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ABSTRACT. In this paper we characterize Fredholm and invertible compo-
sition operators on harmonic Bloch function spaces. Indeed, we provide
some necessary and sufficient conditions for Fredholmness of composition
operators. Also, we investigate the relation between the Fredholm and

invertible composition operators on harmonic Bloch function spaces.
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1. INTRODUCTION

Let D be the open unit disk in the complex plane. For a continuously
differentiable complex-valued function f(2) = u(z) + iv(z), z = x + iy, we use
the common notations for its formal derivatives:
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1

fz = §(f1 - ny)a

1
fo = 5 Ua +ify).

A twice continuously differentiable complex-valued function f = u + iv on
D is called a harmonic function if and only if the real-valued function v and v
satisfy Laplace’s equation, i,e., Au = Av = 0. A direct calculation shows that
the Laplacian of f is

Af =4f.z.

Thus for functions f with continuous second partial derivatives, it is clear that
f is harmonic if and only if Af = 0. We consider complex-valued harmonic
function f defined in a simply connected domain D C C. The function f has a
canonical decomposition f = h+ g, where h and g are analytic in D (See,[5], p.
7). The aim of this paper is to characterize composition operators on harmonic
Bloch type spaces. Analytic functions are preserved under composition, but
harmonic functions are not. The composition of a harmonic function with an
analytic function is harmonic, but the composition of an analytic function with
a harmonic function need not be harmonic. A planar complex-valued harmonic
function f in D is called a harmonic Bloch function if and only if

b s MOS0
2z, WED,z#w g(z,w)

Here 3 is called the Lipschitz number of f and

1+|wa

1 1—ZzZw
o(z,w) = S log(——=,)
2 1 - |1—2w
1 14+ p(z,w
2 1—p(z,w)

= zaurctanh|£|7
1—zw

denotes the hyperbolic distance between z and w in D, in which p(z,w) is
the pseudo-hyperbolic distance on D. In this paper we denote the hyperbolic
disk with center a and radius r > 0, by D(a,r) = {2 : ¢(a, z) < r}.

In [3] Colonna proved that
1= w = sup(1 = [o)[11:(2) + 1/2()1l

Moreover, the set of all harmonic Bloch mappings, denoted by the symbol
HB(1) or HB, forms a complex Banach space with the norm |[||.|||, given by
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WA zB) = 1F(0)] + fgg(l = 2P + 1 fz()1)-

For a € (0,00), the harmonic a-Bloch space HB(«a) (also referred to as
harmonic Bloch-type space) consists of complex-valued harmonic functions like
f defined on D such that

IfllEB@) = Slelg(l — 2P f(2)] + 1 f2(2)]] < o0,

and the harmonic little a-Bloch space H By(«) consists of all functions in
H B(«) such that

‘5211(1 = [2P)[If(2)] + | f2(2)]] = 0.

Obviously, when a = 1, |[f|lgp@) = By. HB(«) is a Banach space with
norm given by

WM aB@ = F O]+ 1 flap@ = [f0)] + fgg(l =220 (2)] + [ f2()1],

and HBy(«) is a closed subspace of HB(a).
We denote the closed unit balls of HB(«) and the closed unit ball of HBy(«)
by b(a) and by(«) respectively.

Let ¢ be an analytic self-map of D. The composition operator C,, induced
by such a ¢ is the linear map on the spaces of all harmonic functions on the
unit disk defined by

Cof = fop.

It is easy to see that an operator defined in this manner is linear.

Composition operators can act on various types of function spaces. In each
case the main goal is to discover the connection between the properties of the
inducing function ¢ and the operator theoretic properties of C, such as, be-
ing bounded, compact, invertible, normal, subnormal, isometric, closed range,
Fredholm, and many others. For instance, in [8], the author characterized
Fredholm composition operators on the small Bloch-type spaces and gave some
necessary and sufficient conditions for their semi-Fredholmness. Also, they ex-
tended some results about semi-Fredholmness of composition operators on the
small Bloch-type spaces. In addition, some results about the properties of
composition operators are obtained in [2]. For more results on composition op-
erators acting on various other spaces of analytic functions see, for example, [4].

By the Closed Graph Theorem, C, : X — Y, from Banach space X to the
other Banach space Y, is bounded if and only if C', maps X to Y. Clearly, C,
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preserves the set of harmonic functions. To state the results obtained, we need
the following definitions. Let p(z,w) = |p,(w)| denote the pseudohyperbolic
distance between z and w on D, in which ¢, is a disk automorphism of D, that
is,

Z—Ww

(W) = 1—zw’
We say that subset G C D is an r-net in D, for some r € (0,1) if for all
z € D, Jw € G, such that p(z,w) < 7.

Let v : [0,1] — R be a continuous non-increasing function which is positive
except v(1) = 0. We also denote by v the function defined on the unit disk
by v(z) = v(|z|). To study Fredholm operators we need the associated weight
function that is defined as

0(z) == 1/sup{|f(2)| : f € HB(), || flrB) <1} = 1/lk:z ]| (5B(a))*-

Here k, : HB(a) — C is the linear functional defined by evaluation at z,
that is, k,f = f(2). There are many cases in which 0(z) = v(z). For instance,
if g is any harmonic function on D and v(z) = 1/ max|,|— ;| |g(w)| is a weight,
then |f(z)] < max|,|—|. |g(w)| whenever ||f[| < 1. Since |g|| < 1, we find
that ©(z) = v(z). This is the case of the harmonic Bloch-type spaces in which
v(z) = (1 — |2]?)® where a > 0. In this case g(z) = (1 — 2?)~®. Recall that
the composition operator C, : HB(a) — HDB(«) is bounded if and only if
Sup,cp %wl (2)] < 0o and Cy, : HBy(o) = HBy(«) is bounded if and

—lz 2\ 7 . .
only if ¢ € By(«) and sup,cp %h@ (z)] is finite.

In this paper we investigate the Fredholm composition operators on the
harmonic Bloch-type spaces. Indeed, we provide some necessary and sufficient
conditions for Fredholmness of composition operators. Also, we prove that the
composition operator C, on harmonic Bloch function spaces is Fredholm if and
only if it is invertible if and only if ¢ is disc automorphism.

2. MAIN RESULTS

In this section we are going to investigate composition operators on harmonic
Bloch function spaces. First we prove that the point evaluation functionals are
continuous on HB(«).

Lemma 2.1. For every z € D, the point evaluation k, : HB(a) — C, f —
k.(f) = f(2), is continuous and ||k ||(aB(a)) = k|7 Bo(a))* -

Proof. Let « =1, z,w € D and z # w. Then there exists a positive constant
C such that
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2w |z —w|

)| —=|\f < Cr|f ) Max T T
£ (2)] = [f (w)] 1115 B a{( “0E 4 Jw? 2
for all f € HB(«). Hence
lz—w| [z—w
ky — ky (a)) < Cmmax 1
I ||(HB )) ma {(1_| |) 1_| |) }

for all z,w € D with z # w. This implies that z — k, is continuous.
Moreover, for « > A >0, > 1,

||kz — ka(HB(a))* < C7T|Z — w|ﬁ(1 - )\, 1+ - O[),
in which B(.,.) is the Beta function. Since b(a) D bo(«), then

sup{[f(2)] : f € b(a)} = sup{[f(2)[ : f € bo(@)},

for each z € D. This means that ||z||(zBy(a))- < [|2]l(#B(a))-, for all z €
(HB(«))*. On the other hand,

1=l B(a) = sup{lf(2)] : [fllaB@) < 1. f € HB()}-

So by Proposition 1.2.1 of [7] we find fy € b(a) such that |fo(2)| = sup{|f(2)] :
I fllzB@) < 1}. We know that the closd unit ball of HBy(c) is dense in the
closed unit ball of HB(«a) under the compact open topology (co). Hence fo €
Wa)co. Therefore, for each f € HB(a), | fllap@) < 1, there exists {g:},9: €
HBy(a),lgillgB(a) < 1 such that g; — f in the compact open topology. Hence

9i(2) = f(2) and so k.(g;) — k=(f). Since |k.(g;)| < ||kZH(HBo(a))*v

|k.(f)] = gienlglkz(gi)\ < kx| (B ()~

Consequently,

Ikl B(a)) < Ikl (HBo(a))* -
O

Here we obtain another technical Lemma for point evaluation functionals.

Lemma 2.2. The following hold for point evaluation functionals:
a) limyz ||k l(E By = limz o1 [kl (2B (o)) = 00
b) lim 1 (k2 (f)/ Ikl (B (a))-) = 0 for all f € HBy(a).

Proof. a) By Proposition 1.1 of [1] and Lemma 2.2 we get the result.
b) Let P be a polynomial. Then

k(D) opf1P(2)] s 2 D} lim 1

m
l21=1 ||k (2 B(a))*) =1 [|kzll (1B (a)))
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Since {k./||k:|l(a#B(a))-) : 2 € D} is equi-continuous in (HBy(a))* and
polynomials are dense in (H By(«))*, we have

‘E}I_Y)ll(kz(f)/ﬂkzH(HB(a))*) =0, forall fe HBy(a).

O
In the sequel we begin to investigate the Fredholm composition operators.

Lemma 2.3. Let analytic self-map ¢ : D — D belongs to Bo(«). The composi-
tion operator Cy, : HB(o) — HB(«) is Fredholm if and only if Cy, : HBo(or) —
HBy(«) is Fredholm.

Proof. Tt is a direct consequence of the fact that HB(«) is the bi-dual of
HBy(a) and C, : HB(a) — HB(a) coincides with the bi-adjoint map of
Cy, : HBy(a) — HBy(a), whenever both operators are well defined. O

We recall that a harmonic function ¢ : D — D is called univalent if it is
injective. In the next theorem we prove that the Fredholmeness of Cy, implies
that ¢ is univalent.

Theorem 2.4. Let ¢ : D — D be an analytic function. If C, : HB(a) —
HB(«) is Fredholm, then ¢ is univalent.

Proof. We know that point evaluations k, are bounded linear functionals on
the harmonic Bloch-type spaces, and for adjoint composition operator we have
Cy(kz) = ky(z), for z € D. We claim that for every point in D there is a
neighborhood where ¢ is univalent. Otherwise, there exists z € D and there
are disjoint infinite sequences {u,} and {v,} in D such that lim, o u, =
lim,, 00 vp, = z and @(u,) = @(v,). For n € N, we may define ¢, := k,,, —
kv, € (HB(a))*. So for f € HB(«),

Co(ln)(f) = (ku, — kv, Co(f))
= f(p(un)) = f(p(vn)) = 0.

Hence, {£,} C KerCy. Direct computations show that {£,} is an infinite
linearly independent sequence in (HB(«a))*. Moreover, since C,, is Fredholm,
then C7 is also Fredholm and dim(KerCy) < oo. This is a contradiction.

Note that ¢ cannot be constant. Now we show that ¢ is univalent. Suppose
on the contrary. Then there are z,w € D, z # w such that ¢(z) = p(w) :=t.
So there are B, = B(z,r1) and B, = B(w,r2), B, N B, = 0, such that ¢|B,
and @|B,, are univalent. By Open mapping theorem we get that ¢(B.) and
©(By,) are open in D. Hence ¢(B,) N ¢(B,,) is open in D and it is an open
neighborhood of ¢. Therefore

Hun} € B., Hun} € By
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such that o(u,) = @(v,). We define {¢,,} as above. It is an infinite linearly
independent sequence in KerCy,. This is a contradiction, since C7 is Fredholm.
O

In the next theorem we prove that if Cy, is Fredholm, then ¢ is an automor-
phism.

Theorem 2.5. Let o : D — D be analytic function and ¢ € Bo(a). Fora =1,
if C, : HB(a) = HB(a) or Cy, : HBo(or) = HBy(«) is Fredholm, then ¢ is
an automorphism.

Proof. By Lemma 2.3 we know that the Fredholmness of C, : HBy(a) —
HBy(c) is equivalent to the Fredholmness of C,, : HB(a) — HB(c). So it is
enough to consider only the cace Cy, : HBy(«) = HBy(w). If C, is Fredholm,
then C is also a Fredholm operator. From ([6], Chapter III, Theorem 13),
there are bounded operators S and K on (HBg(«))*, with K compact, such
that SC7, = I + K. Theorem 2.4 implies that ¢ is univalent. Hence it suffices
to prove that ¢ is an inner function to show that ¢ is an automorphism. For
z € D, we set v, = m By Lemma 2.2, v, weakly converges to 0 in
(HBg(«))* as |z| goes to 1 and v, has norm one. Since K is compact operator,
| Kv.|(gB(a))+ — 0 as |z| — 1. Hence there exists 7, 0 < r < 1, such that
|Kv.||(srB(a))- < 3 for all z € D with r < |z| < 1. Since Cok: = kg2,

1= [|Kv:| = |lvs|| — [ Kv:]|
< |lv. + Kv.|
= [|SCLv:||

ko(
< ISllpRar

For z € D, with r < |z| < 1, we have

k
I1S725) > 1 — | Ku. |

[k
1 1
>1—=-=—.
- 2 2
Hence for z € D with r < |z| < 1,
1 IS1
—||k < .
From Lemma 2.2, we know that lim|;|_,; ||k.| = oc. Hence,
1
lim — =
[z]|—1 ”kLp(z)”
It follows that lim,|_1 [¢(2)| = 1 and ¢ is an inner function. O
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Here we obtain that if ¢ is an automorphism, then the inverse of C,, is again
a composition operator.

Theorem 2.6. If ¢ is an automorphism on D and C, : HBy(a) — HBy(w)

is bounded, then Cy,-1 : HBy(«) = HBo(«) is bounded and C' = C,,

—1.

Proof. For the authomorphism ¢, there are § € R and a € D such with p(z) =

€904 (2), where p,(2) = (1a:azz). Hence ¢~ 1(2) = pq(e~2). Since 7 is radial,
1— 2\« 1— 2\ 1— N 2\
I Y (16 [ LR CE BN
wep (L=Jo7 (w)P)*  zeb (L—[2P)* zep (1—[2)”
(1— 2%
=sup ————— o
zep (1= lpa(2)?)*
(1— 2%

T b (=)

Moreover, boundedness of Cy, : HBy(a) — HBy(a) implies that Cy,-1 :

HBy(a) = HBy(«) is also bounded and easiliy we get that C;' = C,n. O

Our results up to here give us tha if we replace HBy(a) by HB(«) in Theo-

rem 2.6, the results come true. In the next theorem we find that C, is Fredholm
if and only if it is invertible.

Theorem 2.7. Let the analytic function ¢ : D — D belonges to ¢ € By(«).
Then for o =1 and bounded operator C, on HBy(a) or HB(«), the following
assertions are equivalent:

(1)Cy : HBy(a) = HBy(«) is Fredholm.
(2)C, : HB(a) = HB(«) is Fredholm.
(3)p is an automorphism.

(4)C,, : HBy(a) = HBy(ax) is invertible.
(56)Cy : HB(a)) — HB(a) is invertible.

Proof. Since (HBy(«))** = HB(a) and C, : HB(a) - HB(«) is the bi-
adjoint map of C, : HBy(a) — HBy(a), then C, : HB(a) — HB(a) is
Fredholm if and only if C, : HBy(«) - HBy(a) is as well. Hence we have
the implication (1) < (2). The implications (1) = (3) and (2) = (3) are
direct sequence of Theorem 2.5. Also, the implications (3) = (1) and (3) =
(2) are direct sequence of the fact that C ! = C,-1 is bounded. Moreover,
the implications (3) = (4) and (3) = (5) follow by the Theorem 2.6 . The
implications (4) = (1) and (5) = (2) are clear.

]

In the next theorem we get that if ¢ is univalent, then C, has a closed range
if and only if ¢ is a disc automorphism.
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Theorem 2.8. Leta > 0,0 # 1, and let ¢ is univalent self-map of D. Then
Cy has a closed range on HB(«) if and if ¢ be a disk-automorphism.

Proof. The proof is similar [8]. O

Corollary 2.9. Leta > 0,a # 1. The composition operator Cy, : HB(a) —
HB(«) is Fredholm if and only if ¢ is a disk automorphism, i.e. if and only if
C, s invertible.
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