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ABSTRACT. The Lie derivation of multivector fields along multivector
fields has been introduced by Schouten (see [10, 11]), and studdied for
example in [5] and [12]. In the present paper we define the Lie derivation
of differential forms along multivector fields, and we extend this con-
cept to covariant derivation on tangent bundles and vector bundles, and
find natural relations between them and other familiar concepts. Also
in spinor bundles, we introduce a covariant derivation along multivector
fields and call it the Clifford covariant derivation of that spinor bundle,
which is related to its structure and has a natural relation to its Dirac

operator.
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1. INTRODUCTION

The Schouten-Nijenhuis bracket was discovered by J. A. Schouten (see [10,

11]), and A. Nijenhuis established, in [7], its main properties. A strong renewal
of interest in that bracket occurred when A. Lichnerowicz began to consider
generalizations of symplectic or contact structures which involve contravariant
tensor fields rather than differential forms.
The Properties of the Schouten-Nijenhuis bracket were very actively investi-
gated in the last years [5, 8], as well as its very numerous applications, in
particular to Poisson geometry and Poisson cohomology [3, 8, 13, 14, 17], bi-
hamiltonian manifolds and integrable systems [4], Poisson-Lie groups [1].

In [10], Schouten introduced the differential invariant of two purely con-
travariant tensor fields. Then in [7], Nijenhuis showed that for skew symmetric
contravariant tensor fields (also called skew multivector fields) this satisfies the
Jacobi identity and gives at the same time a structure of a graded Lie alge-
bra to the space of all multivector fields. The same is true for the symmetric
multivector fields. In [12], Tulczyjew gave a coordinate free treatment of the
bracket for skew multivector fields and clarified its relation to certain differen-
tial operators on the space of differential forms, which are similar to those of
the better known and more important Frolicher-Nijenhuis bracket for tangent
bundle valued different forms.

In the paper [6], the authours have studied the algebra of derivation of scalar
and vector-valued forms along the tangent bundle projection 7 : TM — M.
Spinor bundle and Dirac operator have important applications in various fields
including geometry and theoretical physics [15, 16]. For this reason, in this
paper, we introduce a covariant derivation along multivector fields in a Spinor
bundle and find some relation between it and the corresponding Dirac operator.

2. PRELIMINARIES

First, we recall some notations from multilinear algebra. In this paper V'
is an arbitrary n dimensional real vector space. The dual of V' is denoted
by V* and its [-outer product is denoted by A'V. The elements of A'V and
A'V* are called respectively I-vectors and I-forms on V. A’V = R, and set
AV =& (A'V. For a vector v € V, the outer product of [-vectors by v is an
operator which is denoted by p,,, while the interior product with v of I-forms
is an operator denoted by ..

po t AV — ALY iyt AV — A1y
X — ovAX 7 X — i(X).

For blade k-vectors (1 < k)vy A - -+ A vk, the operators iy, a...av,, and Gy, . Avy,
are defined by

HoiA-Avgg = Hoy © 00 O [y, Log ANy, = Ty, © 7 O Ty, -
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These definitions are well defined and extend linearly to all k-vectors X € A*V
nx AV — ARV i Al — ATRYE
Then for scalars A € R, the operators uy and iy are both equal to the operator
multiplication by A.
The operators ux and ix can be extended linearly to all X € AV and
operate respectively on AV and AV*. For the natural product between A'V

and A'V* (1 =0,...,n), ux and ix are dual to each other (see [2]). For all
X € A*V,Y € A'W and w €t V* we have

<w,pux(Y) >=<ixw),Y >.

Similarly, for each k-form w € A*V* the operators pu, : A'V* — ARV * and
i : A'V — A=KV with the same properties can be defined.

To each nonzero n-form Q € A™V* one can associate a Hodge operator
Hgq : A'V — A"='V* which is defined by Ho(X) = ixQ. If Q* € A"V is the
dual of Q, then we also define H{, : A'V* — A"~V by H{,(w) = i,Q*.

Let {e;}?; be a basis of V, {a;}? its dual basis and Q = a3 A -+ A ay.
Then Q* =e; A--- A e, and for any transformation o € S,, we have

Ha(eqy N - Neo)) = €aQo1) A A Qo)
Ho(agny A+ AN agy) = €Co(ir1) A== A eo(n)-

The Hodge operators Hq and H{, are nearly inverse to each other and the
following relations hold.

AV S AV HooHy = (-0 Hfo Ho = (-1)" V1.

For all X € A*V, the operators ux and ix make the following diagram
commutative.
Ay 5 ARy,
Hq | l Hg Hqopux = (—1)"*ix o Hg

(—1)lkix

An—lys S An—l—kys
In fact, for every X € A*V and Y € AV, we have
Ho(X AY) = (-1)*ix Ho(Y) = iy Ho(X).
We can also deduce that for every w € A*V* and Y € A'V
Ho(iu(Y)) = (=1)*"Dw A Ho(Y).

In this paper, M is a n-dimensional manifold and f,g € C°°(M). The set
of C> sections of A¥(T'M) is denoted by X¥(M) and they are called k-vector
fields on M. Also the set of C*° sections of A¥(T'M*) is denoted by A¥(M)
and these are k-differential forms on M.

Clearly, X°(M) = A°(M) = C*(M), and X} (M) = X(M). Set A(M) =

n_oAF(M) and X*(M) = @%_,X*(M). For each k-vector field U € X* (M),
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pu s XH(M) — XR(M) and iy : AY(M) — A'"F(M) are defined pointwise.
For a volume element Q@ € A"(M)(Vp € M Q, # 0) Hodge operator Hg :
X{(M) — A"~!(M) is defined pointwise. Clearly, the same relations also hold
for these operators.

3. LIE DERIVATION ALONG MULTIVECTOR FIELDS

For a blade k-vector field U = Uy A --- AUg(1 < k) on M and a l-vector
field V € X!(M), Lie derivation of V along U, is denoted by Ly Vand defined
as follows

k
LoV =) (=1)P'Uy A+ AU A+ AU A Ly, V.
j=1

This definition can be extended to all k-vector fields and this is Schouten
bracket of multivector fields, which generalizes the notion introduced in [10, 11]
and studied in [5]. For U € X*(M), Ly is an operator X! (M) Lo, XHE-L(M)),
and for k = 1, Ly is the ordinary Lie derivation. For the function f, Ly f €
Xk~1(M) and we denote it by U(f). For U € X¥(M),V € XY (M) and
W e X*(M), the following relations hold

(1) U(f) =iar(U),

(2) LV = fLuV + (=1)*U AV (),

(3) LyV = (-1)F Ly U,

(4) Ly(VAW) =LgV AW + (=D)!*=Dy A LW,

(5) LuavW = (=1)*U A LyW + (=)' =DV A Ly W.

These relations lead us to define Lyg =0 and LV = V(f), for V € X*(M). To

extend the definition to Lie derivation of differential forms along multivector
k times

—~—
fields, it is useful to define the operator A :XM x --- x XM— X*~1(M)(2 <
k), as follows

AU V) = Dy (COUL U AT A AT A AT A AT

= 33 (CVILy, (T A AT A ATR).

The operator A is alternating but it can not be considered as an operator on
X*(M), because the value of A(Uy,- -+, fUjo," -+ ,Uy) does depend on jo. In
fact

A(Ulv"' 7ijoa"' 7Uk) :fA(Ulv 7Uk)_(U1/\A/\Uk)(f)
+(=1)0 U (FYUL A=+ AUjg A+ A U
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For the case k = 1, set A(U) = 0. The following relation helps us in the
computations in which A is involved.
AUy, U, Vi, V) = AUy, ,U)AVIA--- AV
(DU A AU AAWVL V) = Ly acaug (VA -2 A V).

The operator A can be used to define exterior derivation as follows (see [9])

<dw, Ui A+ AU > = Y5 (1)U <w, UL A AU A AU >
+ <w, AUy, ,Ug) >,

where and Uy, - -, Uy, € X*(M).
Now , we can define the Lie derivation of differential forms along multivector
fields,

k
Ly(w) = Z(_1)]+1iU1/\~~~/\Uj/\~~~/\Uk (Lv; @) = i@y, v (W),

Jj=1

where w € A(M) and a blade k- vector field U = Uy A --- AUg(1 < k). This
Lie derivation is well defined and we can extend it along all the k-vector fields
Uby Ly : A (M) — A=F+1(M). Tt has the following properties

(6) Liv(w) = fLu(w) + (=1)*df Ay (w),
(7) Ly(fw) = fLu(w) + ivp (w),

(8) Ly (w) = iy (dw) + (=1)*d(iyw),

9) d(Lyw) = (=1)"' Ly (dw),

(10) Lynav(w) = iy (Lyw) + (=1)F Ly (igw),

(11) Ly(ivw) = (=1)!* iy (Lyw) + iL,v (),

where U € X¥(M), V € X!/(M) and w € A(M). The above relations can be
straightforwardly verified, although some of the computations are quite long.

Relation (6) suggests us to define Ly(w) = —dg A w, for w € A(M). Clearly
all above relations also hold for the case U = g. Note that for U € X*(M) and
w € AF=Y(M), we have Ly (w) € C°°(M) and in fact Ly(w) =< dw,U >.

4. COVARIANT DERIVATIONS ALONG MULTIVECTOR FIELDS

Let V be a connection on T'M. For each vector field U € XM, the covariant
differentiation of I- vector fields along U is the operator Vi : X!(M) — X!(M).
Note that for the case | = 0, Vy f is defined as U(f). Now, we extend this
concept for blade k-vector fields U = Uy A--- AUy (1 < k) as follows

VoV =SE (1) UL A AU A AU AV, YV € X5(M).

This operator is well defined and the definition can be extended to covariant
differentiation along blade k-vector fields by Vi : X{(M) — X!T*=1(M). In
the case when k = 0 the properties of this operator lead us to define V;V =0
and they can be extended to all U € X*(M).
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Theorem 4.1. For U € X*¥(M),V € X{(M),W € X*(M), we have

(12) VoW = fVyW,

(13) Vu(fW) = fNuW +U(f) AW,

(14) VurvW = (=DFU AV W + (=) EDV A VW,
(15) Vo(VAW) =VyV AW + (=) EDY A vy W

If V be torsion free, then
(16) LyV =VyV + (-1)*VyU.

Proof. All these relations can be checked by direct computation, so we
prove only (16). We can assume U = Uy A--- AU, , V=ViA---AV,. Then
we have

LoV = Luyaav, Vi A+ AV = Z?zl(fl)j+1U1 A AU; A= ANUg ALy, (Vi A
AV

= i (C)P A AU A AU AVEA - ALy Vi A+ AV

= S (LA AT A AU AVE A A (Y, Vi = VUi A AV
:Z?:l(*l)j+1U1/\"'/\Uj/\“'/\Uk/\(Zézl‘/l/\“'/\VUjVi/\'“/\Vl)
72221(71)j+1+j71+l7i+l(k*1)vl/\4,,A‘ZA...AWA(Z?zIUl/\4.~/\vVin/\~../\Uk)
_ Z?Zl(fl)jJrlUl/'\"'/\UAj /\“A./\U,C /\VUj(Vl Ao AV

+(=DH S (—D)TVIA - AVEA - AVIAYY (UL A AUR)
:VUV+(71)MVVU~ O

For a connection V, the covariant derivation of differential forms along vector fields
U € ¥(M) is an operator Vy : AY(M) — A'(M). We can extend this concept for
blade k-vector fields U = Uy A --- A Ur(1 < k) as follows

VUW - Z(_l)j-FliUl/\.../\[jj/\...U,c (vij)v Yw € A(M)

This operator is well defined and it can be extended to all U € X*(M), by Vy :
AY M) — A'=F+1(M). In the case k = 0, it is convenient to define V sw = 0, so this
operator linearly extens to all U € X*(M).

Theorem 4.2. For U € X*(M) and w € A(M), the following relations hold

(17) Vivw = fVyw,

(18) Vu(fw) = fVuw+iyg(w),

(19) Viavw = iv(Vow) + (=1)*iv (Vvw),

(20) Vu(ivw) = (=1)'*V(iv (Vow) +ivyv ().

If V be torsion free, and w € A*~*(M), then
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(21) Vvw = Lyw =< dw,U > .

Proof. Direct computations prove all the above relations. We prove only (19).
We can assume U = Ui A---AUg and V =V A--- A V. Then we have

k
VU/\Vw = le/\<H/\Uk/\V1/\4.4/\‘/lw = Z(il)ﬁrl 3 (VUJ.UJ)

7'(Ul/\m/\lfj~»/\Uk/\vl/\»~/\vl)
=1

l
k4i+1 .
+Z(_1) ‘ ’L(Ul/\~»/\Uk/\Vl/\m/\V,y»J\Vl)(VVL'W)

=1
k

= ile---AVz,(Z(—l)HliUlA...ij...AUk (Vu,w))
=1

1
+ (=D Vg av QD iy p v (VViw))
i=1

=iv(Vow) + (-D)*ip (Vyw). O

Now, it is natural that for every w € A¥(M) and U € X'(M) to define V, U as a
(k — I + 1)-differential form by the following relation

< VLU,V >=<w,VyV >, VYV e xF ().
So, for w € AR(M), V., : /(M) — AF="F1(M).

Theorem 4.3. For U € X¥(M),V € /(M) and w € A™(M), the following relations
hold

(22)  Vy5U = fVLU,

(23) Vo (fU) = fVLU + (D" g nipw,

4V, (UAV) = (=1)™iv (VoU) + (=) ™ig (Vo V) 4+ (=)0 v ().
If V be torsion free, then

(25) Lyw = Vyw — (—1)F"V,U.

Proof. Direct computations prove all the above relations. For example we prove
(25). For W € ™ %1 (M), we have

< Lyw, W > = iw(Lyw) = Luaww — (=1)* L (ipw)
= Voaww — (=1)* Vi (ipw)
=iw (Vow) + (=) i (Vww) — (=)= (i (Viww) +
ivyu(w))
=< Vyw,W > —(-1)"" < w, VU >
=< Vyw— (-DF"V,UW>. O
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5. DIVERGENCE

Consider a fixed volume element 2 on the manifold M. Associated to 2, there
exists a dual operator to the exterior derivation d : A¥(M) — A*+!(M) which is
called divergence operator. This is a homogenous differential operator on multivector
fields of degree —1, § : X¥(M) — X*~'(M), and defined as follows (see [9])

Anfk(M) i} An7k+1(M)
Ho 1 | Hy 0= (—1)n(k+1)+1H5/2 odo Hq

_1yn(k+1)+1
%k(M)( 1)_) 6%k71(M)

0 depends on €2, but for any nonzero scalar A, changing €2 to A{2 does not change §.

Theorem 5.1. For U € X¥(M), V € X*(M), and w € A™(M), the following
relations hold for the divergence operator

(26) 5 =0,
(27) Hq(0U) = —Lu,
(28) oU = (=) VDTG (LyQ),
(29) S(fU) = foU = U(f),
(30) SWUAV) =8UAV +(=1) U A8V — LyV,
(31) §(LuV) = —LsuV + (=1 Ly oV,
(32) 8(iU) = (=)™ (16U — ig,U).
Proof. We prove only (30). If V € X'(M), then we have
SUAV)= (-1 )(n+1)(k+z+1)+1 Ho(Luav Q)
) EDEFHDH G (i (Lo Q) + (—1)* Ly (i09Q))
1)(n+1)(k+l+l)+1HQ(’LV(LUQ)+(—1)k+k(l+l)(iU(LVQ)+iLVUQ))
1) (mFDEHFDFL ()R A 1 (LuQ) + (=)D 0 A HY (Lv Q)
(—1)" HoHo(LvU))
= (=)' * DV AU + (=) U A6V + (=D)M T LyU
=6UAV + (~D)*U AV — LyV. O

= (=
= (=
(=
i

Let V be a torsion free connection on M, and {E;};—; a local basis of vector fields
and {a;}ie; its dual basis of local 1-differential forms. Then for any w € A(M), dw
can be expressed by [9]

dw = i a; NVEw.

=1

Also, if VQ = 0, then for any U € X*(M), U can be expressed by

= ia; (Ve U).
i=1
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6. DIFFERENTIATION IN CLIFFORD BUNDLES

In this section, first we recall some preliminary notions. Let V be a n dimen-
sional real inner product vector space. we can identify V' and V* via the following
isomorphisms

#:V—V , b:V: —V

v (u) =<v,u> , <abv>=alv),
Where u,v € V and a € V*. These isomorphisms are inverse to each other and they
can be extended to isomorphism between A*V and A¥V* with the same properties.
If V is oriented, then V has a canonical volume element Q € A"V*. If {e;}i-; is a
positive oriented orthonormal basis, (< e;,e; >= £0;;), and {«; }i—; is its dual basis,
then 2 = a1 A+ - Aay, and 2 do not depend on the choice of the basis. Then, we have
the canonical Hodge operators Hq and Hg. By identification of A¥V and AFV* Hgq
and HY, give rise to the operators H, H' : AV — A""*V defined by the following
relations

H(U) = Ho(U)", H'(U) = H,(U#).

If inner product of V is of the type (r,s), then H' = (—1)°*H. For any U € AFV, the
interior product operator iy can be considered as an operator from A'V to ARV as
follows

ivW = (ivW#)’ =iz W, YW € A'V.

The perivious properties of Hodge operator hold in this case. For example, if U € AFV
and W € A'V| then

HUAW) = (-1)"ig HW),

H(iv(W)) = (-)*"*VU A HW).
Now, if M is a semi-Riemannian oriented n-dimensional manifold, then all above
notions hold pointwise in the fibers of TM, and we can identify A*(M) and X (M)
by the following isomorphisms

b

) s ARy, AR ) 2 xR,

There exists a canonical volume element Q2 € A" (M), and we get the canonical Hodge
operator H : X%(M) — X" ~F(M). Now, we can reduce all operators with domain
and range X* (M) or A(M) to operators whose domains and ranges are X*(M). For
example, for U € X*(M), we define iy : X/(M) — X% (M) as follows

ivV =igs (V) = (ivV*)".
Lie derivation Ly : A (M) — A'"F*1(M), defines a derivation
Ly« /(M) — x5 (M),
V — (LyV#).
The exterior derivation d : A*(M) — AFT!(M) induces an operator

d:x* (M) — x5 (M),

U — (dU#)®.
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For a local orthonormal basis {E;} (< Ei, E; >= +8;;) of M, set j =< E;, E; >.
If V is the Levi-civita connection of M, then for every U € X* (M), we have

dU)=>"j E; AVi,U,

j=1

U ==>"jin,(Ve,U).

Jj=1

For U € X¥*(M) and w € A*(M), the operators

Vi : AY(M) — AN M), Vs xXH(M) — AR (),
induce the following operators

Vi X(M) — XY (M), Vg XN (M) — xETY (M)

Vi,V = (VyV#)P , VEV = (VueV)b.
By (17) — (25), we can find similar relations for these operators. For example from
relation (25) , for U € 2%(M) and V € X¥'(M) we can infer
LV =VyV — (-DFVU.

Let us denote the Clifford algebra of each T,M by Ci(T, M). Then we can construct
the Clifford bundle of M, CI(TM) = UpenCIl(T,M). CI(TM), as a vector bundle, is
isomorphic to AT'M, and its sections are multivector fields (see [9]). For U € X* (M),
we can consider all the operators Ly, L};, d, 8, Vu, Vi, V{;, as operators which act on
the sections of CI(T'M) and yield sections of CI(T'M). But the Clifford multiplication
of Cl(T'M) gives it a new structure and this new structure produce a new covariant

derivation. For a blade k- vector field U = Uy A --- A Ui(1 < k) and a multivector
field V', we define

k
VoV =Y (1) UL A AU A+ AUV, V.
j=1

The above multiplication between Uy A --- A U'j A -+ AN Up and VUjV is Clifford
multiplication. This operator is well defined and the definition can be extended along
all U € X*(M). For the case k = 0, we define V;V = 0, so this operator can
be extended linearly to all U € X*(M). We call this operator Clifford covariant
derivation of CI(T'M). Clearly, if U € X' (M), then for all V € I"'CI(TM)

VoV =VyV = ViV,
And, if U € X*(M), then
VoV =VyV - ViV,

Theorem 6.1. For vector fields U1, -+ ,Ux and U,V € X*(M) the following relations
hold

(33) VoV = fVuV,
(34) VufV = VoV +U(f)V,

k
(35) Voo,V =3 (-1’0 -+ Uj - UV, V.
Jj=1
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Proof. We prove only (35). Suppose {F;}i—; is a local orthonormal basis of
vector fields on M. Due to the C°°(M)- linearity of both sides of (35) with respect
to Ui, -+, Uy, it is sufficient to prove (35) in the case when Uy, --- , Uy are between
Ei,---,E,. First assume that Uy = E;,,--- , Uy = E;, and 41, -+ , i, are mutually
distinct. Then we have

k
inlH.EikV = @Eil/\m/\EikV = Z(fl)jJrl(Eil A A E

3

ARER /\Eik)VE,;jV

=1
k
Z ]+1 B - B, Vg, V.
J vj
=1
If two of E;,,-- - , E;, are equal, then a simple computation shows that the equality

remains valid. By induction we can infer that the equality is valid in general case. O

The Clifford covariant derivation has a natural relation with the Dirac operator
of CI(TM). If E;}_; is a local orthonormal positive oriented basis for 7'M, then the
Dirac operator D : X" (M) — X*(M) is defined by

D(U)=> jE;Vg,U.
j=1
D does not depend on the choice of the local basis, and we can find a better formula
for D. From the properties of Clifford multiplication , we know that

EjVg,U=FE; A\Vg,U + iEj(VEjU).
Then, we have

DU)=> jE;Ve,U=>Y j(E;AVeU+ig (Ve,U))

=i j=1

Z iE; AV, U+Zm (Ve,U) =d(U) - §(V).
j=1 Jj=1
This implies that D = d — §. Writing this equation for fU, we have
D(fU) 7(fU)*5(fU):JfAU+fJU*(f5U*U(f))
=df AU+ f(dU — 8U) +igp(U)
= fD(U) + (df)U.

Similarly, we obtain

DWUAV)=dUAV)=38UAV)
du A V+( DUANAV —8U AV — (=1D)FU A8V + Ly V
= (dU = SU) AV + (1)U A (dV — V) + LV
(DUYAV + (=1)*U A (DV) + Lu V.
Now, we note that if £ € X*(M), then
EU =FEANU +ig(U),
UE=UAE+ (-1)""ig(U).
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So, EU = (=1)*UE + 2ig(U). Therefore we get

DUV)=> jE;Ve,(UV)
j=1
= Z.}.Ej(ijU)V + ZjEijEjV
j=1 j=1
= (DU)V + Z] Y*UE; + 2ip, (U))VE,V
Jj=1

= (DU)V + (-1)*U(DV) 42 ijiEj (U)Vg; V.

=1
To compute the last term, we assume that U = Uy A --- A Ui (1 < k), so

n

ZiiE () V

j=1

k
Z ZJr1<Ej,Uq;>(U1/\‘“/\U«;/\"'/\U}C)VEJ.V

1 =1

M:

<.
Il

[
M=

i+1 5
()" (UL A AU N+ A Uk)vz';;lkEj,UpEjV

1

.
1

(=)W A AU A AUV, V

[
M=

1
=VyV.

<
Il

Due to the linearly with respect to U of both sides of this equality, this relation holds
for all U € X¥(M). Then, we have

D(UV) = (DU)V + (-1)*U(DV) + 2V V.
Therefore, we prove the following
Theorem 6.2. For U € X*(M) and V € X*(M) the following relations hold

(36) D(fU) = fD(U) + (df)U,
(37) DU AV) = (DU)AV + (=1)*U A (DV) + LuV,
(38) DUV) = (DU)V + (=1)*U(DV) + 2V V.

7. EXTENSION TO VECTOR VALUED MULTIVECTOR FIELDS

To extend the results of the preceding sections to vector valued multivector fields,
consider a vector bundle ¥ — M. E-valued k-differential forms on M are sections
of A*TM* ® E, and E-valued k-multivector fields on M are sections of A*TM ® E.
Typical E-valued k-differential forms can be written as w ® X in which w € A*(M)
and X € I'E, while typical E-valued k-multivector fields can be written as U ® X
in which U € 2¥(M) and X € TE. The set of all E-valued k-differential forms and
multivector fields are denoted respectively by A*(M, E) and X*(M, E) and we set
A(M,E) = @7_oA*(M,E),¥*(M,E) = ®7_oX*(M, E).

For three vector bundles E, F, G on M and a linear bundle morphism FRQF — G, can
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extend the exterior and interior product operators between F-valued and E-valued
differential forms and multivector fields as follows

(WRX)ANORY)=(wAO) R (XY) e AM,QG),
UX)AN(VeY)=UAV)®(XY) e X" (M,G),
ivex(0®Y) =1iv(0) ® (XY) € A(M,G),
ig@x(U ® Y) =iU ® (XY) S %*(M, G),
for every w,0 € A(M),U,V € X*(M) and X € T'F,Y € T'E, where we assume
that (XY), = X, ® Y. These operators are well defined and their actions can be
extended to all vector valued differential forms and multivector fields. For example,
if F =M xR,G=F and
(M xR)® F — E,
(P, A) ® & AL
then we have the exterior and interior product operators between ordinary differential
forms and multivector fields on M, E-valued differential forms and multivector fields.
Consider a fixed connection V on a vector bundle E. We can define covariant

derivation of sections of E along multivector fields on M as follows. For a blade
k-vector field U = Ur A--- AUg(1 < k) and X € TE, we define

k
VuX = S (1)UL A ATy A+ ATL) & Vi, X.

Jj=1
This operator is well defined and it extends to all U € X* (M), by
Vv :X°(M,E)=TE — x* (M, E).

To define Vi as an operator on XZ(M, E), we need a connection on M. If V is another
connection on M, then these connections induce a connection on A(TM) ® E and we
denote all of them by V. Note that, for U € X*(M), X € T'E and a vector fields V,
we have

VilU®X)=(VyvU) @ X +U®VyX.

Now, for U = Uy A --- AUx(1 < k), we can define Vy : X' (M, E) — X751 (M, E)
as follows. For Y € X*(M, E), we put

k
VoY =Y (=) UL A-- AU A+ ANUR) AV, Y.
j=1
This operator is well defined and it can be extended along all U € X*(M). It can
easily be shown that for each typical E-valued I-vector fields V ® X, we have
Vo(VeX)=(VeV)®@X + (-1)!* Dy AvpX.
With direct computation, we have

Theorem 7.1. For U € £(M), V € X(M) and Y € X*(M, E), the following
relations hold
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(39) VY = fVrY,
(40) Vu(fY) = fVuY +U(f)ANY,

(41) VoavY = (=D)*UAVYY + (=)' DV AvyY,
(42) Vu(VAY) = (VoV)AY + (=)' Dy AvyY.

To extend the definition of operator Vy for all U € X*(M), we need to define
VY.
Simply, define V#Y = 0, then the definition can be extend linearly Vy to all U €
X*(M). We can easily check that all relations (39)-(42) also hold for the case k = 0
orl =0.
Now, we define covariant derivation of E-valued differential forms along multivector
fields. For a blade k-vector field U = U1 A--- AU (k > 1), and ® € A(M, E), we
define

k 1
Vo® =%, (=1 iy 0 gpnw, (Yo, @)
This definition is well defined and extends to all U € ¥*(M), and
Vi : AY(M,E) — A" (M, E).

Note that the operator Vi depends on a connection on E and a connection on M.
For a typical F-valued differential form on X we have

Vo(w® X) =(Vyw) @ X + iv, xw.

In the case k = 0, this relation leads us to define V® = 0. Similarly to the proof of
Theorem 4.2, we can state the following result

Theorem 7.2. For U € X¥(M),V € X' (M) and ® € A(M, E), the following rela-
tions hold

(43) Vivd = fVud,

(44) Vu(f®) = fVu® + iy (P),

(45) Vorv® = iv(Vud®) + (=1)iy (Vv ®),

(46) Vo(iv®) = (=)' D(ig,v(®) +iv(Vud)).

For each w € A¥(M), we can also define V., : X'(M,E) — X*"""(M,E) as
follows

(va)(Vh A 7Vk:7l+1) == iW(VVl/\"'/\Vk—H-lY)

for Y € X¥Y(M, E) and every vector fields Vi,---,Vi_141 € X(M). For 1 < [,V
depends on the both connections on E and M, but in the casel =0, V,, : X°(M, E) =
I'E — X**1(M, E) depends only on the connection on E. Then for X € I'E, we
have

k41
(VoX)(Vis o Vi) = D (1) lw(Vi, - Vi, Vi) Vi X

1

+

J
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Therefore, if we consider VX as an FE-valued 1- differential form, then V,X =
VX ANw. For a typical E-valued [— vector field U ® X, we have

(47) Vo(U®X) = (VolU) @ X + (-1)' "7V, ) X

To extend the concept of Lie derivation of E— valued multivector fields and differ-
ential forms along multivector fields, we need a connection on E. First, for any vector
field U € ¥(M), and a typical E-valued multivector field V ® X, it is natural to define
the operator Ly, which is a combination of Lie derivation and covariant derivation as
follows

Ly(VeX)=LyVeaX+VeVuX.
This operator is well defined and it can be extended to all EF-valued multivector fields.
Now, for a blade k— vector field U = U1 A---AUk(1 < k) and Y € X*(M, E), we can
define LYY as follows

k
LYY =Y (1)UL A+ AT A AU A (LY, Y).
Jj=1

This definition is well defined and extends to all U € X¥(M). Then for a typical E—
valued [— vector field V' ® X we have

(48) Ly(VeX)=(LvV)® X + (-1)!'* DV Avy X,

In the case k = 0, the above relation suggests us to define LY (V ® X) = V(f) ® X.
Clearly for U € X*(M), we have LY : X/(M, E) — X"*=Y (M, E).

Using the relation (1)-(5),(39)-(42) and (48) we can prove the following results for
typical F-valued multivector fields.

Theorem 7.3. For U € X*(M),V € X'(M),Y € X*(M, E), the following relations
hold.

(49) Ly (fY) = FLYY + U(f) A Y,

(50) LYvY = fLYY + (=1)*U Nigr (Y),

(51) LY(VAY) = (LuV)AY + (=)' * DV A LYY,

(52) LYY = (—D)XUALYY + (—1)'E DV A (L7Y).

In the same manner we can define Lie derivation of E-valued differential forms.
First, for any vector field U € X(M), and any typical element w ® X of A(M, E) we
define

Liwe®X)=Lvw® X +w® VyX.
This operator is well defined and it can be extended to the Lie derivation of all the
elements of A(M, E). Now, for a blade k— vector field U = Uy A--- AUx(1 < k) and
® € A(M, E) we define

k
v i1, v )
Ly® = Z(—l)j Ly A AU A AU, (L ®) —iawy,.. ,uy) ().
j=1

It is obvious that, the above operator is well defined and we can extend the definition
to all U € X%(M). For typical elements w ® X of A(M, E) we have

(53) LY (w®X) = (Luw) ® X +iv, x(w).
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Using (6), (7) and (53), we can prove for U € X*(M),® € A(M, E), the following
relations

(54) LYy® = fLy® + (—1)"df Aiv (@),
(55) LY (f®) = fLY (D) +iv(s)(®).

For a connection V on a vector bundle F, its associated exterior derivation
dV : A¥(M, E) — A**Y(M, E) was defined in [9], as follows

k+1
(@Y ®)(Ur, -+ ,Upt1) = Z(*UJHVUJ@(UL o Ujy e Ukgr) +iaw, o Uy ) (9

j=1

Where ® € A*(M,E) and Uy,--- ,Uss1 € X(M). For a typical element w ® X of
AF(M, E), a simple computation shows that

(56) A WwRX)=dw® X +VoX =dw® X + (—1)*w A VX.

For a volume element ) € A" (M), the Hodge operators Hq and H{, can be extended
to E-valued differential forms and multivector fields as follows

Ho : X*(M,E) — A" *M,E) , H4:A*M,E) — X" "(M,E)
U®X +— HoU)®X |, w®X — Hjw)eX.

These operators are well defined and by them we can define a divergence operator on
E— valued multivector fields, which depends on V and which is denoted by §V.

6V xM M, E) — XM E) 6V = (=1)"*TYT HE 0 dY o Hg.
By definition, we can see that 6V also depends on .
Theorem 7.4. IfU € X*(M) and X € T'E, then
(57) NU®X)=0U)® X — VyX.
Proof. Let U € X¥(M). In the first we prove
Vo X = (-1 Ho(Vy X).
For an arbitrary W € X"~ *+1(M), we compute < W, Vg X >and < W, Ho(Vu X) >.
< W, VaoanX > = < Ho(U),Vw X >=<iy(Q),VwX >=< QU AVwX >,
<W,Ha(VuX) > = < Wiw,x)Q>=< Vo X AW,Q >.
From (41) we have
VoawX = (=DFUAVw X +(=1) " FHDEDpw A, X = (=1)*UAVW X+Vu XAW.

Since the order of U A W is n + 1, we have that U AW = 0 and VuX AW =
(—=1)*'U A Vw X which yield the result. Now, we compute 6 (U ® X).

SV (U ® X) = (—=1)""OH HY (Y (Ho(U ® X)) = (—1)"* D Hy (dY (Ho(U) @ X))
= (-1)"* I G (dHo(U) © X + Vo w)X)
= (=1)"* I o do Ho(U) ® X 4 (=1)"* D gL (1) Ho (Ve X))
=0U®X —VyX. O



Differentiation along Multivector Fields 95

Corollary 7.5. For U € X*(M) and Y € X*(M, E) the following relations hold

(58) 0V(fY) = [67Y —ig(Y),
(59) SY(UAY) = BUYAY + (-1)'UASYY — LY.
Proof. It is sufficient to prove the above relations for typical elements of

X*(M, E). The relations (29), (30) and (57) make the computations easy.

8. DIFFERENTIATION IN SPINOR BUNDLES

Let M be a semi-Riemannian manifold, CI(T'M) its clifford bundle and E — M a
spinor bundle on M. Then for a multiplication CI(T'M) ® E — E and a connection
V on E, together with Levi-Civita connection of M, this multiplication is parallel. If
{Ei}i=, is an orthonormal local basis for M, then the Dirac operator of this spinor
bundle is defined as follows

D:TE—TE,
D(X)=3" iEVg,X.

This definition does not depend on the choice of the local basis. Now we can define
a covariant derivation of the sections of F along the sections of CI(T, M), which is
related to the spinor structure of E. We call it Clifford covariant derivation of F
and we denote it by V. For a blade multivector field U = Uy A --- A Ug(1 < k) and
X € I'E we define
k
VoX =Y (Ui A--- AU A+ AUV, X.
j=1
This operator is well defined and it can be extended for all U € ¥¥(M). For the
case k = 0, we define @fX = 0, and then we extend the linear operator Vo to all
UeX*(M)=TCI(TM). By the same method mentioned in the proof of Theorem
6.1, we can prove the following.

Theorem 8.1. ForU € X*(M),X e TE, U1, - ,U, € X(M), the following relations
hold

(60) VivX = fVuX,
(61) VufX = fVuX +U(f)X,
k
(62) @UlmUkX = Z(fl)jJrlUl~~~Uj"'UkVUjX.
Jj=1

Note that V and the Dirac operator are related by same formula as in Theorem
6.2. Then by a simple calculation, as we explore in the proof of theorem 6.2, we have
the following.

Theorem 8.2. For X € I'E and U € X*(M) we have

(63) D(fX) = fD(X) + (df)X,
(64) D(UX) = (DU)X + (-1)*U(DX) +2Vy X.
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