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ABSTRACT. We first establish weighted Ostrowski type inequalities for
bounded differentiable functions. This inequality is also obtained for
bounded above and bounded below differentiable functions. Some ap-
plications of the proposed results are presented to numerical standard
and non standard quadrature rules. We recapture known results as well

as obtain new results.

Keywords: Ostrowski’s inequality, Numerical integration, Differentiable func-
tions.

2000 Mathematics subject classification: 26D10, 26D20, 26D99.

1. INTRODUCTION

Our work mostly deals with integral inequalities. To highlight its impor-
tance we quote here from [20], “Among the many types of inequalities, integral
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inequalities are of supreme importance because over the last few decades this
field has proven to be an extensively applicable field. The integral inequalities
of various types have been widely studied in most subjects involving mathe-
matical analysis. These inequalities are particularly useful in approximation
theory and in numerical analysis where estimates of approximation errors are
involved.” Ostrowski inequality [25] is one of the most famous inequality, first
presented by Alexander Markowich Ostrowski in 1938. It can be used to deter-
mine absolute deviation of functional value from its mean value. It is extremely
important because of its wide range of applications in different areas of math-
ematics such as numerical integration, integral operator theory, probability
theory and statistics. This inequality states that:

Proposition 1.1. Let p : I — R be a differentiable function on I° such that
p € L[j, k] where j < k whose derivative p’ is bounded on interior of I, i.e.,

[ lo := sup |p'(t)] < co. Then
te(4,k)

The constant i is the best possible constant that it cannot be replaced by smaller
one.

Ostrowski inequality for differentiable functions has been generalized in
many times as stated in [6, 18, 19, 27]. For latest work related to Ostrowski
inequality we refer the reader to following articles [1, 2, 3, 5, 7, 12, 13, 14, 15,
16, 17, 21, 22, 23, 24, 26]

To prove our main results we need the following two lemmas from [8] and
[10].

Lemma 1.2. Let p: I — R, be a differentiable function in interior I° of
interval I and also let [j, k] C I°. Then the following identity holds

atpB
2

k k
[ x@.000@ = o) /B w(t)d = o) [ w(tyit+p(6) [ ity

[e3% [e3%

J

a+B

2

B k
+ p(j+k:—9)/ w(t)dt—/ p(t)w(t)dt, (1.2)
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where K(0,t) defined as:
t
[ wtan i e
«@

K@0,6) = /:M wtydt, if te 6,5+ k—0; (1.3)

2

t
/ w(t)dtv Zf te (] + k — ovk];
B

where ¥ 0 € [, k], a = j + \552, B =k — A 52 and X € [0,1].
Lemma 1.3. Let p : [j,k] = R be a differentiable function such that v(6) <
p'(0) < TNO) for any v,T € C[j,k] and 0 € [j,k]. Then we have

We are ready to present our main theorem which will be generalized in two
ways: first, by adding weights that are actually probability density functions,
and second, by adding a parameter. In this way, we will capture variety of
results from various articles as special cases.

2. MAIN RESULTS

Theorem 2.1. Let p: I — R, be a differentiable function on I° and also let
v(0) < p'(0) < T(0) for any v,T € C[j,k] and 6 € [j,k]. Then

k 7 L;r/?
m(0,)) < p(k) /ﬁ wlt)dt = p(3) [ it p(0) [ ity
8 k
oli+k=0) [ wtde~ [ pa(dr <30, 2)

where

e = [ (([va-| o) ¥

T (/:w(t)dtJr w(t)d D ))

+ /ewce <</a;ﬁ w(t)dt — ‘/M w(t)dt') ?
(L 2]

o L ([ o

" <//;w d”’/ dt’) )dt
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(Lol o

([ -] o) )

L (el )2

(e ) )

Ik
/th“)d

+

Proof. Using (1.2) and (1.

/K0t< O+ ”)dt
:/j K(0,0)0(t t—2</j K0,t)(‘y(t)+I‘(t))dt>

a+8

— p(k) /B wlt)d = p(3) [ (it pl6) [ (o)

B k
+p(j+k— 9)/% w(t)dt — /w(t),o(t)dt

_1 V / dt+/9j+k6 /:H w(t)dt (v(t) + D(t)) dt

+/J+k—0/5 w(t)dt (y(t) +T'(t)) dt| .

From (1.4) we have

(2.2)

atﬁ»ﬁ

k j t
w(t)dto(k) — n(j w(t)d 0 w(t)d |+ k—6
/B (t)dtp(k) pm/a <t>t+p<>/a ()t + p(j + k — 0)

B k 0 ot
x/a;/s w(t)dt/j w(t)p(t)dtf% [/J /aw(t)dt(’y(t)JrF(t))dt

k—0 t
/ﬂ w(t)dt (v(t) + T(1)) dt

+
ﬁ
I
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/KHt( £) — (t)‘;r())dt
[ fn-2320)
/|K0t<() ())dt

2“_0 /at ()dt’( (t) - ())dt+/0j+k0 /;Ww(t)dt

k t
x (D(t) — ~(¢)) dt + / /B w(t)dt’ (T(t) —V(t))dt] : (2.3)

Jj+k—0

After rearranging (2.3), we get the required result. |

Remark 2.2. It is worth mentioning that if we put w(t) = ﬁ in our main

result we will get the following result.

Corollary 2.3. Let all the assumptions of Theorem 2.1 be valid. Then

mo(0,3) < PDEAE) g PO piEEZD) ()

2 2 ;
mo(t, \) =
e [T (s s 52 £ 5 )
L (L 1) e (5
. /jii%k;%(w;ml“(nﬂ—*¥)+n;w”(”ﬂ'—kk;j))d"}
and

o k—j ) )
1 t—(G+A=52) /n — k — n+in k—
Mo (t, X)) = 7]6 - |:/ . 2 (7‘7]‘;1,<n+j+)\72j)+72‘ |V(n+j+)\72j>>dn

_ k—j
J|/-akFE 2

itk

2—4(7,,\7” ( j+k> n+ |n| ( j+k>)
+ ! — _ — ) )d
/t,]gk 2 pnt 2 + 2 v\t 2 g
\k—d _ _ o
2 n—Inl ( k— J) n — [l ( ) k J))
) -2 - —2x—2) ) dn|,
+ /j+>\%l—t( 3 n+J 2 + 5 n+J 3 n

which is Theorem 2.3 of [7] and hence all its Corollaries and Remarks and

further consequences would become our special cases. Throughout the section
Y0, 71, Lo, I'1 are real constants.

Remark 2.4. If we put A =1 in (2.1), we obtain following result.
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Corollary 2.5. Let all the assumptions of Theorem 2.1 be valid. Then

my < p(k) /k w(t)dt + p(j) / T e / Cpeltd <3, (25)
where
S / [(( / ot / w(t)dtD o)
o ([t | [, wwa]) 10 |
and
My = /k ((/: w(t)dtJr‘/j; w(t)dt‘ L)

" </t+ w(t)dt - ‘/i w(t)dtD g

Special Case 2.5.(a) If we take, y(t) = 0 # 0, ['(t) = Ty # 0 and w(t) =
in (2.5), then

(k—j) pli) +plk) _ 1 /’“ (k= j)
—Ty) < — t)dt < Iy —
3 (o —To) < 3 — jp() < 5 To=0);
which is the Corollary 2 of [27] and Special Case 2.4.1 of [7].

Special Case 2.5.(b) If we take, y(t) = 1t +v # 0, I'(¢t) = T1t + To # 0

and w(t) = ﬁ in (2.5), then

g < p(j);rp(k) _ kij /kp(t)dt < My,
where
My = (k;j) [(k3j>(71+r1)+ (j;k)(’h F1)+70F0:|
and
M,y = W% {(kg])(% + 1) + OJFT]C)(IH —m)+To —70} ,

which is Special Case 2.4.2 of [7].

Remark 2.6. If we choose § = # in (2.1), we obtain the following result.

Corollary 2.7. Let all the assumptions of Theorem 2.1 be valid. Then

k J

ms() < p(k) /ﬁ w(t)dt — p(j) / w(t)dt+p(’“jj) / Cwar

k
_ / p(w(t)dt < Ma(V), (2.6)
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— = = =
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=X S T
= = = —
twa + 3 +
— £ = %
= = = =
; 3 ~— 3
Fl t/a ¢ L@
~ 2 +2/

o~

Nafa\l
P = s
= 7 N 7N 7N
= —~ s
= @72 = @72
Nad ' '
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_ [

ult.

, we obtain the following res

—~

A=0in (2.6

If we choose

Remark 2.8.

of Theorem 2.1 be valid. Then

0

Let all the assu

Corollary 2.9.

o

) /j kw(t)dtf /j kp(t)w(t)dtg Ma(®)

where

= ~ =
7 N 7 N N
—~~ =
Eo B Yw
= &

[ TZ-60-G20z uo J1'iswifi wouy pspeojumo( ]
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and

+

+
\
‘ S

kol

A/~
/N
\H

&

=
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~

+ S
\“

&

=

QU
=

\_/\_/\_/

"1
NS

([ | o)

Special Case 2.9.(a) If we take, v(0) = v # 0, ['(0) =Ty # 0, 0 = 5=
and w(t) = k%j, in (2.7), then
(k—J)

. k _
8 (vo—Fo)<”(JJ2rk) _ﬁ/ plE)dt < (ksj)(ro_%)’

which is in fact the Special Case 1 of Theorem 1 presented in [18], Corollary 1
of [27] and Special Case 2.6.1 of [7].

Special Case 2.9.(b) If we take, y(6) = v10+v #0,T(0) =T160+To #0
and w(t) = ﬁ in (2.7), then

. 1 k
ms < p (M) — r_] _ p(t)dt < Ms,
J

where

(k=) (k—j

3 3 (v1+T1) +jy — kL + v — Fo)

and

k—4 k—
M5:( 8j)< 33(71+F1)+]F1 k%+ro’)’o>,

which is example of Corollary 1 of [18] and Special Case 2.6.2 of [7].

Remark 2.10. By choosing A = % in (2.6), then we get the bounds for %
Simpson’s rule.

Corollary 2.11. Let all the assumptions of Theorem 2.1 be valid. Then

< ok ’ t)dt ) [ t)dt ktJ = t)dt
me < p(k) @w() - p(j) ww() +r(— #w()

(55 | - [ sttt <. 23

2



http://ijmsi.ir/article-1-2009-en.html

[ Downloaded from ijmsi.ir on 2025-09-21 ]

Generalization of Ostrowski’s Inequality for Differentiable ... 217

where
" /((/w@dt—\/ dtD ()
+ (/t dt+‘/5m dtD ())dt
(| )
(] ]
and

_|_
/—\
h
B
Eal
=
~
S‘\
+
ol
&.
=
v
\/
QL
~

_|_

/+ <</+ w(t)dt + /i ()dtDF;t)
¥ ( /t sttt | /t w(t)dtD v(;)> i

Special Case 2.11.(a) If we take, v(t) = 79 # 0, I'(t) = Ty # 0 and
w(t) = —m (2.7) , then

. . . k

(16723)(70 Ty < % {p(.]) ;p(k) L2 (J ;kﬂ B kij /J (1)t
(k=)
-T2

which is Corollary 4 of [27]and Special Case 2.7.1 of [7].

Special Case 2.11.(b) If we take, y(t) = vt +v0 # 0 and I'(¢) = T'1t+To # 0,

w(t) = F in (2.7), then

(FO - ’YO)?

1 [p(j) + p(k) j+k 1 /k
< Z — <

my < 3| 5 + 2p 5 3, p(t)dt < My,
where

k=3[, . J k
mr =0 (k=j)m+T1)+ 2(771 —3I) + 2(3% —TT1) 4+ 5(y0 —To)
and

k— I . j k

Mr = ( 723) (k—=j)(m +T1)+ %(7F1 —3m) + 5(3F1 —7v1) +5(T — ’Yo)] ,
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which is Special Case 2.7.2 of [7].

Remark 2.12. If we choose A = % in (2.6), we obtain bound of average midpoint
and trapezoidal inequality in the following result.

Corollary 2.13. Let all the assumptions of Theorem 2.1 be valid. Then

itk

my <o) [, wttntt o) [ wtarsp (52) [ i
w0 (57) / st~ [t <, @3
where
ms = /_ <</t+ w(t)dt — ‘/: w(t)dtD ?

+ (/;k w(t)dt + ‘ /:M w(t)dtD 7(2)> dt

+ /+ ((/1 w(t)dt — ’/i w(t)dt’) 1o

+ <[+M w(t)dt+‘/:+3k w(t)dtD V(t)> dt
and

Special Case 2.13.(a) If we take, v(t) = v # 0, I'(t) = I'o # 0 and

w(t) = ﬁ in (2.8), then

(k—j)(%_ro)<;{w+p<w)] _P/jkp(t)dt

16 2
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which is the Corollary 3 of [27] and Special Case 2.8.1 of [7].
Special Case 2.13.(b) If we take, v(t) = vt + v # 0, I'(t) = T1t + T # 0
and w(t) = 1= in (2.8), then

k—j
1 [p() + p(k) j+k 1 /’“
< = — <
mo <3 |20, (1 7 ), P <
where
k—) [(k—3j ' k
my (16J) {( 6])(71+F1)+;(71—F1)+2(71—F1)+70—F0]
and
k—7) [(k—j j k
:( 16.7) l:( GJ)(’Yl‘FFl)—‘r’;(Fl—’yl)-f—2(F1—’71)+F0_’70:|a

which is Special Case 2.8.2 of [7].

Remark 2.14. If we choose 6 = j in (2.1), for any value of A € [0, 1] we obtain
the following result.

Corollary 2.15. Let all the assumptions of Theorem 2.1 be valid. Then
: =x

min(A) < (k) / w(t)dt — p(3) / w(t)dt + p(p) / w(t)dt

B a a

J

8 k
To(k) / w(t)dt — / Pt < Mio(N),  (29)

atpB
2

where
mo(A) = /J k (( / w(t)dt - ‘ / w(t)dt’ g
+ (/:+ w(t)dt + ‘ /:w w(t)dtD 7(;)> dt

and

Mio(\) = /j%(ﬁﬁw(t)m‘ /C;ﬁw(t)dtDF;t)

) w(t)dtD 7(;)> dt.

Remark 2.16. If we take, y(t) = 70 # 0 and I'(t) = 'y # 0, and () =

mt+v #0and I'(t) =Tt + Ty # 0, and w(t) = ﬁ in (2.9), then we obtain

results similar to Special Cases 2.4 a and b respectively.

+
/N
—
w‘+ <
=
&
S [§]
Q
~
\
[
I\J‘+ <+

Remark 2.17. If we choose § = k, and A = 0 in (2.1), we obtain the following
result.
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Corollary 2.18. Let all suppositions of Theorem 2.1 be valid. Then

myy < p(j);rp(k) B kij /jkp(t)dt . .
where
my = /Jk ((/jtw(t)dt— /jtw(t)dt’ ?
< jtw<t>dt+ / tw(t)dt\) 10)
(e o)
- < ;“(”d” /ik w(t)dtD @ dt
[ ] [ o) B2
+ (/}:W(t)dtJr /}:w(t)dt‘) 7(;)) dt
and .

+

+
;ﬁl/_\,

+ /jk (/ktw(t)dt—&-
+ (/ktw(t)dt—

Special Case 2.18.(a) If we take, y(t) = v # 0, I'(t) = 'y # 0 and
w(t) = 1= in (2.10), then

k—j
3(k —j) p(j) + p(k) 1 /k
<
[ 5 i, p(t)dt
which is Special Case 2.10.1 of [7].

Special Case 2.18.(b) If we take, v(t) = vt + v # 0, I'(t) =T1t + Ty # 0

3(k —J)
8

(0 —To) <

(o —70)s
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and w(t) = L= in (2.10), then

k—j
- {p(j) +p(k)] _ kij /jkp(t)dt < Mas,

miz > B)
where
k—q9) [7(k—7 ] k
—— 2]) [ (12 ])(vl+r1)+%(7m+r1)—g(mwrl)
3
+4(70—F0)}
and
k—q9) [T(k—7 ] k
My = ( 5 J) { (12 ])(71 +F1)+%(71+7F1)—§(7% +T'1)
3
(T —
+4( 0 Vo)],

which is Special Case 2.10.2 of [7].

Remark 2.19. If we choose § = k and A = 1 in (2.1), we obtain the following
result.

Corollary 2.20. Let all assumptions of Theorem 2.1 be valid. Then

' w(t)dt + p(k) / T w(t)dt

4

J

mia < o) |

j+3k
4

slt)dt - p(3) |

3i+k
4
jt3k
4

k
40) [ wtode— [ pwoi < e (211)

2

where

mis3

I
k\
>
/N
R
P
T
B
€
—
Nt
QL
~
|
P
+
Ed
€
N
QU
~
S~— v
—
N
N~—

_|_
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and

=
w
I
u.\
x>
N
7N
.w\“
i
kol
&
—
=
Y
~
+
w\
. ~+~
L
&
=
L
=
—
Nl=

+

4 (/i w(t)dt — ‘/i w(t)dtD ”;“) it .

Special Case 2.20.(a) If we take, v(t) = 79 # 0, ['(t) = Ty # 0 and

w(t) = %_J in (2.10), then

1 ] k —J
9(k32 9 (4 ~To) < {p(]) ;p(k)} Tk ij /J plt)dt < 9(k32 D=,

which is Special Case 2.11.1 of [7].
Special Case 2.20.(b) If we take, v(t) = y1t + v # 0, T'(¢) = T1t + Ty # 0
and w(t) = L in (2.10), then

k—j
) + p(k 1 [*
mis < {”(‘7) 2”( )] - k_j/j p(t)dt < My,
where
k—j |[bk—j j k
miy = 16][ ( 3 J)(71+F1)+%(5’Yl—F1)—§(71—5F1)
+  3(7 —To)]
and
k—j|5k—3j ] k
My, = 16][(3j)(71+1ﬂ1)+;(51ﬂ171)2(F15’71)
+ 3T —70)],

which is Special Case 2.11.2 of [7].

Remark 2.21. If we choose 6 = k and A = % in (2.1), then we get the following
result.
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Corollary 2.22. Let the assumptions of Theorem 2.1 be valid. Then

w(t)dt + p(k) / w(t)dt

6

J

mis < P(k)/

j+5k
6

a(t)dt ) |

5j+tk
6
Jj+5k

5 k
wo0) [ wtde— [ ot < s, (212)

k

2

where
mis = /jk ((/:k w(t)dt — ‘/;k w(t)dt’ %’5)
+ (ﬁ;k w(t)dt + ‘ /5:% w(t)dt’) % dt
+ /: ((/i w(t)dt — ‘/i w(t)dt’) ?
+ (/tk w(t)dt + ‘ /ik w(t)dtD 7(;)) dt
+ /jk' ((/i w(t)dt — ’/i w(t)dtD @
+ ( [wtas| [ w(t)dtD ’ng>> a
and
My = /jk ((/:ﬁ w(t)dt+’/5:+k w(t)dt’ @

. (/t w(t)dt — ‘/i W(t)dtD 7?) dt
(s
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Special Case 2.22.(a) If we take, y(t) = v # 0, I'(t) = 'y # 0 and

w(t) = §55 in (2.13), then

o . k o
ww@—m < [p(j) ;p(m]_klj/j plt)dt < w@o—%%

which is Special Case 2.12.1 of [7].
Special Case 2.22.(b) If we take, v(t) = 1t + v # 0, T'(¢t) = T1t + Ty # 0

and w(t) = 325 in (2.13), then

+ p(k 1 k
mie < [ J) 2p( )] — k—j/J p(t)dt < M,
where
k— 34 . 37 3k
mie = 72]) [HUC — ) +T1)+ %(33% —TI')+ 7(71 —33T)
+17(v0 — I'o)]
and
k—j . 37 3k
Mg = ( 72J) [(k =) +T)+ 5](331\ —m)+ 7@1 —337)
+ 17(To —70)],

which is Special Case 2.12.2 of [7].

Remark 2.23. If we choose § = k, and A = I in (2.1), we obtain a bound for
trapezoidal rule in the following result.

Corollary 2.24. Let all the assumptions of Theorem 2.1 be valid. Then

. itk
k 5=

w(t)dt — plj) /; w(t)dt + p(k) / C wltyin

8

mir < P(k)/

itk
8

8 k
o)) / w(t)dt / pto(t)dt < Myz,  (2.13)
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where
P /j’“((/;;kw(t)dt— /;grkw(t)dt’ @
+ t w(t)dt + t w(t)dt ﬂ dt
(oo s
+ /: ((/:k w(t)dt — /ik w(t)dt’) ?
o (o] o) 22
+ /jk (/ﬁtw(t)dt‘/ﬁtw(t)dt‘ Ho
o / w(t)d 1 ] / tw(t)dtD )
and

Special Case 2.24.(a) If we take, y(t) = v # 0, T'(t) = Ty # 0 and

w(t) = 755 in (2.13), then

17 =9 (10-1g) < [p(j)+p(k)]_ : /k ptyar < TE=I po

64 2 k—j 64

which is Special Case 2.13.1 of [7].
Special Case 2.24.(b) If we take, v(t) = vt + v # 0, I'(t) =T1t + T # 0
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and w(t) = 325 in (2.13), then

p(4) + p(k) 1 /k
< — < M
mig < { 5 i), p(t)dt < Ms,
where
k—14) 35 . j k
Mmig = ( 64J) [3(/*3 ) (m+T)+ %(35’}’1 +I') — 5(71 +35I')
+17(v0 — T'o)]
and
kE—7)[35 ‘ ' k
Mg = (674j) {3(/€ —J)n+T)+ %(35P1 +m+) - §(F1 +35v1)
+17(Co — 0)]

which is Special Case 2.13.2 of [7].

Remark 2.25. if we choose 6 = QJT'HC and A = I in (2.1), then we get the
following result.

Corollary 2.26. Let all the assumptions of Theorem 2.1 be valid. Then

k j 9 itk
. j+k
< _
mio < plh) | w10 =900 / sttar+p (222 [ o 0
J+TE
|+ 2k e k
+p (Jg )/ ) w(t)dt—/ p(t)w(t)dt < Mg, (2.14)

where

3
I

[ (| o) 0

8

% w(t)dt + t witydt| ) 1) ay
/wk ’/7;k D 2 )

8

7 ((fwom-| o) 52

+
/N

+

+
~
‘Q\
T
kol
I
~—~
N
QU
~
+
"\‘\
+ o~
kol
=
S~—
S

+
P
[ V)

ES
N
—
o *
Eal

€

—~

=

joH
~

|
;\ﬁ
i
Eal

&

=

joN
=
v
—
M=

+
—
wf 7
kol
I
—
Nt
QU
~
+
g
Ead
&
=
QU
=
N———
‘Q
IS
N———
QU
~
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Mg /J+ <</:+ w(t)dt+‘/7;+k w(t)dtD @

and

8

+ </t+ w(t)dt ’/i w(t)dtD ”é”) at
o ol ([t [ e 22

_l’_
R
\
ML‘
I
=
N
&
|

+ /i ((/i w(t)dt—k’/ji;k w(t)dt') ?
+ </t+ w(t)dt — ’/i w(t)dtD Vé”) it

Special Case 2.26.(a) If we take, v(t) = 79 # 0, I'(t) = 'y # 0 and

w(t) = ﬁ in (2.15), then

25 <3 [po);p(k) +p<2j+k) +p<j+32’fﬂ

b /kp<t>dt < BE=D) 1y,

which is Special Case 2.15.1 of [7].
Special Case 2.26.(b) If we take, v(t) = vt + v # 0, I'(t) =T1t + Ty # 0
and w(t) = k%j, in (2.15) then

m%g:[p(j)”(k)+p<2j+k>+p(j+2’“ﬂ_ 1 ./jkp(t)dtSMzo,

3 3 3 k—
where
Mmoo =
hd : 31 19 . 25
( 192]) [(k =) +T1) + E(]% — k1) + E(]g% — 4T + 3(% _ 1—‘0)}
and
Mso =
k—j ; 31 . 19 . 25
| 192]) [(k — D+ )+ = (kT = jm) + = (T = k) + 5 (To — 70)} :

which is Special Case 2.15.2 of [7].
Now we state two results with their consequences for function p whose first
derivative is bounded below only and bounded above only respectively.
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Theorem 2.27. Let p : I — R, be a differentiable function on I° of I, and
let [j,k] C I°. If p’ is bounded below then v(8) < p'(0) for any v € C[j, k],
0 € [j, k], then for all X € [0,1] we have

a+t+pB
k 2

mar (6,0) < p(k) / w(t)dt — p(3) / w(t)dt + p(0) / w(t)dt

B a a

8 k
w(t)dt—/ p(tw(t)dt < My (0,X), (2.15)

J

+p(j+k*9)/

atB

2

where

mmWA)£k</iﬁMUﬁ>7@Mt+Ae<Aizw@MOVQMt

2

Proof. Since

k
/ K(6,1) (o () — (1)) dt

B k k
+p(j+k— G)L , w(t)dt — / p(t)w(t)dt — / w(t)p(t)dt

2

/fKWJM@Mt
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a+B
2

k J
= p(k) /ﬂ w(t)dt — p(3) / w(t)dt + p(6) / w(t)dt

B

x+

2

+oli+k-6) [

(o) 7]

«f ;0 ( / tw(t)dt) "

Using modulus property, we have

[e3

(k) /ﬁ " w(t)dt - o) / ’ ity + p(0) /

wltydt - / p(E)o(t)dt

t)dt] .

[e3

3 k
+p(j+Ek- 9)/ w(t)dt — / p(t)w(t)dt

4 /9 e ( /Z[ w(t)dt) ~(t)dt

x4

2

_ Vje (/:w(t)dt) ()t

i /:H (/;‘”(t)dt> V(t)dt]

k
/ K(6.1) (o/(t) — (1)) dt

IN

te(g,k]

9 k-6
= max / w(t)dt,/
a L;rﬂ

Remark 2.28. If we put w(t) = k—ij
following result.

< / "k,

k
max K0,0)] [ ((0) = 1(0) de

atB

(e

t

w(t)dt) ~(t)dt

2

a+tB
2

w(t)dt

[ (P () = (1)) dt

k
w(t)dt,/ﬂ w(t)dt}
k
x (p(k)—p(j)—/ v(t)dt>~

After rearrangement of (2.16) we get required result.

(2.16)

O

in inequality (2.16), then we will get the

Corollary 2.29. Let all the assumptions of Theorem 2.27 are valid. Then

p(0) +p(j+k—0

maa(0.3) < AP ZPE gy

2

k
) _ / p(t)d(t) < Man(6, )
(2.17)
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where

= 5 [ (255 s+ 5 ([
/jjke(l)‘)'Y(t)dt>max{)\k2j,(0 (2/\)2J+)\k> (,7 +k >}
k
JGRCNAD)

and

which is Theorem 2.8 of [7].
Remark 2.30. If we choose 6 = # in (2.15), we get the following result.

Corollary 2.31. Let all the assumptions of Theorem 2.1 be valid. Then

) < (0 [ " wt)dt — ol)) / it + o (25 ] (e

- /jk p(t)w(t)dt < Mas(N), (2.18)
where
maz(A) = /]]ﬁk (/:w(t)dt> ~(t)dt + /]’; (//;w(t)dt) ~(t)dt

~ max { /a = w(t)dt, /W w(t)dt, /ﬁ ' w(t)dt}
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and

J+k

M23(>\):/j / t)dty(t dt—l—/i/ t)dty(t)
o] [t [ o, [ ()dt}
i k
x <p<k>—p<j>— / v(t)dt>-

Special Case 2.31. If we choose w(t) = ﬁ in (2.18), we obtain the

following result.

maa() < WO (1)) - /jkpor)dt

< May(N), (2.19)

)= Vk (- 55t + 2 </ e
_/i (1 —A)W(t)dt> +max{Ak2 N _A)k;j}
k
X (p(k)p(j)/j *y(t)dt)],

which is Corollary 2.9 of [7].

Theorem 2.32. Let p : I — R, be a differentiable function on I° of I, and
let [j, k] C I°. If p’ is bounded above then p'(6) < T'(6) for any T € C[j, k],
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0 € [j,k], then for all X € [0,1] we have

k J
mas(0.0) < k) [ttt o) [ wiat+p0) [ wioyi

B a

+p(+k—0) /B w(t)dt — /kp(t)w(t)dt < Mys(0,)), (2.20)

atB
2
where

atpB
2

mas(6,\) = /Jk (/iﬂ w(t)dt) F(t)dt+/j€ (/a
_ /] iH ( /iﬁ w(t)dt) T (t)dt
~ max { /a oot /(:kew(t)dt, /B kw(t)dt}

:
x ( / T (8)dt — p(k) +p<j>>

w(t)dt) D(t)dt

and

Mas(6,0) = /k (/15 w(t)dt) F(t)dt+/0 </a w(t)dt) T(t)dt
_ /] iH ( /iﬁ w(t)dt) T (t)dt
+max{ / ot / J:;kiew(t)dt, /ﬁ kw(t)dt}
" N k
x ( / r(t>dt—p<k>+p<j>>.
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Proof. Since

[// dwdﬁ/we/ Dar(
[ [ et

so we have

a+pB
2

k J
(k) /B wlt)dt = p(g) [ (ot pl6) [ T (o

+13

[//‘ m*m+fMg/ Dar(
[ [t ]

_ / K(0,t) (p/(t) — T(t)) dt

8 k
o+ k- 6) / w(t)dt / p(t)o(t)dt

(2.21)
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we get required result after some rearrangement. (|

Remark 2.33. If we put w(t) = ﬁ in inequality (2.20) then we get Theorem
3 of [18] and Theorem 3 of [19].

Corollary 2.34. Let all the assumptions of Theorem 2.32 be valid and if we
choose 8 = # in (2.20), we get

:wu)dtp(j) / j s+ (155 [ (e

mas(N) < p(k) /
k
- / p(Dw(t)dt < Mag(N), (2.22)

where

m26()\)=/j§ /tw dtT (¢ dt+/ / t)dtD (¢

—max{ / T, [ / w(t)dt, /ﬁ w(t)dt} ( / ) ()dt—p(k>+p<j>>
and

M26()\)=/]+k/ t)dtT(t dt+/ / t)dtT (¢

+max{/f <>dt,/; <>dt,/ﬂ ()dt} (/ <>dt—p<k>+p(j>>.

Special Case 2.34. If we choose w(t) = k— in (2.22), we obtain the following
result.

mar(A) < [AM - (”’“)] - " plt)dt < M),

2 2 k —
where
k .
) =5 | [ (1 55 o
+ k% (/] (1— N T()dt — /i (1= F(t)dt)
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and

which is Corollary 2.11 of [7].

Remark 2.35. If we put w(t) = ;15 in inequality (2.20) is Special Case of
Theorem 3 of [18] and Theorem 3 of [19].

Corollary 2.36. Let all the assumptions of Theorem 2.32 be valid. Then

mas(0, ) < [puc) /ﬁ " wt)dt — olj) / (bt + f (jg’“) / St

—/k P(t)w(ﬂdt} < Mas(0,)), (2.23)

where

mas (0, A) = /ja (/:w(t)dt> Y(t)dt + /9j+k_a (/; w(t)dt> v(t)dt
+ /j:c—e (/[:w(t)dt) ~(t)dt — max {/@2 w(t)dt, /Q; w(t)dt, /Bkw(t)dt}

and

Mag(0,)) = /j 6 ( /a tw(t)dt) y(t)dt + /9 e < /tﬂ w(t)dt) y(t)dt
+ /j;_e (/Btw(t)dt> ~(t)dt + max {/a w(t)dt, /; w(t)dt, /Bkw(t)dt}
x <p<k> — o) - / k v(t)dt> .

Remark 2.37. If v(0) < p'(0) <T(0) for any 6 € [j,k] and v,I" € C[j, k], and if
one put A = 0, then error bounds of non-standard quadrature A5(p) are given
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as:
_ _ .
mag < % o) +2p <J;k> + p(k)] - Tij / p(B)dt < Mg, (2.24)
where
[ k o ok
Mg = ﬁ / (t—7)~y(t)dt + ,/m (t —k)y(t)dt + (k 5 7) / W(t)dt]
and _

Mggzkljl/j(t— ) ()dt+/jik(t—kz)1“(t)dt+(k;j)/jkl“(t)dt],

which is Corollary 3 of [18], Corollary 4 of [19] and Corollary 2.11 of [7].

Proof. To prove (2.22), we use Corollary 2.31 and 2.34. First by putting A =0
and w(t) = k— in (2.18), we get

1 k , k—j ‘ &
k_][/ (t—J)v(t)dHZ( JRRCIS /Mv(t)dtﬂ

<3 o420 (55) o) - jkpof)dt (2.25)

.
ol
=

provided that v(¢) < p'(¢) V ¢ € [j, k].
On the other hand, by assuming A = 0 in (2.21), we obtain

1{—p(j)+2p<j;k)+ } k— ]/jkp
! /jk(t— ) ()dt+’€2j</jjgk ()dt—/;F(t)dt>](2-26)

provided that p/(t) < T'(¢) V ¢ € [j,k]. Combining the above two inequalities
obtain the required result. O

o |

Remark 2.38. If v(6) < p'(0) < T'(9) for any 0 € [j,k] and ~,T € C[j, k], and
if we choose A\ = 0, then error bound of non-standard quadrature Ag(p) would
be

where

itk k s k T
mso = ﬁ l/] (t— ) T(t)dt + /; (t = K)T(t)dt — <’f23)/J ro|
and

iy ‘ —§
My = ﬁ [/ (t—7)~(t)dt +/u(t —k)y(t)dt — (k 5 J) / y(t)dt|,
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which is Corollary 4 of [18], Corollary 5 of [19] and Corollary 2.11 of [7].

Proof. Proof of (2.25) is similar to that of Remark 2.37, if one replaces A = 0
and w(t) = = in (2.18) and (2.21), respectively, and combines them together.

k—j
(]

Remark 2.39. If v(6) < p'(0) < T(0) for any 6 € [j,k] and 4, € C[j, k] then
by replacing § = k, A = 0 and w(t) = ﬁ in (2.18) and (2.21), respectively,
then error of non-standard quadrature A;(p) is given as

k
mg1 < p(j) — 0 i]) / p(t)dt < Msy,

where

k
ma; = (147:7)/ (t — k)D(t)dt

and
1 k
M, = 7/ (t —k)vy(t)dt,
(k—34) j
which is Corollary 5 of [18], Corollary 2 of [19] and Corollary 2.11.

Remark 2.40. If v(0) < p'(0) < T'(9) for any 0 € [j,k] and ~,T € CJj, k] then
by replacing 6 = j, A = 0 and w(t) = 325 in (2.18) and (2.21), respectively,

one gets error bounds of non-standard quadrature Ag(p) as follows:

k
mze < p(k) — ﬁ/ p(t)dt < Mss,

where
1
(k—7)

ms2 =

/f@—jqut (2.28)

and
k

1 .
M3y = (k_])/] (t — )T (t)dt.

The inequality presented above is same as the Corollary 6 of [18], Corollary 3
of [19] and Corollary 2.11 of [7].

3. APPLICATIONS TO NUMERICAL QUADRATURE RULES

Let I, : j = 20 < 21 < -+ < z, = k be a partition of interval [j, k] and let
hi = ziy1 — 2,1 €40,1,2,...,n— 1}. Then

k
[ ltpttitt = Qulpo. ) + Bulprio, ) (3.1)
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Consider a general quadrature rule

a;+B84

1 Zit1 z; o)
n(p,w, A = 2 w(t)dt — p(z; w(t)d: 0; w(t)d
Qnpr 0, N) %[m m/m (t)dt — p >/ vt + p(0:) | (t)dt

g

Bi
+  p(zi + zit1 — 0;) /(Wrﬁ, w(t)dt} ; (3:2)
45

where A € [0,1] and 6; € [2;, 2;4+1]. Then we get following result:

Theorem 3.1. Let all the assumptions of Theorem 2.1 be valid. Then (3.1)
holds where Qp(p,w,\) is given by formula (3.2) and remainder Ry, (I, p,w)
satisfies estimates

n—1
|Rn(p,w, N)| < sup{|Ra|,|Ral}, (3.3)
i=0
where
9L t t )
(/w t)dt — w(t)dtD Lilt)

2
([ ]| o) 42) )
+/:+z7+1 0: ((/M w(t)dt —

7

t
</ dt+‘/ dtD %(t >dt
a; +ﬁ1 oy +ﬁl 2
Zi41 F
o (et [otoaf) 57
zi+zip1—0; ﬁL i
K 7i(t)
+ < w( dt+‘/ w(t)dtD l))dt
B: 2

+
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and
fe = /G<(/ dt+‘/t <t>dtDF§>
! (/” t)dé - ‘/ D ))dt
o (] L o) 5

+ (/ﬂ L, wdi—| [
(e
+ ( L #dt — ‘/ dtD 72)> .

V0, € [Zi72i+1]~

Proof. Applying inequality (2.1) on the intervals [z;, z;41] for 7 € {1,2,...,n—
1}, and using (3.3), we get

Ripw ) = [ wpltrar - [mmo | et gt [ty

eudli Bi
2
+ p(az) w(t)dt + p(zi + Ziy1 — 01) Lv+ﬁv w(t)dt] .
i =
Summing it over ¢ from 0 to n — 1 we get
k n—1 Zig1 z;
Rilpwn) = [ ot =Y [p<zi+1> [ wtoan- o) [
J i=0 Bi a;
aufli Bi
X w(t)dt + p(Gi)/ w(t)dt + p(z; + ziy1 — 91)/ i, w(t)dt] .
a; ithi
It follows from (2.1) that
k
Ralp.o NI = | [ ooyt
J
n—1 Zit1 Zi
=3 [otasen) [ s = ot [t
i=0 Bi a;
i +B;
=t Bi
+ P(Gi)/ w(t)dt + p(2i + zit1 — 0;) /w_ﬂj_ w(t)dt]
& I
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< n_lsup{’ [/0 ((/@iw(t)dt— ‘/{iw(t)dt’) Fig(t)
([ ot | [ toa]) 22))

+/6 —— ((/tw w(t)dt‘/(;m w(t)dtD Tiz(t)
+ (/ v dt+‘/y+ﬁb )dtD %ét)))dt
+/+++ o, (( Bf"(t)dt—‘/lw(t)dt‘) Lt

o (o] o) 20
/61<(/w dt+‘/ Drzt)
# ([ wtwa-]| [ wwa]) 250)) a

+/9ZZ+Z7+1 0 ((/:;f* w(t)dt—’_‘/:i;ﬁi w(t)dtD FZ-Q(t)

i

(/jm t)dt — ‘/j% w(t)dt‘
+/Z:M_9i (( 51 dt+‘/ D Li(t)
+ < ij(t)dt— ’/iw(t)dt’) 72)»“”}

Remark 3.2. Similarly, we can state applications of other results and their cases
as given in Section 2.

+

O
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5. CONCLUSION

In this paper, weighted Ostrowski type inequality is discussed for func-
tion differentiable with variable bounds. Applications to solve error bounds
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of midpoint, trapezoidal, Simpson’s and Simpson’s quadrature and some non-
standard quadrature rules are discussed. We also have many proven results as
our special cases. In particularly our results would generalization of 7, 18, 19,
27].

REFERENCES

1. M. A. Ali, H. Budak, A. Akkurt, Y. M. Chu, A Quantum Ostrowski—type Inequalities
for Twice Quantum Differentiable Functions in Quantum Calculus, Open Mathematics,
19, (2021), 440-—449.

2. M. A. Ali, Y. M. Chu, H. Budak, A. Akkurt, H. Yildirim, M. A. Zahid, Quantum
Variant of Montgomery Identity and Ostrowski-type Inequalities for the Mappings of
Two Variables, Advances in Difference Equations, 2021, (2021), Article 25.

3. Y. M. Chu, M. U. Awan, S. Talib, M. A. Noor, K. I. Noor, New Post Quantum Analogues
of Ostrowski—type Inequalities Using New Definitions of Left-right (P, Q)-Derivatives and
Definite Integrals, Advances in Difference Equations, 2020, (2020), Article 634.

4. S. S. Dragomir, On the Ostrowski’s Integral Inequality for Mappings With Bounded
Variation and Applications, Mathematical Inequalities and Applications, 4(1), (2001),
59-66.

5. S. S. Dragomir, P. Cerone, N. S. Barnett, J. Roumeliotis, An Inequality of the Ostrowski—
type for Double Integrals Integrals and Applications for Cubatune Formulae, Tamsui
Ogzford Journal of Information and Mathematical Sciences, 16(1), (2000), 1-16.

6. S. S. Dragomir, P. Cerone, J. Roumeliotis, A New Generalization of Ostrowski’s Integral
Inequality for Mappings Whose Derivatives are Bounded and Applications in Numerical
Integration, Applied Mathematics Letters, 13, (2000), 19-25.

7. N. Irshad, Asif R. Khan, Generalization of Ostrowski Inequality for Differentiable Func-
tions and its Applications to Numerical Quadrature Rule, Journal of Mathematical Anal-
ysis and Applications, 8(1), (2017), 79-102.

8. M. Imtiaz, N. Irshad, Asif R. Khan, Generalization of Weighted Ostrowski Integral In-
equality for Twice Differentiable Mappings, Advances in Inequalities and Applications,
2016, (2016), Article 20, pp. 17.

9. N. Irshad, Asif R. Khan, H. Musharraf, Generalized Fractional Ostrowski-type Inequal-
ity, Journal of Inequalities and Special Functions, 11(4), (2020), 16-26.

10. N. Irshad, M. A. Shaikh, Generalized Weighted Ostrowski—Griiss Type Inequality with
Applications, Journal of Mathematical Analysis and Applications, 8(1), (2017), 79-102.

11. N. Irshad, Asif R. Khan, H. Musharraf, Generalization of Ostrowski—type Inequality
and its Computational Integration, Journal of Numerical Analysis and Approzimation
Theory , 49(2), (2020), 155-176.

12. N. Irshad, Asif R. Khan, On Weighted Ostrowski—Griiss Inequality With Applications,
Transylvanian Journal of Mechanics and Mathematics, 10(1), (2018), 15-22.

13. N. Irshad, Asif R. Khan, Some Applications of Quadrature Rules for Mappings on L,
Space via Ostrowski-type Inequality, Journal of Numerical Analysis and Approximation
Theory, 46(4), (2017), 141-149.

14. N. Irshad, Asif R. Khan, M. A. Shaikh, Generalization of Weighted Ostrowski With
Weights for Second Order Differentiable Mappings, Advances in Inequalities and Appli-
cations, 7, (2019), 1-14.

15. N. Irshad, Asif R. Khan, M. A. Shaikh, Generalized Weighted Ostrowski—Griiss Type
Inequality With Applications, Global Journal of Pure and Applied Mathematics, 15(5),
(2019), 675-692.


http://ijmsi.ir/article-1-2009-en.html

[ Downloaded from ijmsi.ir on 2025-09-21 ]

242

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

N. Irshad, A. R. Khan, M. A. Shaikh

N. Irshad, Asif R. Khan, A. Nazir, Extension of Ostrowski—type Inequality via Moment
Generating Function, Advances in Inequalities and Applications, 2020(2), (2020), 1-15.
N. Irshad, Asif R. Khan, M. A. Shaikh, Generalized Ostrowski Inequality With Ap-
plications in Numerical Integration and Special Means, Advances in Inequalities and
Applications, 2018(7), (2018), 1-22.

M. M. Jamei, S. S. Dragomir, Generalization of Ostrowski—Griiss Inequality, World Sci-
entific, 12(2), (2014), 117-130.

M. M. Jame, Severs Dragomir, An Analogue of the Ostrowski Inequality and Applica-
tions, Filomat, 28(2), (2014), 373-381.

A. R. Khan, General Inequalities for Generalized Convex Functions, (Unpublished docto-
rial dissertation), Abdul Salam School of Mathematical Sciences GC University Lahore,
Pakistan, 2014.

H. Kalsoom, M. Idrees, A. Kashuri, M. U. Awan, Y. M. Chu, Some New (pl p2, qlq2)-
Estimates of Ostrowski-Type Integral Inequalities via N-Polynomials S-Type Convexity,
AIMS Mathematics, 5(6), (2020), 7122-7144.

H. Kalsoom ,M. Idrees, D. Baleanu, Y. M. Chu, New Estimates of q1q2-Ostrowski-Type
Inequalities Within a Class of N-Polynomial Prevexity of Functions, Journal of Function
Spaces, 2020(1), (2020), Article ID 3720798, 13 pages.

M. A. Khan, S. Begum, Y. Khurshid, Y. M. Chu, Ostrowski-type Inequalities Involving
Conformable Fractional Integrals, Journal of inequalities and applications, 70, (2018),
2018.

S. Naz , M. N. Naeem, Y. M. Chu, Ostrowski-Type Inequalities for N-Polynomial P -
Convex Function for K-Fractional Hilfer—-Katugampola Derivative, Journal of Inequalities
and Applications, 2021, (2021), 117.

A. M. Ostrowski, Uber Die Absolutabweichung Einer Differentiebaren Funktion Von
Thren Integralmittelwert, Commentarii Mathematici Helvetici, 10, (1938), 226-227.

S. Rashid, M. A. Noor, K. I. Noor, Y. M. Chu, Ostrowski—type Inequalities in the Sense of
Generalized K-Fractional Integral Operator for Exponentially Convex Functions, AIMS
Mathematics, 5(3), (2020), 2629-2645.

N. Ujevié, A Generalization of Ostrowski’s Inequality and Applications in Numerical
Integration, Applied Mathematics Letters, 17, (2004), 133-137.


http://ijmsi.ir/article-1-2009-en.html
http://www.tcpdf.org

