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1. INTRODUCTION

The theory of hyperrings and hyperfields has its origins in the paper of
Krasner [7]. More recently, several authors studied their theory from various
points of view. For instance, J. Jun, in [6], studies algebraic geometry over
hyperrings and gives the definition of hyperideals in a hyperring. The reader
may consult the reference list of this paper to gain an overview over recent
developments in the theory of hyperfields and their important applications.

M. Marshall in [11] studies the definitions of orderings and of positive cones
in hyperfields. It was already mentioned in that paper that the two concepts
are not equivalent as in the classical theory of ordered fields. In fact, we show
in Example 2.15 that the natural generalization of the construction which for
ordered fields shows this equivalence, does not work in the case of hyperfields.

In [4] B. Davvaz and A. Salasi deal with hypervaluations on a hyperring onto
an ordered abelian group, and also J. Lee in [10] works with valued hyperfields.
These two papers present different approaches in defining a hypervaluation on
a hyperfield, which both appear to be interesting and well chosen.

The interest of the authors for the concepts of hypervaluations and hyper-
fields arises mainly from the fact that there are hyperfields related to valued
fields which inherit a hypervaluation in a natural way. In [9] amc-structures
are introduced by F.-V. Kuhlmann in order to study criteria for valued fields
to be isomorphic or to be elementarily equivalent. In [5] Flenner introduced
RV-structures which are an improvement of amc-structures and are nothing
but hyperfields presented in a different language, i.e., with a ternary relation
replacing and encoding the multi-valued addition. Therefore, as can be ex-
pected, also amc and RV structures implicitly have (hyper)valuations. These
can be used to study them and the corresponding hyperfields further.

In this paper we study a possible definition of hypervaluation, introduced in
[13]. What is proposed there is a generalization of the definition of Davvaz and
Salasi where the value set is allowed to be an ordered canonical hypergroup (see
Definition 2.10). Here the domain is always assumed to be a hyperfield. We
show in our main result that even though this definition is proper, i.e., nontrivial
examples can be found, it is not of much interest since such a hypervaluation can
always be decomposed into an order preserving homomorphism of hypergroups
and a hypervaluation onto an ordered abelian group (in the sense of Davvaz
and Salasi) which, moreover, induces the same valuation hyperring.

In the paper [13], a lot of constructions are proposed without details; it turns
out that they are not always possible to carry out. In the present article we
also provide counterexamples to justify this last assertion.
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2. ORDERED CANONICAL HYPERGROUPS

Definition 2.1 ([1]). Let H be a nonempty set and P*(H) the family of
nonempty subsets of H. A hyperoperation * is a function which associates with
every pair (z,y) € H x H an element of P*(H), denoted by x x y.

A hypergroupoid is a nonempty set H with a hyperoperation * : H x H —
P*(H). Forx € H, A, B C H we set

AxB= U a*b,

ac€AbeEB

Axx=Ax{z}and x+ A= {x} x A.

In 1934 the concept of a hypergroup was defined by F. Marty in [12] to be a
nonempty set H with an associative hyperoperation (see Definition 2.2 below)
such that x « H = H xx = H for all x € H. A special class of hypergroups,
which will be of interest for us, is the following:

Definition 2.2 ([1]). A canonical hypergroup is a tuple (H, , e), where (H, )
is a hypergroupoid and e is an element of H such that the following axioms
hold:

(H1) the hyperoperation # is associative, i.e., (x * y) x 2 = x x (y * 2z) for all
r,y,2 € H,

(H2) 2 «y=y=xxz forall z,y € H,

(H3) for every & € H there exists a unique ' € H such that e € z x 2’ (the
element 2’ will be denoted by x71),

(H4) z € z xy implies y € 271 % 2 for all z,y,2 € H.

Remark 2.3. A canonical hypergroup is a hypergroup in the sense of Marty.
Fix a € H and take x € H xa. Then there exist h € H such that x € hxa C H,
showing that H * a C H. For the other inclusion, take x € H, then

rcxxeCax(alxa)=(xxa ') xa,
so there exist h € z+xa~! C H such that z € h*xa C H % a.

Remark 2.4. In [1] the definition of a canonical hypergroup also requires ex-
plicitly that zxe = {z} for all z € H. However, we note that this axiom follows
from (H3) and (H4). Indeed, suppose that y € x * e for some z,y € H. Then
e € 271 xy by (H4). Now y = x follows from the uniqueness required in (H3).

Remark 2.5. Note that an abelian group G is not a priori a hypergroup, because
the operation on G is not a hyperoperation, as it takes values in G and not in
P*(G). But it can be turned into a hypergroup by setting a * b := {ab}. In
other words, we can turn an abelian group into a hypergroup by identifying
each element a of G with the singleton {a}.


http://ijmsi.ir/article-1-2055-en.html

[ Downloaded from ijmsi.ir on 2025-09-20 ]

20 A. Linzi, H. Stojalowska

ExAMPLE 2.6. Consider the set H := {—1,0, 1} with a hyperoperation * de-
fined as follows:

(~1)% (~1) = (~1) x0 = 0% (~1) = {1}
00 = {0}
1¥x1=1%0=0x1={1}
1x(=1)=(=1)%1={-1,0,1}.
Then (H,*,0) is a canonical hypergroup, called the sign hypergroup. As the
reader may check, we have that 17! = —1, (=1)"' =1,07t = 0.

The next example can be found in [8].

EXAMPLE 2.7. Let R be a ring and G a normal subgroup of its multiplicative
semigroup. Consider the following equivalence relation ~ on R: a ~ b if and
only if there exist g,h € G s.t. ag = bh. The equivalence class of @ € R is

aG :={ag | g € G}.
It is possible to define a hyperoperation on R/G in the following way:
aG 4+ bG = {(ag + bh)G | g, h € G}.

Then (R/G,+,{0g}) is a canonical hypergroup. Indeed, the associative law
follows from the same law in R, as well as commutativity. The unique inverse

of aG is (—a)G. Indeed,
aG + (—a)G = {(ag —ah)G | g,h € G} 3 (a — a)G = 0rG,

moreover, if

O0rG € aG + bG = {(ag + bh)G | g, h € G},

then there exist g,h € G such that 0g = ag + bh. Multiplying by ¢~ !, we
obtain that —a = bhg~! and so (—a)G = bG.
Assume now that ¢G € aG + bG. We wish to show that bG € (—a)G + ¢G.
We have
cG € {(ag + bh)G | g,h € G},

so there exist g,h € G such that ¢ = ag + bh. Multiplying by h~!, we obtain
b= —agh™ +ch™1, 50 bG € {((—a)g’ + ch)G | ¢', I/ € G} = (—a)G + cG.

Remark 2.8. We note that the sign hypergroup can be obtained as a quotient
in the way described in the previous example. Take R =R and G = R2, where
R2 denotes the set of non-zero squares in R. The result follows from the fact
that every non-zero real number is either a square or the opposite of a square.

In [13] the set Z/N = {aN | a € Z} is considered, with the hyperoperation
defined as follows:
aN x« bDN = {cN | ¢ € aN + bN}.
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This construction does not give a canonical hypergroup in the sense of Def-
inition 2.2, as is shown in the next example. The reason is that N is not a
multiplicative subgroup of the multiplicative semigroup of Z.

ExAaMPLE 2.9. Consider the tuple (Z/N, %, 0N). We observe that ON € INx—kN
for every k € N. Hence axiom (H3) is not fulfilled.

Definition 2.10. An ordered canonical hypergroup is a tuple (H, *, e, <), where
(H, *,¢e) is a canonical hypergroup and < is a partial order such that

a<b=axc "bxc (2.1)

for all a,b,c,€ H; here, if A,B C H, then A B means that for all b € B
there exists a € A such that a < b. If for each a,b € H either a < b or b < a,
then we call < an ordering or a linear order relation on H.

Remark 2.11. One should not use “<” on the subsets as the relation will not
be antisymmetric. For example if H contains a smallest element b, then any
two subsets A, B, which both contain b will satisfy A B and B A without
necessarily being equal.

Remark 2.12. Tt should be noted that some authors (for instance see [13]) in
defining A * B require that for all a € A there exists b € B and for all b € B
there exists a € A such that a < b. Others (for instance see [3]) instead require
only that for all @ € A there exists b € B such that a < b. The relations
between all these definitions still have to be investigated. However, in what
follows we will just use the concept introduced in Definition 2.10.

Lemma 2.13. Let (H,x*,e,<) be an ordered canonical hypergroup. Take
a,b,x,y € H and BC H.
1) If{a} / B, then a <b for all b € B.
2) Ifx >e, thena™! <e.
3) Ifr>eandy>e, thenb>e for allb e x*y.
4) Ifx >e andy > e, then b > e for allb € x xy.

Proof. 1): This follows from the definition of “,7” and the fact that {a} con-
tains only a.

2): By condition (2.1), {z71} = exa™! A axxa27L so 27! < b for every
bex*z ! bypart 1). Ase € xxx !, we obtain that z7! <e. Nowz7 ! =e
is impossible because otherwise, e € z * 71 = {x}, which implies that z = ¢
in contradiction to our assumption that x > e.

3): Ifx>eandy>e, then {y} =exy S zxy,soe <y <bforeverybe€ xxy
by part 1).

4): If x > eand y > e, then b > e for all b € xxy by part 3). However, e ¢ zx*y
since otherwise, y = =1 which by part 2) yields that y < e, in contradiction
to our assumption that y > e. Hence b # e and consequently, b > e. (]
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In [11] the definition of a positive cone is given for hyperfields. Let us now
define this concept for canonical hypergroups.

Definition 2.14 ([13]). A subset P of a canonical hypergroup (H, x, e) is called
a positive cone if the following axioms hold:

(P1) PN —P ={e},

(P2) PxPCP,

(P3) PU—P=H.

In the theory of ordered abelian groups, the existence of a positive cone is
equivalent to the existence of an ordering and there is a one to one correspon-
dence between them. It was already mentioned in [11] that this, in general, is
no more true in the case of hyperfields, and the argument holds for hypergroups
as well. In [13] it is claimed that one can always construct an ordering from a
positive cone by setting:

r<y <= (yxz H)NP#0. (2.2)
In the following example we show that this construction is not always possible.

EXAMPLE 2.15. Take H := Q/ Q2, where Q2 denotes the set of nonzero squares
in Q. We see that H is a canonical hypergroup with the hyperoperation defined
as:
aQ? % bQ? = {cQ? | ¢ € aQ? + bQ?}

(sce also Example 2.7). Observe that the set P = {aQ? | a € Q*} U {0} fulfils
the conditions of the definition of a positive cone. However, the relation defined
in (2.2) is not an ordering on H. Indeed, observe that 5Q? € (2Q%x(3Q?)~1)NP,
S0, in particular, (2@*2 * (3@2)’1) N P # (), which means that 302 < 2Q2. On
the other hand, 1Q% € (3Q2% % (2Q%)~1) N P, so (3Q2 % (2Q>)"1)N P # 0,
which means that 2Q2 < 3Q2. Clearly, 20?2 #* 3Q2, so the relation < is not
antisymmetric.

However, there exist hypergroups in which positive cone and orderings be-
have as in the classical case. The simplest example is the sign hypergroup:

EXAMPLE 2.16. Consider the sign hypergroup H = {—1,0,1} with positive
cone P = {0,1}. We define an order relation < on H as follows: —1 <0 < 1.
We leave it to the reader to show that < is a linear order on H as in Definition
2.10. This ordering corresponds to P in the way described in (2.2). Indeed,
(1x0~HNP={1}, (0x(=1)"H)NP = {1}, (1x(=1)"1)Nn P = {1}, so in every

case we obtain a nonempty intersection.

3. HYPERRINGS AND HYPERFIELDS

Definition 3.1 ([1], [2]). A hyperring is a tuple (R,+,-,0,1) which satisfies
the following axioms:
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(R1) (R,+,0) is a canonical hypergroup,

(R2) (R,-,1) is a commutaive monoid such that « -0 =0 for all z € R,

(R3) the operation - is distributive with respect to the hyperoperation -+.
That is, for all z,y,z € R,

x(y+2z)=zy+xz
as sets. Here for x € H and A C H we have set
zA = {za|a € A}
If (R\ {0},-,1) is an abelian group, then (R,+,-,0,1) is called hyperfield.
The following example is the original example of a quotient hyperring (see [8]).

EXAMPLE 3.2. Let R be a commutative ring with 1, G a normal subgroup
of its multiplicative semigroup and recall the notations introduced in Exam-
ple 2.7. One may define multiplication in R/G as aG - bG := (ab)G. Then
(R/G,+,-,{0},1rG) is a hyperring and if R is a field, then it is a hyperfield.
We have to show that (R3) holds. Take a,b,c € R and suppose that G €
aG - (bG +c¢G). Then there exist g, h € G such that x = a(bg+ch) = abg +ach,
where we have used the distributivity law in R. We obtain

G € {(abg + ach)G | g,h € G} = abG + acG = aGbG + aGcG.

This shows that aG - (bG +¢G) C aGbG+aGcG. To show the converse inclusion
we note that

xG € aGbG + aGcG = (ab)G + (ac)G.
Hence there exist g, h € G such that « = (ab)g + (ac)h = a(bg + ch), where we
used the distributivity law in R. We obtain
zG € {a(bg + ch)G | g,h € G} = {aG(bg + ch)G | g,h € G} = aG - (bG + Q).
If R is a field, then for every a € R we have that a7 'G = (aG)~!. Indeed, by
definition aG - a71G = (a-a™1)G = 15G.

ExAMPLE 3.3. As we have already noted in Remark 2.8 that the sign hyper-
group H can be seen as a quotient R/R?. Since R is a field, we obtain that
(H,+,-,0,1) is a hyperfield, where we now denote % by + and - behaves as
follows:
~1-1=1--1=-1,
0-0=0:-1=1-0=0--1=-1-0=0,
1-1=—-1-—-1=1.

In [13] it is argued that the set X of order preserving mappings f : H — K
such that the support of f is finite, where H is a ordered canonical hypergroup
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and K an ordered hyperfield, is a hyperdomain, i.e., a hyperring without zero
divisors, with the operations defined as follows:

(f+9)(x) = f(2) +x g(2),
and

(f9)(@) =D flar)g(aa). (3.1)

TET*T2

This seems to be an attempt to generalize the construction of formal power
series. However, we first of all note that X is not even a hyperring since if
f is non-constant and order preserving, then —f is not order preserving. In
addition, if K is a hyperfield which is not a field, then the multiplication (fg)(z)
defined in (3.1) is a subset of K and not an element of K as the definition of
hyperring would require. Hence, we do not obtain a hyperring. Finally, even
if we do not restrict to order preserving mappings and assume K to be a field,
we show, in the next example, that the multiplication defined in (3.1) is not
associative.

ExXAMPLE 3.4. Let H = {—1,0,1} denote the sign hypergroup and K an or-
dered field. We define the maps f,g,h : H — K as follows f(—1) = f(0) =

f(1) = 1k, g(=1) = g(0) = g(1) = —1k, and h(1) = 1k, h(0) = —1k,
h(—1) = 0k. By direct computations we obtain
(foh)(1) =5-(-1k)+5-1g +3 - (=1k) +5- (-1k) =8 (~1k)

and

(f(gh)(1) =2 (=1k) +2 - (-1k) +2-(=1k) =6 (1K)
where we used the fact that
1e1x1,1%0,0x1,1%x—1,—1x%1,
that
—-1e—-1%x—-1,-1%x0,0x—-1,1%x—-1,—1=x1
and that
0€0x0,1%x—1,—1x1.

Here % denotes the operation of H. We conclude that f(gh) # (fg)h, hence
the associativity law does not hold.

4. HYPERVALUATIONS

As it was mentioned before, there are several approaches to the definition of
a hypervaluation on a hyperfield. We now wish to investigate the following.

Definition 4.1 ([13]). Let (F,+,-,0,1) be a hyperfield and (H,*,e,<) be an
ordered canonical hypergroup. A surjective map w: F' — H U {oo} is called a
hypervaluation on the hyperfield F if the following properties are satisfied:

(V1) w(z) =00 <= 2 =0,
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(V2) w(-z) = w(z),
(V3) w(z-y) € w(z) * w(y),
(V4) zex+y = w(z) > minf{w(z),w(y)}.

The following is a nontrivial example of a hypervaluation onto an ordered
canonical hypergroup.

EXAMPLE 4.2. Let K be a field and I" an ordered abelian group. Assume that
a classical valuation

v: K —>TU{oco}

is given. We now define a hypervaluation w from K onto the sign hypergroup
{-1,0,1}.

1 ifoco#v(x)>0p
0 ifwv(xz)=0p
-1 ifwu(z) <Or

oo otherwise

Let us show that w is a hypervaluation on the field K, as in Definition 4.1.
Clearly, w(z) = oo if and only if © = 0x and w(z) = w(—=z) because that is
true for v. In order to show that w(zy) € w(x) * w(y), where * denotes the
operation in the sign hypergroup, we observe that if v(z) and v(y) have the
same sign there is nothing to show, since v(zy) = v(z) + v(y) will have the
same sign as v(z) and v(y). If v(x) = 0, then w(z) = 0 and v(zy) = v(y)
and w(zy) = w(y) = 0 * w(y); the same holds if v(y) = 0. If z = 0 or
y = 0, then the situation is clear. If, say, v(z) < Or and v(y) > Or, then
w(zy) € {-1,0,1} = =1 %1 = w(z) * w(y), and similarly in the case where
v(z) > Op and v(y) < Op. This shows that the third axiom of a hypervaluation
holds for w. The fourth and last axiom states:

z € x+y = w(z) = min{w(z),w(y)}

where < denotes the ordering in the sign hypergroup. Since K is a field we
have to check that w(z + y) = min{w(z),w(y)}. If w(x) # w(y), then clearly
v(z) # v(y), so we have v(z + y) = min{v(x),v(y)}. Hence w(z + y) =
min{w(z), w(y)}. If £ = y = 0 there is nothing to show. If w(z) = w(y) =0,
then v(z) = v(y) = Or, so v(x +y) > Op. Then w(z +y) € {0,1,00} and
w(z +y) = 0 = min{w(z),w(y)}. If wx) = w(y) = 1, then v(z),v(y) >
Or, so v(x +y) > Op. We obtain w(zx +y) € {l,00} and w(z +y) = 1 =
min{w(z), w(y)}. Finally, if w(z) = w(y) = —1, then w(z +y) € {-1,0,1, 00},
(x

but min{w(x),w(y)} = —1, so the fourth axiom also holds for w.

Lemma 4.3. Letw : F — HU{oco} be a hypervaluation. Then w(lp) = e and
w(z™h) = (w(@))~".
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Proof. Let © € F be such that w(z) = e. Then e = w(z - 1p) € w(x) *
w(lp) = {w(lp)}, hence e = w(lp). To prove the second assertion observe
that, since zz~! = 1p, we have that w(zz~!) = w(lr) = e. By axiom (V3)
we obtain that e = w(zz™!) € w(x) * w(z~!), then axiom (H3) implies that
w(z™) = (w(z))™". -

Definition 4.4. Let (R,+,+,0,1) be a hyperring. An element = € R is called
a unit of R if there exists y € R such that z -y = 1.

Definition 4.5. Let F be a hyperfield and R C F' a hyperring with respect to
the hyperaddition and multiplication of F. If for every x € F either x € R or
2~ ! € R, then R is called a valuation hyperring.

Definition 4.6 ([6], [2]). Let R be a hyperring.

(1) A nonempty subset I C R is a hyperideal if for all a,b € I and for all
re Rwehavea+bC I, —a€l and ar € I.

(2) A hyperideal I C R is mazimal if I satisfies the following property: if
J C R is a hyperideal of R such that I C J, then J = R.

In [13] one can find the first three statements of the following proposition.
For the sake of completeness we rewrite the proof and complete it with details
where needed. For our purposes, we also add a fourth statement.

Proposition 4.7. Let (F,+,-,0,1) be a hyperfield, (H,*,e,<) an ordered
canonical hypergroup and w: F — H U{oo} a hypervaluation.

1) The set O, = {x € F | w(x) > e} is a valuation hyperring.

2) The set Uy, = {z € F | w(z) = e} is a group under the multiplication
of the hyperfield F' and consists of all units of O,,.

3) The set my, = {x € F | w(x) > e} is the unique mazimal hyperideal of
Oy .

4) The quotient G := (F\{0})/U,, is an ordered abelian group with respect
to the operation xU,, - yU,, = zyU,, and the ordering zU,, < yU,, <
yr~t € O,.

Proof. 1) If z,y € Oy, then w(x),w(y) > e, so by part 3) of Lemma 2.13 we
obtain that for all b € w(z) x w(y) we have b > e. Since w(zy) € w(x) * w(y),
in particular w(zy) > e, hence zy € O,. The inclusion z +y C O, follows
from (V4) and from the fact that min{w(z), w(y)} > e. Indeed by (V4),

z€x+y = w(z) > min{w(z),w(y)} >e.

To see that O,, is a valuation hyperring, take © € F\O,,. Then w(x) < e, which
implies that w(z~!) = (w(x))~! > e by Lemma 4.3 and part 2) of Lemma 2.13.
Thus, 2~ € O,.
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2) If z € Uy, then x~! € U, too. Indeed, w(z™!) = (w(z))~! = e. Hence
the elements of U,, are units of O,,. To show the other inclusion, assume that
x € Oy \ Uy. Then w(z) > e, so w(z~!) < e by part 2) of Lemma 2.13, which
means that 271 ¢ O,,.

3) Let @,y € my,. Then by (V4) we obtain that
z€x+y = w(z) > min{w(z),w(y)} > e

Thus, z+y € m,,. From w(—z) = w(x) it follows that —z € m,,. If € m,, and
y € Oy, then w(z) > e and w(y) > e, so by part 4) of Lemma 2.13 we obtain
that for every b € w(x)*w(y) we have b > e. Since by (V3) w(zy) € w(z)*w(y),
we conclude that xy € m,,. We have proved that m,, is a hyperideal. It follows
from part 2) and from the fact that if a hyperideal contains a unit, then is not
proper, that m,, is the unique maximal hyperideal of O,,.

4) By part 2) U,, is a subgroup of the abelian group (F'\ {0},-,1). So G is
the quotient group with respect to this (normal) subgroup. The proof that <
is a linear order on G is exactly the same as in the classical case. O

Definition 4.8 ([6]). Let (Hj,*;,e1) and (Ha,*2,e2) be canonical hyper-
groups.
(1) A homomorphism of hypergroups is a function f : Hy — Hs such that
f(e1) = ez and f(ax*1b) C f(a)*2 f(b).
(2) A strict homomorphism of hypergroups is a function f : Hy — Hj such
that f(e1) = ez and f(a*1 b) = f(a) *2 f(b) as sets.
(3) An isomorphism of hypergroups is a strict homomorphism of hyper-
groups which is bijective.

In [13] it is claimed that two hypervaluations v : F' — H, U {oco} and w :
F — H,, U{co} induce the same valuation hyperring if and only if there exists
an order preserving isomorphism f between the value hypergroups H,, H,, such
that w = f owv. Although this statement is true in classical valuation theory,
this is no longer true for hypervaluations.

ExaMPLE 4.9. Consider the hypervaluations v, w from Example 4.2. We ob-
serve that the valuation ring O, of v coincides with the valuation (hyper)ring
of w. Indeed, if v(z) > Or, then w(x) € {0,1}, so w(x) = 0 which means that
O, C O,. On the other hand, if w(z) > 0, then, by definition, v(z) > 0, so
z € O, implies z € O,. Note that there is no order preserving isomorphism
between the ordered abelian group I' and the sign hypergroup. But in the
present case, as shown above, they define the same valuation (hyper)ring in K.

The next theorem states that any hypervaluation from a hyperfield onto an
ordered canonical hypergroup is the composition of a hypervaluation onto an
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ordered abelian group (which induces the same valuation hyperring) and an
order preserving homomorphism of hypergroups.

Theorem 4.10. Let F be a hyperfield, (H,*,e,<) an ordered canonical hy-
pergroup and w : F — H U {oc} a hypervaluation. Then there exists a hy-
pervaluation v : F — G U {oco}, where G is an ordered abelian group, and an
order preserving homomorphism h : G — H of hypergroups from G to H s.t.
w="hov and O, = O,.

Proof. By part 4) of Proposition 4.7 we can consider the ordered abelian group
G = (F\{0})/Uy. Let h: G — H be the map

h(zUy) = w(x).

We first show that h is well defined. Suppose that zU,, = yU,. This is
equivalent to zy~! € U, which holds if and only if w(zy~!) = e. From (V3)
and Lemma 4.3 we obtain that e € w(x) * w(y~!) = w(x) * (w(y))~! and this
means that w(z) = w(y) by the uniqueness required in axiom (H3). This proves
that h is well defined. To show that A is a homomorphism of hypergroups, note
that h(1U,) = w(l) = e by Lemma 4.3. Take zU,,yU,, € G. According to
Remark 2.5 we obtain that

WUy - yUn) = {h(zyUu)} = {w(zy)} € w(z) * w(y) = h(zUw) * h(yUw),

which proves that h is a homomorphism of hypergroups. Moreover, assume
that zU,, < yU,, which by definition is equivalent to e < w(yz~!). From
the latter it follows by condition (2.1) of Definition 2.10 that {w(z)} = e *
w(z) / w(yx~!) * w(z). Hence by part 1) of Lemma 2.13, w(z) < b for every
bewlyr™t) xw(x). As w(y) = wlyr~z) € w(yr™!) * w(x), we obtain that
w(z) < w(y). This proves that h is order preserving.

We now define v : F' — G U {oo} as follows:

v(x):{ 20Uy, ifx#0

00, if x =0.

The map v is a hypervaluation onto the ordered abelian group G (again, modulo
the provision of Remark 2.5). The only axiom which needs justification is the
fourth: if z € = + y for some z,y € F, then we wish to show that v(z) >
min{v(z),v(y)}. Assume, without loss of generality, that v(z) < v(y), so that
yr~! € O,. From z € x + y it follows that

yrle(@—zzt=1— 27"
This means that zz=! € yz=! — 1 C O,,, which proves that v(z) > v(x).
Finally, one can see that w = howv. Indeed, if x € F, then if z # 0, we have
that h(v(z)) = h(2U,) = w(z) by definition. If z = 0, the situation is clear
once we set h(oco) := oco. It is left to show that O, = O,. We observe that
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z € O, if and only if 1U,, < xU,,, which happens if and only if x € O,,. This
completes the proof. O
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