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1. Introduction and Preliminaries

L. Fejér [4], proved the following integral inequality which is known in the

literature as Fejér inequality.

f
(a+ b

2

)∫ b

a

g(x)dx ≤
∫ b

a

f(x)g(x)dx ≤ f(a) + f(b)

2

∫ b

a

g(x)dx, (1.1)

where f : [a; b] → R is convex and g : [a, b] → [0,∞) = R is integrable and

symmetric to x = a+b
2

(
g(x) = g(a+ b− x),∀x ∈ [a, b]

)
.

Recently the concept of (η1, η2)-convex has been introduced in [15] as a gener-

alization of preinvex functions [1, 7, 9, 12] and η-convex functions [2, 3, 21, 20].

In the following we can find the definition of (η1, η2)-convex function with some

basic results. For the latest results about the Fejér’s inequality obtained by the

authors see [17, 18].

Definition 1.1. [1, 7] A set I ⊆ R is said to be invex with respect to a real

bifunction η : I × I → R, if

x, y ∈ I, λ ∈ [0, 1]⇒ y + λη(x, y) ∈ I.

Definition 1.2. [15] Let I ⊆ R be an invex set with respect to η1 : I× I → R.

Consider f : I → R and η2 : f(I) × f(I) → R. The function f is said to be

(η1, η2)-convex if

f
(
x+ λη1(y, x)

)
≤ f(x) + λη2

(
f(y), f(x)

)
for all x, y ∈ I and λ ∈ [0, 1].

Remark 1.3. An (η1, η2)-convex function reduces to

(i) an η-convex function if we consider η1(x, y) = x− y for all x, y ∈ I.

(ii) a preinvex function if we consider η2(x, y) = x− y for all x, y ∈ f(I).

(iii) a convex function if satisfies (i) and (ii).

Example 1.4. [15] Consider the function f : R+ → R+ by

f(x) =

{
x, 0 ≤ x ≤ 1;

1, x > 1.

Define two bifunction η1 : R+ × R+ −→ R and η2 : R+ × R+ −→ R+ by

η1(x, y) =

{
−y, 0 ≤ y ≤ 1;

x+ y, y > 1,

and

η2(x, y) =

{
x+ y, x ≤ y;

2(x+ y), x > y.
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On Fejér Type Inequalities for (η1, η2)-Convex Functions 195

Then f is an (η1, η2)-convex function. But f is not preinvex with respect to η1

and it is not convex (consider x = 0, y = 2 and λ > 0).

Motivated by above works and references therein we use the concept of

(η1, η2)-convex functions to obtain Fejér inequality related to this class of func-

tions. Also we give trapezoid and mid-point type inequalities when the absolute

value of derivative of considered function is (η1, η2)-convex.

The following characterization of (η1, η2)-convex functions is of interest which

we point out it before the main results.

Theorem 1.5. Suppose that I is an invex set with respect to η1 such that for

any x, y ∈ I with x < y we have η1(y, x) > 0 and x < x + η1(y, x) ≤ y. A

function f : I → R is (η1, η2)-convex if and only if for any x1, x2, x3 ∈ I with

x1 < x2 < x1 + η1(x3, x1),

det

 η1(x3, x1) η2

(
f(x3), f(x1)

)
x2 − x1 f(x2)− f(x1)

 ≤ 0, (1.2)

and

f
(
x1 + η1(x3, x1)

)
≤ f(x1) + η2

(
f(x3), f(x1)

)
. (1.3)

Proof. Suppose that f is an (η1, η2)-convex function. Consider x1, x2, x3 ∈ I
with x1 < x2 < x1 + η1(x3, x1). So from the assumption there is a t ∈ (0, 1)

such that x2 = x1 + tη1(x3, x1), namely t = x2−x1

η1(x3,x1) . From (η1, η2)-convexity

of f we get

η1(x3, x1)[f(x2)− f(x1)]− (x2 − x1)η2

(
f(x3), f(x1)

)
≤ 0,

which is equivalent to above determinant being nonpositive. Also for t = 1,

f
(
x1 + η1(x3, x1)

)
≤ f(x1) + η2

(
f(x3), f(x1)

)
(1.4)

and for t = 0,

f(x1) ≤ f(x1).

For the inverse implications, consider x, y ∈ I with x < y. Choosing any

t ∈ (0, 1) we have x < x+ tη1(y, x) < x+ η1(y, x) < y and so

det

 η1(y, x) η2

(
f(y), f(x)

)
tη1(y, x) f

(
x+ tη1(y, x)

)
− f(x)

 ≤ 0.

By expanding this determinant we reach the inequality

f
(
x+ tη1(y, x)

)
− f(x)− tη2

(
f(y), f(x)

)
≤ 0,

for any t ∈ (0, 1). From the assumption we have

f
(
x+ tη1(y, x)

)
≤ f(x) + η2

(
f(y), f(x)

)
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that gives (η1, η2)-convexity of f for t = 1. Also f(x) ≤ f(x) gives (η1, η2)-

convexity of f for t = 0. �

Remark 1.6. Theorem 1.5 is a generalization of theorem 1 in [21] and generally

extends corresponding results related to the preinvex and convex functions.

2. Fejér inequality

In this section we give (η1, η2)-convex version of Fejér inequality. We separate

this inequality to the left and right type respectively.

Theorem 2.1. Let I ⊆ R be an invex set with respect η1 : I× I → R such that

η1

(
x2 + t2η1(x1, x2), x2 + t1η1(x1, x2)

)
= (t2 − t1)η1(x1, x2) (2.1)

for all x1, x2 ∈ I and t1, t2 ∈ [0, 1] (compare (2.1) with Condition C in [16]).

Also let f : I → R be a (η1, η2)-convex function where η2 is an integrable

bifunction on f(I)× f(I). For any a, b ∈ I with η1(b, a) > 0, suppose that the

functions g : [a, a + η1(b, a)] → R+ and f are integrable on [a, a + η1(b, a)].

Then

f

(
2a+ η1(b, a)

2

)∫ a+η1(b,a)

a

g(x)dx− 1

2

∫ a+η1(b,a)

a

η2

(
f(2a+ η1(b, a)− x), f(x)

)
g(x)dx

≤
∫ a+η1(b,a)

a

f(x)g(x)dx.

Proof. Using (2.1) and (η1, η2)-convexity of f we obtain the following relations:

f

(
2a+ η1(b, a)

2

)
= f

(
2a+ η1(b, a) + tη1(b, a)

2
− t

2
η1(b, a)

)
(2.2)

= f

(
2a+ η1(b, a) + tη1(b, a)

2
+

1

2
η1

(
a+

(1− t)
2

η1(b, a), a+
(1 + t)

2
η1(b, a)

))

= f

(
2a+ η1(b, a) + tη1(b, a)

2
+

1

2
η1

(
2a+ η1(b, a)− tη1(b, a)

2
,

2a+ η1(b, a) + tη1(b, a)

2

))

≤ f
(

2a+ η1(b, a) + tη1(b, a)

2

)
+

1

2
η2

(
f

(
2a+ η1(b, a)− tη1(b, a)

2

)
, f

(
2a+ η1(b, a) + tη1(b, a)

2

))
,

and with the same argument as above we have

f

(
2a+ η1(b, a)

2

)
≤ f

(
2a+ η1(b, a)− tη1(b, a)

2

)
(2.3)

+
1

2
η2

(
f

(
2a+ η1(b, a) + tη1(b, a)

2

)
, f

(
2a+ η1(b, a)− tη1(b, a)

2

))
.
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Now consider two changes of variable

x =
2a+ η1(b, a)− tη1(b, a)

2
, (2.4)

and

x =
2a+ η1(b, a) + tη1(b, a)

2
, (2.5)

along with (2.2) and (2.3) to obtain the following inequalities:

1

η1(b, a)

∫ a+η1(b,a)

a

f(x)g(x)dx (2.6)

=
1

η1(b, a)

[ ∫ a+
η1(b,a)

2

a

f(x)g(x)dx+

∫ a+η1(b,a)

a+
η1(b,a)

2

f(x)g(x)dx

]
=

1

2

∫ 1

0

f

(
2a+ η1(b, a)− tη1(b, a)

2

)
g

(
2a+ η1(b, a)− tη1(b, a)

2

)
dt

+
1

2

∫ 1

0

f

(
2a+ η1(b, a) + tη1(b, a)

2

)
g

(
2a+ η1(b, a) + tη1(b, a)

2

)
dt

≥ 1

2

∫ 1

0

f

(
2a+ η1(b, a)

2

)
g

(
2a+ η1(b, a)− tη1(b, a)

2

)
dt

− 1

2

∫ 1

0

η2

(
f

(
2a+ η1(b, a) + tη1(b, a)

2

)
, f

(
2a+ η1(b, a)− tη1(b, a)

2

))

× g
(

2a+ η1(b, a)− tη1(b, a)

2

)
dt

+
1

2

∫ 1

0

f

(
2a+ η1(b, a)

2

)
g

(
2a+ η1(b, a) + tη1(b, a)

2

)
dt

− 1

2

∫ 1

0

η2

(
f

(
2a+ η1(b, a)− tη1(b, a)

2

)
, f

(
2a+ η1(b, a) + tη1(b, a)

2

))

× g
(

2a+ η1(b, a) + tη1(b, a)

2

)
dt.

 [
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Again using the changes of variable (2.4) and (2.5) in the last relations obtained

in (2.6) respectively we have

1

η1(b, a)

∫ a+η1(b,a)

a

f(x)g(x)dx

≥ 1

η1(b, a)
f

(
2a+ η1(b, a)

2

)∫ a+
η1(b,a)

2

a

g(x)dx

− 1

2η1(b, a)

∫ a+
η1(b,a)

2

a

η2

(
f
(
2a+ η1(b, a)− x

)
, f(x)

)
g(x)dx

+
1

η1(b, a)
f

(
2a+ η1(b, a)

2

)∫ a+η1(b,a)

a+
η1(b,a)

2

g(x)dx

− 1

2η1(b, a)

∫ a+η1(b,a)

a+
η1(b,a)

2

η2

(
f
(
2a+ η1(b, a)− x

)
, f(x)

)
g(x)dx

=
1

η1(b, a)
f

(
2a+ η1(b, a)

2

)∫ a+η1(b,a)

a

g(x)dx

− 1

2η1(b, a)

∫ a+η1(b,a)

a

η2

(
f
(
2a+ η1(b, a)− x

)
, f(x)

)
g(x)dx.

Thus we arrive at the desired result. �

If in Theorem 2.1 we consider η2(x, y) = x− y for all x, y ∈ f(I), then we have

the following result (see [14] and references therein):

Corollary 2.2. Let I ⊆ R be an invex set with respect to η1 : I × I → R
satisfying (2.1) and f : I → R be a preinvex function. For any a, b ∈ I with

η1(b, a) > 0, suppose that g : [a, a+ η1(b, a)]→ R+ is integrable and symmetric

to a+ 1
2η1(b, a) and f ∈ L1[a, a+ η1(b, a)]. Then

f

(
2a+ η1(b, a)

2

)∫ a+η1(b,a)

a

g(x)dx ≤
∫ a+η1(b,a)

a

f(x)g(x)dx.

Also Theorem 2.1 gives a generalization of Theorem 7 in [21]. Furthermore if

we consider η1(x, y) = x− y for all x, y ∈ I, then we recapture the left side of

(1.1).

Theorem 2.3. Let I ⊆ R be an invex set with respect to η1 : I × I → R and

f : I → R be a (η1, η2)-convex function where η2 is an integrable bifunction on

f(I)×f(I). For any a, b ∈ I with η1(b, a) > 0 suppose that f ∈ L1[a, a+η1(b, a)]

and g : [a, a + η1(b, a)] → R+ is integrable and symmetric with respect to

a+ 1
2η1(b, a). Then∫ a+η1(b,a)

a

f(x)g(x)dx ≤
[
f(a) +

η2

(
f(b), f(a)

)
2

] ∫ a+η1(b,a)

a

g(x)dx. (2.7)
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Proof. From (η1, η2)-convexity of f , using the changes of variable x = a +

tη1(b, a) and x = a+ (1− t)η1(a, b) we can obtain two following inequalities.

∫ a+η1(b,a)

a

f(x)g(x)dx ≤ η1(b, a)

∫ 1

0

[
f(a) + tη2

(
f(b), f(a)

)]
g
(
a+ tη1(b, a)

)
dt

(2.8)

= η1(b, a)

[∫ 1

0

f(a)g
(
a+ tη1(b, a)

)
dt+ η2

(
f(b), f(a)

) ∫ 1

0

tg
(
a+ tη1(b, a)

)
dt

]
,

and ∫ a+η1(b,a)

a

f(x)g(x)dx (2.9)

≤ η1(b, a)

∫ 1

0

[
f(a) + (1− t)η2

(
f(b), f(a)

)]
g
(
a+ (1− t)η1(b, a)

)
dt

= η1(b, a)

[ ∫ 1

0

f(a)g
(
a+ (1− t)η1(b, a)

)
dt

+ η2

(
f(b), f(a)

) ∫ 1

0

(1− t)g
(
a+ (1− t)η1(b, a)

)
dt

]
.

Now adding (2.8) to (2.9) along with the fact that g is symmetric with respect

to a+ 1
2η1(b, a) imply that

2

∫ a+η1(b,a)

a

f(x)g(x)dx

≤ η1(b, a)

[
2f(a)

∫ 1

0

g
(
a+ tη1(b, a)

)
dt+ η2

(
f(b), f(a)

) ∫ 1

0

g
(
a+ tη1(b, a)

)
dt

]
.

So again by the use of the change of variable x = a+tη1(b, a) in above inequality

we deduce the respected result.∫ a+η1(b,a)

a

f(x)g(x)dx ≤
[
f(a) +

η2

(
f(b), f(a)

)
2

] ∫ a+η1(b,a)

a

g(x)dx.

�

If in Theorem 2.3 we consider η2(x, y) = x − y for all x, y ∈ f(I), then we

have the following result (see [14] and references therein).

Corollary 2.4. Let I ⊆ R be an invex set with respect to η1 : I × I → R
and let f : I → R be a preinvex function. For any a, b ∈ I with η1(b, a) > 0

suppose that f ∈ L1[a, a + η1(b, a)] and g : [a, a + η1(b, a)] → R+ is integrable

and symmetric with respect to a+ 1
2η1(b, a). Then∫ a+η1(b,a)

a

f(x)g(x)dx ≤ f(a) + f(b)

2

∫ a+η1(b,a)

a

g(x)dx. (2.10)
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Also Theorem 2.3 gives a generalization of Theorem 6 in [21]. Furthermore if

we consider η1(x, y) = x − y for all x, y ∈ I, then we recapture the right side

of (1.1). For some recent works about Fejér’s inequality see [6, 10, 11, 12] and

references therein.

3. Mid-Point Type Inequalities

In this section we consider the problem of estimating the difference between

the middle and left terms of (1.1), when the absolute value of derivative of

considered function is (η1, η2)-convex.

The following lemma is needed to achieve Fejér mid-point type inequali-

ties. By the Fejér mid-point type inequalities we mean the estimation of the

difference between the middle and left terms of (1.1).

Lemma 3.1. [13] Let I◦ ⊆ R be an invex set with respect to η1 : I◦× I◦ → R
and a, b ∈ I◦ with a < a+ η1(b, a). Suppose that f : I◦ → R is a differentiable

mapping on I◦ such that f ′ ∈ L1[a, a+ η1(b, a)]. If g : [a, a+ η1(b, a)]→ R+ is

an integrable mapping, then

1

η1(b, a)

∫ a+η1(b,a)

a

f(x)g(x)dx− 1

η1(b, a)
f
(
a+

1

2
η1(b, a)

) ∫ a+η1(b,a)

a

g(x)dx

= η1(b, a)

∫ 1

0

k(t)f ′
(
a+ tη1(b, a)

)
dt

where

k(t) =



∫ t

0

g
(
a+ sη1(b, a)

)
ds t ∈ [0, 1

2 );

−
∫ 1

t

g
(
a+ sη1(b, a)

)
ds t ∈ [ 1

2 , 1].

By the use of Lemma 3.1, we obtain the following result which is a Fejér mid-

point type inequality.

Theorem 3.2. Let I◦ ⊆ R be an invex set with respect to η1 : I◦×I◦ → R and

a, b ∈ I◦ with a < a+η1(b, a). Suppose that f : I◦ → R is a differentiable map-

ping on I◦ such that f ′ ∈ L1[a, a+ η1(b, a)], the function g : [a, a+ η1(b, a)]→
R+ is integrable and symmetric with respect to a+ 1

2η1(b, a). If |f ′| is (η1, η2)-

convex on I◦, then:∣∣∣∣∣ 1

η1(b, a)

∫ a+η1(b,a)

a

f(x)g(x)dx− 1

η1(b, a)
f
(
a+

1

2
η1(b, a)

) ∫ a+η1(b,a)

a

g(x)dx

∣∣∣∣∣
≤ 2|f ′(a)|+ η2(|f ′(b)|, |f ′(a)|)

2η1(b, a)

∫ a+ 1
2η1(b,a)

a

[
η1(b, a)− 2(x− a)

]
g(x)dx.
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Proof. From lemma (3.1) and (η1, η2)-convexity of |f ′| on I◦, we have

J1 =

∣∣∣∣∣ 1

η1(b, a)

∫ a+η1(b,a)

a

f(x)g(x)dx− 1

η1(b, a)
f
(
a+

1

2
η1(b, a)

) ∫ a+η1(b,a)

a

g(x)dx

∣∣∣∣∣
=

∣∣∣∣∣η1(b, a)
[ ∫ 1

2

0

(∫ t

0

g
(
a+ sη1(b, a)

)
ds

)
f ′
(
a+ tη1(b, a)

)
dt

+

∫ 1

1
2

(
−
∫ 1

t

g
(
a+ sη1(b, a)

)
ds

)
f ′
(
a+ tη1(b, a)

)
dt
]∣∣∣∣∣

≤ η1(b, a)

∫ 1
2

0

(∫ t

0

g
(
a+ sη1(b, a)

)
ds

)
[|f ′(a)|+ tη2(|f ′(b)|, |f ′(a)|)] dt (3.1)

+ η1(b, a)

∫ 1

1
2

(∫ 1

t

g
(
a+ sη1(b, a)

)
ds

)
[|f ′(a)|+ tη2(|f ′(b)|, |f ′(a)|)] dt. (3.2)

Changing the order of integration in (3.1) we get∫ 1
2

0

∫ t

0

g
(
a+ sη1(b, a)

)[
|f ′(a)|+ tη2(|f ′(b)|, |f ′(a)|)

]
dsdt (3.3)

=

∫ 1
2

0

∫ 1
2

s

g
(
a+ sη1(b, a)

)[
|f ′(a)|+ tη2(|f ′(b)|, |f ′(a)|)

]
dtds

=

∫ 1
2

0

g
(
a+ sη1(b, a)

)[
(
1

2
− s)|f ′(a)|+

(1

8
− s2

2

)
η2(|f ′(b)|, |f ′(a)|)

]
ds.

Using the change of variable x = a+ sη1(b, a) for s ∈ [0, 1] in (3.3) we obtain∫ 1
2

0

∫ t

0

g
(
a+ sη1(b, a)

)[
|f ′(a)|+ tη2(|f ′(b)|, |f ′(a)|)

]
dsdt (3.4)

=
|f ′(a)|
η1(b, a)

∫ a+ 1
2η1(b,a)

a

(1

2
− x− a
η1(b, a)

)
g(x)dx

+
η2(|f ′(b)|, |f ′(a)|)

η1(b, a)

∫ a+ 1
2η1(b,a)

a

(
1

8
− 1

2

( x− a
η1(b, a)

)2)
g(x)dx.

Similarly by the change of order of integration in (3.2) and using the fact that

g is symmetric to a+ 1
2η1(b, a) we have∫ 1

1
2

∫ 1

t

g
(
a+ sη1(b, a)

)[
|f ′(a)|+ tη2(|f ′(b)|, |f ′(a)|)

]
dsdt (3.5)

=

∫ 1

1
2

∫ s

1
2

g
(
a+ sη1(b, a)

)[
|f ′(a)|+ tη2(|f ′(b)|, |f ′(a)|)

]
dtds

=

∫ 1

1
2

∫ s

1
2

g
(
a+ (1− s)η1(b, a)

)[
|f ′(a)|+ tη2(|f ′(b)|, |f ′(a)|)

]
dtds

=

∫ 1

1
2

g
(
a+ (1− s)η1(b, a)

)[
(s− 1

2
)|f ′(a)|+

(s2

2
− 1

8

)
η2(|f ′(b)|, |f ′(a)|)

]
ds.
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By the change of variable x = a+ (1− s)η1(b, a) it follows from (3.5) that∫ 1

1
2

∫ 1

t

g
(
a+ sη1(b, a)

)[
|f ′(a)|+ tη2(|f ′(b)|, |f ′(a)|)

]
dsdt (3.6)

=
|f ′(a)|
η1(b, a)

∫ a+ 1
2η1(b,a)

a

(
1− x− a

η1(b, a)
− 1

2

)
g(x)dx

+
η2(|f ′(b)|, |f ′(a)|)

η1(b, a)

∫ a+ 1
2η1(b,a)

a

[1

2

(
1− x− a

η1(b, a)

)2

− 1

8

]
g(x)dx.

Substituting (3.4) and (3.6) in (3.1) and (3.2) respectively and then simplifying,

we get

J1 ≤
2|f ′(a)|+ η2(|f ′(b)|, |f ′(a)|)

2η1(b, a)

∫ a+ 1
2η1(b,a)

a

[
η1(b, a)− 2(x− a)

]
g(x)dx.

�

Corollary 3.3 (Theorem 2.3 in [22]). Let f : I◦ → R be a differentiable

mapping on I◦, a, b ∈ I◦ with a < b and g : [a, b] → R+ be a differentiable

mapping and symmetric with respect to a+b
2 . If |f ′| is convex on [a, b], then the

following inequality holds:∣∣∣∣∣ 1

b− a

∫ b

a

f(x)g(x)dx− 1

b− a
f
(a+ b

2

)∫ b

a

g(x)dx

∣∣∣∣∣
≤ |f

′(a)|+ |f ′(b)|
2(b− a)

∫ a+b
2

a

[
a+ b− 2x

]
g(x)dx.

Also Theorem 3.2 is a generalization of Theorem 3.3 in [19] and Theorem 2 in

[13].

By the use of Hölder’s inequality we can obtain another form of Fejér mid-point

type inequality.

Theorem 3.4. Let I◦ ⊆ R be an invex set with respect to η1 : I◦ × I◦ → R
and a, b ∈ I◦ with a < a+ η1(b, a). Suppose that f : I◦ → R is a differentiable

mapping on I◦ such that f ′ ∈ L1([a, a + η1(b, a)]), the function g : [a, a +

η1(b, a)] → R+ is integrable and symmetric with respect to a + 1
2η1(b, a). If

|f ′|q, q > 1 is (η1, η2)-convex on I◦, then we have the following inequality.∣∣∣∣∣ 1

η1(b, a)

∫ a+η1(b,a)

a

f(x)g(x)dx− 1

η1(b, a)
f
(
a+

1

2
η1(b, a)

) ∫ a+η1(b,a)

a

g(x)dx

∣∣∣∣∣
≤
(
η1(b, a)

) p−2
p (

1

24
)

1
qM

(∫ a+ 1
2η1(b,a)

a

[η1(b, a)

2
− (x− a)

]
gp(x)dx

) 1
p

,

where M =
(

3|f ′(a)|q+2η2

(
|f ′(b)|q, |f ′(a)|q

)) 1
q

+
(

3|f ′(a)|q+2η2

(
|f ′(b)|q, |f ′(a)|q

)) 1
q

and 1
p + 1

q = 1.
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Proof. According to the proof of Theorem 3.2, by the use of lemma (3.1) and

changing the order of integration we get

∣∣∣∣∣ 1

η1(b, a)

∫ a+η1(b,a)

a

f(x)g(x)dx− 1

η1(b, a)
f
(
a+

1

2
η1(b, a)

) ∫ a+η1(b,a)

a

g(x)dx

∣∣∣∣∣
≤ η1(b, a)

∫ 1
2

0

∫ 1
2

s

g
(
a+ sη1(b, a)

)∣∣∣f ′(a+ tη1(b, a)
)∣∣∣dtds (3.7)

+ η1(b, a)

∫ 1

1
2

∫ s

1
2

g
(
a+ sη1(b, a)

)∣∣∣f ′(a+ tη1(b, a)
)∣∣∣dtds. (3.8)

If we apply Hölder’s inequality in (3.7), then

η1(b, a)

∫ 1
2

0

∫ 1
2

s

g
(
a+ sη1(b, a)

)∣∣∣f ′(a+ tη1(b, a)
)∣∣∣dtds

≤ η1(b, a)

(∫ 1
2

0

∫ 1
2

s

gp
(
a+ sη1(b, a)

)
dtds

) 1
p
(∫ 1

2

0

∫ 1
2

s

∣∣∣f ′(a+ tη1(b, a)
)∣∣∣qdtds) 1

q

.

Since |f ′|q is (η1, η2)-convex on I◦, for any a, b ∈ I◦ and t ∈ [0, 1] we have

∣∣∣f ′(a+ tη1(b, a)
)∣∣∣q ≤ |f ′(a)|q + tη2

(
|f ′(b)|q, |f ′(a)|q

)
,

which by the use of substitution x = a+ sη1(b, a), we deduce that

η1(b, a)

∫ 1
2

0

∫ 1
2

s

g
(
a+ sη1(b, a)

)∣∣∣f ′(a+ tη1(b, a)
)∣∣∣dtds (3.9)

≤ η1(b, a)

(∫ 1
2

0

∫ 1
2

s

gp
(
a+ sη1(b, a)

)
dtds

) 1
p

×

(∫ 1
2

0

∫ 1
2

s

|f ′(a)|q + tη2

(
|f ′(b)|q, |f ′(a)|q

)
dtds

) 1
q

= η1(b, a)

(
1

(η1(b, a))2

∫ a+ 1
2η1(b,a)

a

[η1(b, a)

2
− (x− a)

]
gp(x)dx

) 1
p

×

(
3|f ′(a)|q + 2η2

(
|f ′(b)|q, |f ′(a)|q

)
24

) 1
q

.
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Also from (3.8) and the fact that g is symmetric with respect to a+ 1
2η1(b, a)

we obtain

η1(b, a)

∫ 1

1
2

∫ s

1
2

g
(
a+ sη1(b, a)

)∣∣∣f ′(a+ tη1(b, a)
)∣∣∣dtds (3.10)

≤ η1(b, a)

(
1

(η1(b, a))2

∫ a+ 1
2η1(b,a)

a

[η1(b, a)

2
− (x− a)

]
gp(x)dx

) 1
p

×

(
3|f ′(a)|q + 2η2

(
|f ′(b)|q, |f ′(a)|q

)
24

) 1
q

.

Using (3.9) and (3.10) in (3.7) and (3.8) respectively we get the required in-

equality. �

Corollary 3.5 (Theorem 2.5 in [22]). Let f : I◦ ⊆ R → R be a differentiable

mapping on I◦, a, b ∈ I◦ with a < b, and g : [a, b] → R+ be a differentiable

mapping and symmetric with respect to a+b
2 . If |f ′|q is convex on [a, b], q > 1,

then the following inequality holds:∣∣∣∣∣ 1

b− a

∫ b

a

f(x)g(x)dx− 1

b− a
f
(a+ b

2

)∫ b

a

g(x)dx

∣∣∣∣∣
≤ (b− a)

(
1

(b− a)2

∫ a+b
2

a

[a+ b

2
− x
]
gp(x)dx

) 1
p

×
(
|f ′(a)|q + 2|f ′(b)|q

24

) 1
q

+

(
2|f ′(a)|q + |f ′(b)|q

24

) 1
q

,

where 1
p + 1

q = 1.

Also Theorem 3.4 gives a generalized form of Theorem 3 in [13].

4. Trapezoid type Inequalities

In this section we consider the problem of estimating the difference between

the middle and right terms of (1.1), when the absolute value of derivative of

considered function is (η1, η2)-convex. First we prove the following lemma.

Lemma 4.1. Suppose that I◦ ⊆ R is an invex set with respect to η1 : I◦ ×
I◦ → R and consider a, b ∈ I◦ with η1(b, a) > 0. Suppose that f : I◦ → R
is a differentiable mapping on I◦ such that f ′ ∈ L1([a, a + η1(b, a)]). If g :

[a, a+ η1(b, a)]→ R+ is an integrable mapping, then

f(a) + f
(
a+ η1(b, a)

)
2

∫ a+η1(b,a)

a

g(x)dx−
∫ a+η1(b,a)

a

f(x)g(x)dx

=
1

2

∫ a+η1(b,a)

a

∫ x

a

g(u)f ′(x)dudx− 1

2

∫ a+η1(b,a)

a

∫ a+η1(b,a)

x

g(u)f ′(x)dudx.
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Proof. By Leibniz integral rule and integration by parts we have∫ a+η1(b,a)

a

f(x)g(x)dx =

∫ a+η1(b,a)

a

f(x)

(∫ x

a

g(u)du

)′
dx (4.1)

= f
(
a+ η1(b, a)

) ∫ a+η1(b,a)

a

g(u)du−
∫ a+η1(b,a)

a

∫ x

a

g(u)f ′(x)dudx.

with the same argument

∫ a+η1(b,a)

a

f(x)g(x)dx =

∫ a+η1(b,a)

a

f(x)

(
−
∫ a+η1(b,a)

x

g(u)du

)′
dx (4.2)

= f(a)

∫ a+η1(b,a)

a

g(u)du+

∫ a+η1(b,a)

a

∫ a+η1(b,a)

x

g(u)f ′(x)dudx.

Now it is enough to add relation (4.1) to (4.2). �

The following lemma is needed to obtain Fejér trapezoid type inequalities.

By the Fejér trapezoidal type inequality we mean the estimation of the differ-

ence between the middle and right terms of (1.1).

Lemma 4.2. Suppose that I◦ ⊆ R is an invex set with respect to η1 : I◦ ×
I◦ → R and consider a, b ∈ I◦ with η1(b, a) > 0. Suppose that f : I◦ → R
is a differentiable mapping on I◦ such that f ′ ∈ L1([a, a + η1(b, a)]). If g :

[a, a + η1(b, a)] → R+ is an integrable mapping and symmetric with respect to

a+ 1
2η1(b, a), then

f(a) + f
(
a+ η1(b, a)

)
2

∫ a+η1(b,a)

a

g(x)dx−
∫ a+η1(b,a)

a

f(x)g(x)dx

=
η1(b, a)

4

{∫ 1

0

(∫ a+( 1+t
2 )η1(b,a)

a+( 1−t
2 )η1(b,a)

g(u)du

)
f ′
(
a+

(1− t
2

)
η1(b, a)

)
dt

+

∫ 1

0

(∫ a+( 1+t
2 )η1(b,a)

a+( 1−t
2 )η1(b,a)

g(u)du

)
f ′
(
a+

(1 + t

2

)
η1(b, a)

)
dt

}
.

Proof. From Lemma (4.1) we obtain that

J2 =
f(a) + f

(
a+ η1(b, a)

)
2

∫ a+η1(b,a)

a

g(x)dx−
∫ a+η1(b,a)

a

f(x)g(x)dx (4.3)

=
1

2

{∫ a+ 1
2η1(b,a)

a

∫ x

a

g(u)f ′(x)dudx+

∫ a+η1(b,a)

a+ 1
2η1(b,a)

∫ x

a

g(u)f ′(x)dudx

−
∫ a+ 1

2η1(b,a)

a

∫ a+η1(b,a)

x

g(u)f ′(x)dudx−
∫ a+η1(b,a)

a+ 1
2η1(b,a)

∫ a+η1(b,a)

x

g(u)f ′(x)dudx

}
.
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By applying the changes of variable x = a + ( 1−t
2 )η1(b, a) and x = a +

( 1+t
2 )η1(b, a) in (4.3) respectively we have

J2 =
η1(b, a)

4

{∫ 1

0

∫ a+( 1−t
2 )η1(b,a)

a

g(u)f ′
(
a+

(1− t
2

)
η1(b, a)

)
dudt (4.4)

+

∫ 1

0

∫ a+( 1+t
2 )η1(b,a)

a

g(u)f ′
(
a+

(1 + t

2

)
η1(b, a)

)
dudt (4.5)

−
∫ 1

0

∫ a+η1(b,a)

a+( 1−t
2 )η1(b,a)

g(u)f ′
(
a+

(1− t
2

)
η1(b, a)

)
dudt (4.6)

−
∫ 1

0

∫ a+η1(b,a)

a+( 1+t
2 )η1(b,a)

g(u)f ′
(
a+

(1 + t

2

)
η1(b, a)

)
dudt

}
. (4.7)

Now if we consider (4.4) with (4.6) and consider (4.5) with (4.7) together, then

J2 =
η1(b, a)

4

{∫ 1

0

[
2

∫ a+( 1−t
2 )η1(b,a)

a

g(u)du−
∫ a+η1(b,a)

a

g(u)du

]
f ′
(
a+

(1− t
2

)
η1(b, a)

)
dt

(4.8)

+

∫ 1

0

[
2

∫ a+( 1+t
2 )η1(b,a)

a

g(u)du−
∫ a+η1(b,a)

a

g(u)du

]
f ′
(
a+

(1 + t

2

)
η1(b, a)

)
dt

}
.

Since g is symmetric to a+ 1
2η1(b, a) then

2

∫ a+( 1−t
2 )η1(b,a)

a

g(u)du−
∫ a+η1(b,a)

a

g(u)du =

∫ a+( 1+t
2 )η1(b,a)

a+( 1−t
2 )η1(b,a)

g(u)du, (4.9)

and

2

∫ a+( 1+t
2 )η1(b,a)

a

g(u)du−
∫ a+η1(b,a)

a

g(u)du =

∫ a+( 1+t
2 )η1(b,a)

a+( 1−t
2 )η1(b,a)

g(u)du. (4.10)

Implying (4.9) and (4.10) in (4.8) respectively we have

J2 =
η1(b, a)

4

{∫ 1

0

(∫ a+( 1+t
2 )η1(b,a)

a+( 1−t
2 )η1(b,a)

g(u)du

)
f ′
(
a+

(1− t
2

)
η1(b, a)

)
dt

+

∫ 1

0

(∫ a+( 1+t
2 )η1(b,a)

a+( 1−t
2 )η1(b,a)

g(u)du

)
f ′
(
a+

(1 + t

2

)
η1(b, a)

)
dt

}
.

�

Using Lemma 4.2, the following Fejér trapezoid type inequality holds.

Theorem 4.3. Suppose that I◦ ⊆ R is an invex set with respect to η1 : I◦ ×
I◦ → R and consider a, b ∈ I◦ with η1(b, a) > 0. Suppose that f : I◦ → R
is a differentiable mapping on I◦ such that f ′ ∈ L1([a, a + η1(b, a)]). If g :
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[a, a + η1(b, a)] → R+ is an integrable mapping and symmetric with respect to

a+ 1
2η1(b, a) and if |f ′| is (η1, η2)-convex on I◦, then∣∣∣∣∣f(a) + f

(
a+ η1(b, a)

)
2

∫ a+η1(b,a)

a

g(x)dx−
∫ a+η1(b,a)

a

f(x)g(x)dx

∣∣∣∣∣
≤ η1(b, a)

4

[
2|f ′(a)|+ η2(|f ′(b)|, |f ′(a)|)

] ∫ 1

0

∫ a+( 1+t
2 )η1(b,a)

a+( 1−t
2 )η1(b,a)

g(u)dudt.

Proof. From Lemma (4.2) and (η1, η2)-convexity of |f ′| on I◦, we have∣∣∣∣∣f(a) + f
(
a+ η1(b, a)

)
2

∫ a+η1(b,a)

a

g(x)dx−
∫ a+η1(b,a)

a

f(x)g(x)dx

∣∣∣∣∣
≤ η1(b, a)

4

∫ 1

0

∫ a+( 1+t
2 )η1(b,a)

a+( 1−t
2 )η1(b,a)

g(u)

[∣∣∣f ′(a+
(1− t

2

)
η1(b, a)

)∣∣∣
+
∣∣∣f ′(a+

(1 + t

2

)
η1(b, a)

)∣∣∣]dudt
≤ η1(b, a)

4

∫ 1

0

∫ a+( 1+t
2 )η1(b,a)

a+( 1−t
2 )η1(b,a)

g(u)

[
|f ′(a)|+ (

1− t
2

)η2(|f ′(b)|, |f ′(a)|)

+ |f ′(a)|+ (
1 + t

2
)η2(|f ′(b)|, |f ′(a)|)

)]
dudt

=
η1(b, a)

4

∫ 1

0

∫ a+( 1+t
2 )η1(b,a)

a+( 1−t
2 )η1(b,a)

g(u)
[
2|f ′(a)|+ η2(|f ′(b)|, |f ′(a)|)

]
dudt.

�

Remark 4.4. (i) In Theorem 4.3 if we consider η1(x, y) = x− y and η2(x, y) =

x− y, then we recapture inequality (1.11) in [8].∣∣∣∣∣f(a) + f(b)

2

∫ b

a

g(x)dx−
∫ b

a

f(x)g(x)dx

∣∣∣∣∣
≤ b− a

4

[
|f ′(a)|+ |f ′(b)|

] ∫ 1

0

∫ a+( 1+t
2 )(b−a)

a+( 1−t
2 )(b−a)

g(u)dudt.

(ii) In [15], with all assumptions of Theorem 4.3, we can find another pre-

sentation of Fejér trapezoid type inequality as the following:

∣∣∣∣∣f(a) + f
(
a+ η1(b, a)

)
2

∫ a+η1(b,a)

a

g(x)dx−
∫ a+η1(b,a)

a

f(x)g(x)dx

∣∣∣∣∣ ≤[
2|f ′(a)|+ η2

(
|f ′(b)|, |f ′(a)|

)] ∫ a+η1(b,a)

a+ 1
2η1(b,a)

g(x)
(
a+ η1(b, a)− x

)
dx.

By the use of Hölder’s inequality we can obtain another form of Fejér trape-

zoidal type inequality.
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Theorem 4.5. Suppose that I◦ ⊆ R is an invex set with respect to η1 : I◦ ×
I◦ → R and consider a, b ∈ I◦ with η1(b, a) > 0. Suppose that f : I◦ → R
is a differentiable mapping on I◦ such that f ′ ∈ L1([a, a + η1(b, a)]). If g :

[a, a + η1(b, a)] → R+ is an integrable mapping and symmetric with respect

to a + 1
2η1(b, a) and if |f ′|q is (η1, η2)-convex on I◦ for q > 1, then we have

following inequality.∣∣∣∣∣f(a) + f(a+ η1(b, a))

2

∫ a+η1(b,a)

a

g(x)dx−
∫ a+η1(b,a)

a

f(x)g(x)dx

∣∣∣∣∣
≤ η1(b, a)

2

[
2|f ′(a)|q + η2(|f ′(b)|q, |f ′(a)|q)

2

] 1
q

(∫ 1

0

[ ∫ a+( 1+t
2 )η1(b,a)

a+( 1−t
2 )η1(b,a)

g(x)dx
]p
dt

) 1
p

,

where 1
p + 1

q = 1.

Proof. By lemma (4.2) and using Hölder’s inequality we have∣∣∣∣∣f(a) + f(a+ η1(b, a))

2

∫ a+η1(b,a)

a

g(x)dx−
∫ a+η1(b,a)

a

f(x)g(x)dx

∣∣∣∣∣ (4.11)

≤ η1(b, a)

4

(∫ 1

0

[ ∫ a+( 1+t
2 )η1(b,a)

a+( 1−t
2 )η1(b,a)

g(u)du
]p
dt

) 1
p

×

[(∫ 1

0

∣∣∣f ′(a+
(1− t

2

)
η1(b, a)

)∣∣∣qdt) 1
q

+

(∫ 1

0

∣∣∣f ′(a+
(1 + t

2

)
η1(b, a)

)∣∣∣qdt) 1
q

]
.

By (η1, η2)-convexity of |f ′|q and power-mean inequality cs+ds < 21−s(c+d)s

for c > 0, d > 0 and s < 1, we have the following inequality:(∫ 1

0

∣∣∣f ′(a+
(1− t

2

)
η1(b, a)

)∣∣∣qdt) 1
q

+

(∫ 1

0

∣∣∣f ′(a+
(1 + t

2

)
η1(b, a)

)∣∣∣qdt) 1
q

(4.12)

≤ 21− 1
q

[ ∫ 1

0

∣∣∣f ′(a+
(1− t

2

)
η1(b, a)

)∣∣∣qdt+

∫ 1

0

∣∣∣f ′(a+
(1 + t

2

)
η1(b, a)

)∣∣∣qdt] 1
q

≤ 21− 1
q

[ ∫ 1

0

{
|f ′(a)|q +

(1− t
2

)
η2

(
|f ′(b)|q, |f ′(a)|q) + |f ′(a)|q +

(1 + t

2

)
η2

(
|f ′(b)|q, |f ′(a)|q

)}
dt

] 1
q

= 21− 1
q

[
2|f ′(a)|q + η2

(
|f ′(b)|q, |f ′(a)|q

)] 1
q

.

Now it is enough to apply (4.11) in (4.12). This completes the proof. �
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4. L. Fejér, Über die Fourierreihen, II, Math. Naturwise. Anz Ungar. Akad. Wiss., 24,

(1906), 369–390.

5. C. Fulga, V. Preda, Nonlinear Programming with E-preinvex and Local E-preinvex Func-

tions, European Journal of Operational Research, 192, (2009), 737–743.

6. S. Guo, Y-M. Chu, G. Farid, S. Mehmood, W. Nazeer, Fractional Hadamard and Fejér-

Hadamard Inequalities Associated with Exponentially (s,m)-convex Functions, Journal

of Function Spaces, 2020, (2020), Art. ID 2410385, 10 pp.

7. M. A. Hanson, B. Mond, Convex Transformable Programming Problems and Invexity,

Journal of Information and Optimization Sciences, 8, (1987), 201–207.

8. Hwang, D-Y, Some Inequalities for Differentiable Convex Mapping with Application to

Weighted Trapezoidal Formula and Higher Moments of Random Variables, Appl. Math.

Comput., 217(23), (2011), 9598–9605.

9. W. Jeyakumar, Strong and Weak Invexity in Mathematical Programming, European

Journal of Operational Research, 55, (1985), 109–125.

10. C. Y. Jung, M. Yussouf, Y-M. Chu, G. Farid, S. M. Kang, Generalized Fractional

Hadamard and FejérHadamard Inequalities for Generalized Harmonically Convex Func-

tions, Journal of Mathematics, 2020, (2020), Article ID 8245324, 13 pp.

11. Y. Khurshid, M. Adil Khan, Y-M Chu, Conformable Integral Version of Hermite-

Hadamard-Fejér Inequalities via η-convex Functions, AIMS Mathematics, 5(5), 2020,

5106–5120.

12. Y. Khurshid, M. Adil Khan, Y.-M. Chu, Z. A. Khan, Hermite-Hadamard-Fejér Inequali-

ties for Conformable Fractional Integrals via Preinvex Functions, J. Funct. Spaces, 2019,

(2019), Article ID 3146210, 9 pages.

13. M. A. Latif, S. S. Dragomir, New Inequalities of Hermite-Hadamard and Fejér Type

via Preinvexity, Journal of Computational Analysis and Applications, 19(4), (2015),

725–739.

14. M. Mat loka, Inequalities for h-preinvex Functions, Applied Mathematics and Computa-

tion, 234, (2014), 52–57.

15. S. Mohammadi Aslani, M. Rostamian Delavar, S. M. Vaezpour, Inequalities of Fejér

Type Related to Generalized Convex Functions with Applications, International Journal

of Analysis and Applications, 16(1), (2018), 38–49.

16. S. R. Mohan, S. K. Neogy, On Invex Sets and Preinvex Function, J. Math. Anal. Appl.,

189, (1995), 901–908.
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