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Abstract. In this paper we characterize Fredholm and invertible compo-

sition operators on harmonic Bloch function spaces. Indeed, we provide

some necessary and sufficient conditions for Fredholmness of composition

operators. Also, we investigate the relation between the Fredholm and

invertible composition operators on harmonic Bloch function spaces.
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1. Introduction

Let D be the open unit disk in the complex plane. For a continuously

differentiable complex-valued function f(z) = u(z) + iυ(z), z = x+ iy, we use

the common notations for its formal derivatives:
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fz =
1

2
(fx − ify),

fz̄ =
1

2
(fx + ify).

A twice continuously differentiable complex-valued function f = u + iυ on

D is called a harmonic function if and only if the real-valued function u and υ

satisfy Laplace’s equation, i,e., ∆u = ∆υ = 0. A direct calculation shows that

the Laplacian of f is

∆f = 4fzz̄.

Thus for functions f with continuous second partial derivatives, it is clear that

f is harmonic if and only if ∆f = 0. We consider complex-valued harmonic

function f defined in a simply connected domain D ⊂ C. The function f has a

canonical decomposition f = h+ ḡ, where h and g are analytic in D (See,[5], p.

7). The aim of this paper is to characterize composition operators on harmonic

Bloch type spaces. Analytic functions are preserved under composition, but

harmonic functions are not. The composition of a harmonic function with an

analytic function is harmonic, but the composition of an analytic function with

a harmonic function need not be harmonic. A planar complex-valued harmonic

function f in D is called a harmonic Bloch function if and only if

βf = sup
z,w∈D,z ̸=w

|f(z)− f(w)|
ϱ(z, w)

< ∞.

Here βf is called the Lipschitz number of f and

ϱ(z, w) =
1

2
log(

1 + | z−w
1−z̄w |

1− | z−w
1−z̄w |

)

=
1

2
log(

1 + ρ(z, w)

1− ρ(z, w)
)

= arctanh| z − w

1− z̄w
|,

denotes the hyperbolic distance between z and w in D, in which ρ(z, w) is

the pseudo-hyperbolic distance on D. In this paper we denote the hyperbolic

disk with center a and radius r > 0, by D(a, r) = {z : ϱ(a, z) < r}.

In [3] Colonna proved that

βf = sup
z,w∈D,z ̸=w

|f(z)− f(w)|
ϱ(z, w)

= sup
z∈D

(1− |z|2)[|fz(z)|+ |fz̄(z)|].

Moreover, the set of all harmonic Bloch mappings, denoted by the symbol

HB(1) or HB, forms a complex Banach space with the norm |||.|||, given by
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|||f |||HB(1) = |f(0)|+ sup
z∈D

(1− |z|2)[|fz(z)|+ |fz̄(z)|].

For α ∈ (0,∞), the harmonic α-Bloch space HB(α) (also referred to as

harmonic Bloch-type space) consists of complex-valued harmonic functions like

f defined on D such that

∥f∥HB(α) = sup
z∈D

(1− |z|2)α[|fz(z)|+ |fz̄(z)|] < ∞,

and the harmonic little α-Bloch space HB0(α) consists of all functions in

HB(α) such that

lim
|z|→1

(1− |z|2)α[|fz(z)|+ |fz̄(z)|] = 0.

Obviously, when α = 1, ∥f∥HB(α) = βf . HB(α) is a Banach space with

norm given by

|||f |||HB(α) = |f(0)|+ ∥f∥HB(α) = |f(0)|+ sup
z∈D

(1− |z|2)α[|fz(z)|+ |fz̄(z)|],

and HB0(α) is a closed subspace of HB(α).

We denote the closed unit balls of HB(α) and the closed unit ball of HB0(α)

by b(α) and b0(α) respectively.

Let φ be an analytic self-map of D. The composition operator Cφ induced

by such a φ is the linear map on the spaces of all harmonic functions on the

unit disk defined by

Cφf = foφ.

It is easy to see that an operator defined in this manner is linear.

Composition operators can act on various types of function spaces. In each

case the main goal is to discover the connection between the properties of the

inducing function φ and the operator theoretic properties of Cφ such as, be-

ing bounded, compact, invertible, normal, subnormal, isometric, closed range,

Fredholm, and many others. For instance, in [8], the author characterized

Fredholm composition operators on the small Bloch-type spaces and gave some

necessary and sufficient conditions for their semi-Fredholmness. Also, they ex-

tended some results about semi-Fredholmness of composition operators on the

small Bloch-type spaces. In addition, some results about the properties of

composition operators are obtained in [2]. For more results on composition op-

erators acting on various other spaces of analytic functions see, for example, [4].

By the Closed Graph Theorem, Cφ : X → Y , from Banach space X to the

other Banach space Y , is bounded if and only if Cφ maps X to Y . Clearly, Cφ
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preserves the set of harmonic functions. To state the results obtained, we need

the following definitions. Let ρ(z, w) = |φz(w)| denote the pseudohyperbolic

distance between z and w on D, in which φz is a disk automorphism of D, that

is,

φz(w) =
z − w

1− z̄w
.

We say that subset G ⊂ D is an r-net in D, for some r ∈ (0, 1) if for all

z ∈ D, ∃w ∈ G, such that ρ(z, w) < r.

Let υ : [0, 1] → ℜ be a continuous non-increasing function which is positive

except υ(1) = 0. We also denote by υ the function defined on the unit disk

by υ(z) = υ(|z|). To study Fredholm operators we need the associated weight

function that is defined as

υ̃(z) := 1/ sup{|f(z)| : f ∈ HB(α), ∥f∥HB(α) ≤ 1} = 1/∥kz∥(HB(α))∗ .

Here kz : HB(α) → C is the linear functional defined by evaluation at z,

that is, kzf = f(z). There are many cases in which υ̃(z) = υ(z). For instance,

if g is any harmonic function on D and υ(z) = 1/max|w|=|z| |g(w)| is a weight,

then |f(z)| ≤ max|w|=|z| |g(w)| whenever ∥f∥ ≤ 1. Since ∥g∥ ≤ 1, we find

that υ̃(z) = υ(z). This is the case of the harmonic Bloch-type spaces in which

υ(z) = (1 − |z|2)α where α > 0. In this case g(z) = (1 − z2)−α. Recall that

the composition operator Cφ : HB(α) → HB(α) is bounded if and only if

supz∈D
(1−|z|2)α

(1−|φ(z)|2)α |φ
′
(z)| < ∞ and Cφ : HB0(α) → HB0(α) is bounded if and

only if φ ∈ B0(α) and supz∈D
(1−|z|2)α

(1−|φ(z)|2)α |φ
′
(z)| is finite.

In this paper we investigate the Fredholm composition operators on the

harmonic Bloch-type spaces. Indeed, we provide some necessary and sufficient

conditions for Fredholmness of composition operators. Also, we prove that the

composition operator Cφ on harmonic Bloch function spaces is Fredholm if and

only if it is invertible if and only if φ is disc automorphism.

2. Main results

In this section we are going to investigate composition operators on harmonic

Bloch function spaces. First we prove that the point evaluation functionals are

continuous on HB(α).

Lemma 2.1. For every z ∈ D, the point evaluation kz : HB(α) → C, f →
kz(f) = f(z), is continuous and ∥kz∥(HB(α))∗ = ∥kz∥(HB0(α))∗ .

Proof. Let α = 1, z, w ∈ D and z ̸= w. Then there exists a positive constant

C such that
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|f(z)| − |f(w)| ≤ Cπ∥f∥HB(α) max{ |z − w|
(1− |z|) 1

2

,
|z − w|

(1− |w|) 1
2

},

for all f ∈ HB(α). Hence

∥kz − kw∥(HB(α))∗ ≤ Cπmax{ |z − w|
(1− |z|) 1

2

,
|z − w|

(1− |w|) 1
2

},

for all z, w ∈ D with z ̸= w. This implies that z 7→ kz is continuous.

Moreover, for α ≥ λ > 0, α > 1,

∥kz − kw∥(HB(α))∗ ≤ Cπ|z − w|β(1− λ, 1 + λ− α),

in which β(., .) is the Beta function. Since b(α) ⊃ b0(α), then

sup{|f(z)| : f ∈ b(α)} ≥ sup{|f(z)| : f ∈ b0(α)},

for each z ∈ D. This means that ∥x∥(HB0(α))∗ ≤ ∥x∥(HB(α))∗ , for all x ∈
(HB(α))∗. On the other hand,

∥kz∥(HB(α))∗ = sup{|f(z)| : ∥f∥HB(α) ≤ 1, f ∈ HB(α)}.

So by Proposition 1.2.1 of [7] we find f0 ∈ b(α) such that |f0(z)| = sup{|f(z)| :
∥f∥HB(α) ≤ 1}. We know that the closd unit ball of HB0(α) is dense in the

closed unit ball of HB(α) under the compact open topology (co). Hence f0 ∈
b(α)

co
. Therefore, for each f ∈ HB(α), ∥f∥HB(α) ≤ 1, there exists {gi}, gi ∈

HB0(α), ∥gi∥HB(α) ≤ 1 such that gi → f in the compact open topology. Hence

gi(z) → f(z) and so kz(gi) → kz(f). Since |kz(gi)| ≤ ∥kz∥(HB0(α))∗ ,

|kz(f)| = lim
z∈D

|kz(gi)| ≤ ∥kz∥(HB0(α))∗ .

Consequently,

∥kz∥(HB(α))∗ ≤ ∥kz∥(HB0(α))∗ .

□

Here we obtain another technical Lemma for point evaluation functionals.

Lemma 2.2. The following hold for point evaluation functionals:

a) lim|z|→1 ∥kz∥(HB(α))∗ = lim|z|→1 ∥kz∥(HB0(α))∗ = ∞.

b) lim|z|→1(kz(f)/∥kz∥(HB(α))∗) = 0 for all f ∈ HB0(α).

Proof. a) By Proposition 1.1 of [1] and Lemma 2.2 we get the result.

b) Let P be a polynomial. Then

lim
|z|→1

|kz(P )|
∥kz∥(HB(α))∗)

≤ sup{|P (z)| : z ∈ D̄} lim
|z|→1

1

∥kz∥(HB(α))∗)
= 0.
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Since {kz/∥kz∥(HB(α))∗) : z ∈ D} is equi-continuous in (HB0(α))
∗ and

polynomials are dense in (HB0(α))
∗, we have

lim
|z|→1

(kz(f)/∥kz∥(HB(α))∗) = 0, for all f ∈ HB0(α).

□

In the sequel we begin to investigate the Fredholm composition operators.

Lemma 2.3. Let analytic self-map φ : D → D belongs to B0(α). The composi-

tion operator Cφ : HB(α) → HB(α) is Fredholm if and only if Cφ : HB0(α) →
HB0(α) is Fredholm.

Proof. It is a direct consequence of the fact that HB(α) is the bi-dual of

HB0(α) and Cφ : HB(α) → HB(α) coincides with the bi-adjoint map of

Cφ : HB0(α) → HB0(α), whenever both operators are well defined. □

We recall that a harmonic function φ : D → D is called univalent if it is

injective. In the next theorem we prove that the Fredholmeness of Cφ implies

that φ is univalent.

Theorem 2.4. Let φ : D → D be an analytic function. If Cφ : HB(α) →
HB(α) is Fredholm, then φ is univalent.

Proof. We know that point evaluations kz are bounded linear functionals on

the harmonic Bloch-type spaces, and for adjoint composition operator we have

C∗
φ(kz) = kφ(z), for z ∈ D. We claim that for every point in D there is a

neighborhood where φ is univalent. Otherwise, there exists z ∈ D and there

are disjoint infinite sequences {un} and {υn} in D such that limn→∞ un =

limn→∞ υn = z and φ(un) = φ(υn). For n ∈ N , we may define ℓn := kun −
kυn

∈ (HB(α))∗. So for f ∈ HB(α),

C∗
φ(ℓn)(f) = ⟨kun − kυn , Cφ(f)⟩

= f(φ(un))− f(φ(υn)) = 0.

Hence, {ℓn} ⊆ KerC∗
φ. Direct computations show that {ℓn} is an infinite

linearly independent sequence in (HB(α))∗. Moreover, since Cφ is Fredholm,

then C∗
φ is also Fredholm and dim(KerC∗

φ) < ∞. This is a contradiction.

Note that φ cannot be constant. Now we show that φ is univalent. Suppose

on the contrary. Then there are z, w ∈ D, z ̸= w such that φ(z) = φ(w) := t.

So there are Bz = B(z, r1) and Bw = B(w, r2), Bz ∩ Bw = ∅, such that φ|Bz

and φ|Bw are univalent. By Open mapping theorem we get that φ(Bz) and

φ(Bw) are open in D. Hence φ(Bz) ∩ φ(Bw) is open in D and it is an open

neighborhood of t. Therefore

∃{un} ⊆ Bz, ∃{υn} ⊆ Bw
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such that φ(un) = φ(υn). We define {ℓn} as above. It is an infinite linearly

independent sequence in KerC∗
φ. This is a contradiction, since C∗

φ is Fredholm.

□

In the next theorem we prove that if Cφ is Fredholm, then φ is an automor-

phism.

Theorem 2.5. Let φ : D → D be analytic function and φ ∈ B0(α). For α = 1,

if Cφ : HB(α) → HB(α) or Cφ : HB0(α) → HB0(α) is Fredholm, then φ is

an automorphism.

Proof. By Lemma 2.3 we know that the Fredholmness of Cφ : HB0(α) →
HB0(α) is equivalent to the Fredholmness of Cφ : HB(α) → HB(α). So it is

enough to consider only the cace Cφ : HB0(α) → HB0(α). If Cφ is Fredholm,

then C∗
φ is also a Fredholm operator. From ([6], Chapter III, Theorem 13),

there are bounded operators S and K on (HB0(α))
∗, with K compact, such

that SC∗
φ = I +K. Theorem 2.4 implies that φ is univalent. Hence it suffices

to prove that φ is an inner function to show that φ is an automorphism. For

z ∈ D, we set νz = kz

∥kz∥(HB(α))∗
. By Lemma 2.2, νz weakly converges to 0 in

(HB0(α))
∗ as |z| goes to 1 and νz has norm one. Since K is compact operator,

∥Kνz∥(HB(α))∗ → 0 as |z| → 1. Hence there exists r, 0 < r < 1, such that

∥Kνz∥(HB(α))∗ < 1
2 for all z ∈ D with r < |z| < 1. Since C∗

φkz = kφ(z),

1− ∥Kνz∥ = ∥νz∥ − ∥Kνz∥
≤ ∥νz +Kνz∥
= ∥SC∗

φνz∥

≤ ∥S∥
kφ(z)

∥kz∥
.

For z ∈ D, with r < |z| < 1, we have

∥S∥
kφ(z)

∥kz∥
≥ 1− ∥Kνz∥

≥ 1− 1

2
=

1

2
.

Hence for z ∈ D with r < |z| < 1,

1

2
∥kφ(z)∥ ≤ ∥S∥

∥kz∥
.

From Lemma 2.2, we know that lim|z|→1 ∥kz∥ = ∞. Hence,

lim
|z|→1

1

∥kφ(z)∥
= 0.

It follows that lim|z|→1 |φ(z)| = 1 and φ is an inner function. □
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Here we obtain that if φ is an automorphism, then the inverse of Cφ is again

a composition operator.

Theorem 2.6. If φ is an automorphism on D and Cφ : HB0(α) → HB0(α)

is bounded, then Cφ−1 : HB0(α) → HB0(α) is bounded and C−1
φ = Cφ−1 .

Proof. For the authomorphism φ, there are θ ∈ R and a ∈ D such with φ(z) =

eiθφa(z), where φa(z) =
(a−z)
1−āz . Hence φ−1(z) = φa(e

−iθz). Since ν̃ is radial,

sup
w∈D

(1− |w|2)α

(1− |φ−1(w)|2)α
= sup

z∈D

(1− |φ(z)|2)α

(1− |z|2)α
sup
z∈D

(1− |φa(z)|2)α

(1− |z|2)α

= sup
z∈D

(1− |z|2)α

(1− |φa(z)|2)α

= sup
z∈D

(1− |z|2)α

(1− |φ(z)|2)α
.

Moreover, boundedness of Cφ : HB0(α) → HB0(α) implies that Cφ−1 :

HB0(α) → HB0(α) is also bounded and easiliy we get that C−1
φ = Cφ−1 . □

Our results up to here give us tha if we replace HB0(α) by HB(α) in Theo-

rem 2.6, the results come true. In the next theorem we find that Cφ is Fredholm

if and only if it is invertible.

Theorem 2.7. Let the analytic function φ : D → D belonges to φ ∈ B0(α).

Then for α = 1 and bounded operator Cφ on HB0(α) or HB(α), the following

assertions are equivalent:

(1)Cφ : HB0(α) → HB0(α) is Fredholm.

(2)Cφ : HB(α) → HB(α) is Fredholm.

(3)φ is an automorphism.

(4)Cφ : HB0(α) → HB0(α) is invertible.

(5)Cφ : HB(α) → HB(α) is invertible.

Proof. Since (HB0(α))
∗∗ = HB(α) and Cφ : HB(α) → HB(α) is the bi-

adjoint map of Cφ : HB0(α) → HB0(α), then Cφ : HB(α) → HB(α) is

Fredholm if and only if Cφ : HB0(α) → HB0(α) is as well. Hence we have

the implication (1) ⇔ (2). The implications (1) ⇒ (3) and (2) ⇒ (3) are

direct sequence of Theorem 2.5. Also, the implications (3) ⇒ (1) and (3) ⇒
(2) are direct sequence of the fact that C−1

φ = Cφ−1 is bounded. Moreover,

the implications (3) ⇒ (4) and (3) ⇒ (5) follow by the Theorem 2.6 . The

implications (4) ⇒ (1) and (5) ⇒ (2) are clear.

□

In the next theorem we get that if φ is univalent, then Cφ has a closed range

if and only if φ is a disc automorphism.
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Theorem 2.8. Letα > 0, α ̸= 1, and let φ is univalent self-map of D. Then

Cφ has a closed range on HB(α) if and if φ be a disk-automorphism.

Proof. The proof is similar [8]. □

Corollary 2.9. Letα > 0, α ̸= 1. The composition operator Cφ : HB(α) →
HB(α) is Fredholm if and only if φ is a disk automorphism, i.e. if and only if

Cφ is invertible.
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