, a contradiction. Hence we
have claim (1).

(2) Let R be a minimal normal subgroup of G, then R is an elementary
abelian p-group for some prime p € o1 and G/R is o1-nilpotent.

Since G is soluble and by claim (1), we have that R is an elementary abelian
p-group for some prime p € o1, and so R < Hy. If R = H;, then G/R is
a oj-group and hence G/R is oj-nilpotent. Now we consider that R # Hj.
Then o, € 0(G/R) and Hy/R is a nilpotent Hall o1-subgroup of G/R. Since
(IG],p —1) = 1 for any p € o1, we have that (|G/R|,p — 1) = 1. Let W/R
be a maximal subgroup of Hy/R. Then W is a maximal subgroup of Hj.
Hence by the hypothesis and Lemma 2.1, W/R is o-conditionally permutable
in G/R. This shows that (G/R, H1/R) satisfies the hypothesis. Therefore G/R
is o1-nilpotent by the choice of (G, Hy).

(3) R is the unique minimal normal subgroup of G, ®(G) = 1 and R =
0,(G) = F(G) = Ca(R).

This directly follows from G is soluble, claim (2) and [12, Chapter A, The-
orem 15.2].

(4) R is non-cyclic.

Assume that R is cyclic. Then R is a cyclic group of order p by claim (2). It
follows that G/R = Ng(R)/Ca(R) S Aut(R) is a cyclic group of order p — 1.
But as (|G],p — 1) = 1, G = R is a cyclic group of order p, a contradiction.
Hence we have claim (4).

(5) Hy is a p-group and so o1 N7(G) = {p}.

It directly follows from C¢(R) = R for H; is nilpotent.

(6) Final contradiction.

Since ®(G) =1, R £ ®(H;) by [13, Chapter III, Lemma 3.3]. Hence there
exists a maximal subgroup M of H; such that H; = RM. Let E = RN M.
Then by claim (2), we have that £ < Hy. Since H; is supersoluble, |R :
E|=|RM : M| = |Hy, : M| is a prime. Hence E is a maximal subgroup of
R, and so F # 1 by claim (4). By the hypothesis, G possesses a complete
Hall o-set H = {Hy,---,H;} and for any subgroup H; € H, there exists an
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element z; € G such that M H* = H"M. Assume that H; is not oi-group.
Then RNMH = (RNM)(RNH")=(RNM)=FE by Lemma 2.2. Hence
H?" < Ng(E). Moreover, as E<<H;, we obtain that E<G, and therefore E = 1.
This follows that R is cyclic, contrary to claim (4). This final contradiction
completes the proof. O

Recall that G™ denotes the o-nilpotent residual of G, that is, the intersec-
tion of all normal subgroups N of G with o-nilpotent quotient G/N.

Theorem 3.2. Let G be a o-full group of Sylow type, H a complete Hall o-set
of G such that every member of H is supersoluble. If every maximal subgroup of
any noncyclic H; is o-conditionally permutable in G, then the derived subgroup
G’ of G is o-nilpotent.

Proof. Let H = {Hy,---, H;} be a complete Hall o-set of G. We can assume
without loss of generality that H; is a supersoluble o;-group for alli =1,--- ,¢.
Suppose that this assertion is false and let G be a counterexample of minimal
order. Then G is not o-nilpotent, so |o(G)| > 1. Let D = G™¢ # 1 be the
o-nilpotent residual of GG, and so G is o-soluble by Lemma 2.3.

(1) G is soluble and so G is not simple group.

Let ¢ be the smallest prime dividing the order of G. Without loss of gener-
ality, we may assume that ¢ € w(H;). If Hy is cyclic, then sylow g-subgroup of
G is cyclic. Hence G is g-nilpotent by [13, Chapter IV, Theorem 2.8] and so G
is soluble. Now assume that H; is noncyclic, then by Lemma 2.4 G is soluble.

(2) Let R be a minimal normal subgroup of G. Then R is a elementary
abelian for some p € o; and (G/R)" is o-nilpotent.

It is clear that H = {H,R/R, HsR/R,--- ,H;R/R} is a complete Hall o-
set of G/R and H;R/R = H,;/H; N R is supersoluble. By claim (1), R is an
elementary abelian p-group for some prime p. Without loss of generality, we can
assume that R < H;. If H;/R is non-cyclic. Then H; is non-cyclic. For every
maximal subgroup V/R of Hy /R, we have that V is a maximal subgroup of Hj.
Then by the hypothesis and Lemma 2.1, V/R is o-conditionally permutable in
G/R. Now assume that H;R/R is non-cyclic for ¢ # 1, and let V;/R be a
maximal subgroup of H;R/R. Then V; = (H; NV;)R is a maximal subgroup of
H;R. If V;N H; is not a maximal subgroup of H;, then there exists a subgroup
M of H; such that V;NH; < M < H,. Since (|H;|,|R|) =1, V; < MR < H;R.
This contradiction shows that H; NV, is a maximal subgroup of H;. By the
hypothesis and Lemma 2.1, V/K is o-conditionally permutable in G/R. This
shows that /R satisfies the hypothesis. Hence (G/R) = G R/R =G /G'NR
is o-nilpotent by the choice of G.

(3) R is the unique minimal normal subgroup of G, R ¢ ®(G) and Cg(R) <
R.

By claim (2) R < G’ and R £ ®(G) by Lemma 2.5(3). Moreover, if G has
a minimal normal subgroup N # R, then N < G and ' =2 G /1 =G /RNN
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is o-nilpotent by Lemma 2.5(2), contrary to the choice of G. Therefore R is
the unique minimal normal subgroup of G and Cs(R) < R by [12, Chapter A,
Theorem 15.2].

(4) || > p.

If |R| = p for some prime p. But then Cs(R) = R and G/R = G/Cs(R) <
Aut(R) is a cyclic. Hence G is nilpotent. This contradiction shows that
|R| > p.

(5) Final contradiction.

Without loss of genrality, we may assume that R < H;. Then |R| > p
by claim (4), and R & ®(H) by claim (3) and [13, Chapter III, Lemma 3.3].
Therefore there exists a maximal subgroup V of H; such that H; = RV. It
follows from R is elementary abelian that Ry = RNV < Hy. It is clear that R
is a maximal subgroup of R. Since R is noncyclic by claim (4), and R < H;, H;
is noncyclic. Then by the hypothesis, there exists an element x; € G such that
VH = H'V for all i € {2,--- ,t}. Then RNVH = (RNV)(RNH) =
(RNV) = Ry by Lemma 2.2. This implies that H]* < Ng(R1). Hence Ry <G,
and so R; = 1. This implies that |R| = p, a contradiction to claim (3). This
completes the proof. O
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