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Abstract. Controlled frames in Hilbert spaces have been recently in-

troduced by P. Balazs and etc. for improving the numerical efficiency

of interactive algorithms for inverting the frame operator. In this paper

we develop a theory based on g-fusion frames on Hilbert spaces, which

provides exactly the frameworks not only to model new frames on Hilbert

spaces but also for deriving robust operators. In particular, we can de-

fine analysis, synthesis and frame operators with representation space

compatible for (C,C′)-Controlled g-fusion frames, which even yield a re-

construction formula. Also, some useful concepts such as Q-dual and

perturbation are introduced and investigated.

Keywords: G-fusion frame, Controlled fusion frame, Controlled g-fusion frame,

Q-dual.

2000 Mathematics subject classification: 42C15, 42C40, 41A58.

∗Corresponding Author

Received 10 February 2019; Accepted 08 April 2021

c©2023 Academic Center for Education, Culture and Research TMU

179

 [
 D

O
I:

 1
0.

52
54

7/
ijm

si
.1

8.
1.

17
9 

] 
 [

 D
ow

nl
oa

de
d 

fr
om

 ij
m

si
.ir

 o
n 

20
26

-0
2-

08
 ]

 

                             1 / 13

http://dx.doi.org/10.52547/ijmsi.18.1.179
http://ijmsi.ir/article-1-1533-fa.html


180 H. Shakoory, R. Ahmadi, Gh. Rahimlou, V. Sadri

1. Introduction

Frames, as a generalization of the bases in Hilbert spaces, were first intro-

duced by Duffin and Schaeffer [5] during their study of nonharmonic Fourier

series in 1952. Controlled frames for spherical wavelets were introduced in [2]

for obtaining a numerically more efficient approximation algorithm and the re-

lated theory for general frames were developed in [1]. Also, Controlled frames

as generalization of frames, have been introduced for getting an improved so-

lution of a linear system of the equation Ax = B, which can be solved by

the equation PAx = PB, where P is a suitable matrix for getting a better

duplicate algorithm [2]. Recent developments in this direction can be found in

[8, 9, 10, 11, 12].

Throughout this paper H and K are separable Hilbert spaces, {Hj}j∈I is a

sequence of Hilbert spaces and I ⊆ Z. We denote by B(H,K) the set of all the

bounded and linear operators from H to K. If H = K, then B(H,H) will be

denoted as B(H). Also, GL(H) is called the set of all bounded linear operators

which have bounded inverses on H. It is easy to check that if C,C ′ ∈ GL(H),

then C∗, C−1 and CC ′ are in GL(H). Assume that IdH is the identity operator

on H and πW is the orthogonal projection from H onto a closed subspace

V ⊆ H.

2. Preliminaries

In this section, some necessary definitions and lemmas are introduced.

Definition 2.1. A sequence {fi}i∈I in H is a frame if there exist constants

0 < A 6 B <∞ such that for all f ∈ H

A ‖f‖2 ≤
∑
i∈I
|〈f, fi〉|2 ≤ B ‖f‖2 .

The constants A,B are frame bounds; A is the lower bound and B is the upper

bound. The frame is thight if A = B, it is called a Parseval frame if A = B = 1.

If we only have the upper bound, We call {fi}i∈I a Bessel sequence. If {fi}i∈I
is a Bessel sequence then the following operators are bounded:

T : l2(I) 7−→ H,

T (ci) =
∑
i∈I

cifi

T ∗ : H 7−→ l2(I),

T ∗f = {〈f, fi〉}i∈I

S : H 7−→ H,

Sf = TT ∗f =
∑
i∈I
〈f, fi〉fi.
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(C,C′)-Controlled g-Fusion Frames in Hilbert Spaces 181

These operators are called synthesis operator; analysis operator and frame

operator, respectively. The representation space employed in this setting is

l2(I) =
{
{ci}i∈I : ci ∈ C,

∑
i∈I
‖ci‖2 <∞

}
.

Definition 2.2. Let W := {Wi}i∈I be a family of closed subspaces of H,

{vi}i∈I be a family of weights i.e. vi > 0 for all i ∈ I and Λi ∈ B(H,Hi).

We say Λ := (Wi,Λi, vi) is a g-fusion frame for H if there exist constants

0 < A ≤ B <∞ such that for all f ∈ H

A ‖f‖2 ≤
∑
i∈I

v2
i ‖ΛiπWi

f‖2 ≤ B‖f‖2.

We call Λ a Parseval g-fusion frame if A = B = 1. When the right hand of

above inequality holds, Λ is called a g-fusion Bessel sequence for H with bound

B. We define the space

H2 := (
∑
j∈J

⊕
Hj)l2

by:

H2 =
{
{fj}j∈J : fj ∈ Hj ,

∑
j∈J
‖fj‖2 <∞

}
.

with the inner product defined by

〈{fj}, {gj}〉 =
∑
j∈J
〈fj , gj〉.

It is clear that H2 is a Hilbert space with pointwise operations. Suppose that

Λ be a g-fusion frame for H. Then The synthesis and analysis operator are

denoted by (for more details refer to [13])

TΛ′ :H2 −→ H,

TΛ′({fj}j∈J) =
∑
j∈J

vjπWj
Λ∗jfj

and

T ∗Λ′ : H −→H2,

T ∗Λ′f :{vjΛjπWjf}j∈J.

Now, the g-fusion frame operator is defined by

SΛ′ : H −→ H,

SΛ′f =
∑
j∈J

v2
jπWj

Λ∗jΛjπWj
f.

and

〈SΛ′f, f〉 =
∑
j∈J

v2
j

∥∥ΛjπWjf
∥∥2
.
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Therefore

AI ≤ SΛ′ ≤ BI.

This means that SΛ′ is a bounded, positive and invertible operator . So, we

have the reconstruction formula for any f ∈ H:

f =
∑
j∈J

v2
jπWj

Λ∗jΛjπWj
S−1

Λ′ f =
∑
j∈J

v2
jS
−1
Λ′ πWj

Λ∗jΛjπWj
f.

Lemma 2.3. ([13]) Λ is a g-fusion frame for H if and only if the operator

SΛ′ : f −→
∑
j∈J

v2
jπWj

Λ∗jΛjπWj
f

is a well-defined, bounded and surjective.

Lemma 2.4. ([1]) Let u : H → H be a linear operator. Then the following

statements are equivalent:

(1) for some 0 < A ≤ B <∞ we get AI ≤ u ≤ BI, ;

(2) u is positive and A ‖f‖2 ≤
∥∥∥u 1

2 f
∥∥∥2

≤ B ‖f‖ , for some 0 < A ≤ B <

∞;

(3) u ∈ GL+(H).

Definition 2.5. A sequence Λ = {Λi ∈ B(H,Hi) : i ∈ I} is called generalized

frame, or simply a g-frame, for H with respect to {Hi : i ∈ I} if there exist

constantsA > 0 and B < 0 such that for all f ∈ H

A ‖f‖2 ≤
∑
i∈I
‖Λif‖2 ≤ B ‖f‖2 .

The numbers A and B are called g-frame bounds. Λ = {Λi ∈ B(H,Hi) : i ∈ I}
is called tight g-frame if A = B and Parseval g-frame if A = B = 1. If

the second part of the above inequality holds , the sequence is called g-Bessel

sequence.

Definition 2.6. Let C,C ′ ∈ GL+(H). The family Λ = {Λi ∈ B(H,Hi) : i ∈ I}
will be called a (C,C ′)-controlled g-frame for H, if Λ is a g-Bessel sequence and

there exist constants A > 0 and B < 0 such that for all f ∈ H

A ‖f‖2 ≤
∑
i∈I
〈ΛiC

′f,ΛiCf〉 ≤ B ‖f‖2 .

A and B will be called controlled frame bounds . If the second part of the

above inequality holds, it will be called (C,C ′)-controlled g-Bessel sequence

with bound B.
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(C,C′)-Controlled g-Fusion Frames in Hilbert Spaces 183

3. (C,C ′)-Controlled g-Fusion Frames

Definition 3.1. Let W := {Wi}i∈I be a family of closed subspaces of H and

{vi}i∈I be a family of weights i.e. vi > 0 for all i ∈ I. Let {Hi}i∈I be a sequence

of Hilbert spaces, C,C ′ ∈ GL(H) and Λi ∈ B(H,Hi). ΛCC′ := (Wi,Λi, vi) is a

(C,C ′)-controlled g-fusion frame (briefly CC ′-GF) for H if there exist constants

0 < A ≤ B <∞ such that for all f ∈ H

A ‖f‖2 ≤
∑
i∈I

v2
i 〈ΛiπWiC

′f,ΛiπWiCf〉 ≤ B ‖f‖
2
.

We call ΛCC′ is a Parseval CC ′-GF if A = B = 1. If only the second

Inequality is required, We call ΛCC′ is a (C,C ′)-Controlled Bessel g-fusion

sequence (briefly CC ′-GBS) with bound B.

If we assume ΛCC′ is a CC ′-GF for H and C∗πWiΛ
∗
i ΛiπWiC

′ is a posi-

tive operator for each i ∈ I, then C∗πWi
Λ∗i ΛiπWi

C ′ = C ′∗πWi
Λ∗i ΛiπWi

C and

therefore

A ‖f‖2 ≤
∑
i∈I

v2
i

∥∥∥(C∗πWi
Λ∗i ΛiπWi

C ′)1/2f
∥∥∥2

≤ B ‖f‖2 .

Let

K2
Λj

:= {vi(C∗πWi
Λ∗i ΛiπWi

C ′)
1
2 f : f ∈ H} ⊂ (

⊕
i∈I

H)l2 .

It is easy to check that K2
Λj

is a closed subspace. We can define the controlled

analysis operator T ∗Λ by

T ∗Λ : H → K2
Λj
,

T ∗Λf = {vi(C∗πWi
Λ∗i ΛiπWi

C ′)
1
2 f}i∈I.

It is easy to check that the controlled analysis operator is bounded linear op-

erator. Thus, TΛ := (T ∗Λ)∗ is well-defined and bounded and the controlled

synthesis operator TΛ can be defined by

TΛ :K2
Λj
→ H,

TΛ

(
vi(C

∗πWi
Λ∗i ΛiπWi

C ′)
1
2 f
)

=
∑
i∈I

v2
iC
∗πWi

Λ∗i ΛiπWi
C ′f.

Now, we can define the CC ′-GF operator SCC′ on H by

SCC′f := TΛT
∗
Λf =

∑
i∈I

v2
iC
∗πWiΛ

∗
i ΛiπWiC

′f.

We can write for each f ∈ H

〈SCC′f, f〉 =
∑
i∈I

v2
i 〈C∗πWiΛ

∗
i ΛiπWiC

′f, f〉

=
∑
i∈I

v2
i 〈ΛiπWiC

′f,ΛiπWiCf〉,

 [
 D

O
I:

 1
0.

52
54

7/
ijm

si
.1

8.
1.

17
9 

] 
 [

 D
ow

nl
oa

de
d 

fr
om

 ij
m

si
.ir

 o
n 

20
26

-0
2-

08
 ]

 

                             5 / 13

http://dx.doi.org/10.52547/ijmsi.18.1.179
http://ijmsi.ir/article-1-1533-fa.html


184 H. Shakoory, R. Ahmadi, Gh. Rahimlou, V. Sadri

therefore, we get

AIdH ≤ SCC′ ≤ BIdH .

Theorem 3.2. ΛCC′ be a CC ′-GBS for H with bound B if and only if the

operator

TΛ :K2
Λj
→ H,

TΛ(vi(C
∗πWi

Λ∗i ΛiπWi
C ′)

1
2 f) =

∑
i∈I

v2
iC
∗πWiΛ

∗
i ΛiπWiC

′f.

is well -defined and bounded operator with ‖TΛ‖ ≤
√
B.

Proof. The necessary condition follows from the definition of CC ′-GBS. We

only need to prove that the sufficient condition holds. Let TΛ be well-defined

and bounded operator with ‖TΛ‖ ≤
√
B. For any f ∈ H , we have∑

i∈I
v2
i 〈ΛiπWi

C ′f,ΛiπWi
Cf〉 =

∑
i∈I

v2
i 〈C∗πWi

Λ∗i ΛiπWi
C ′f, f〉

= 〈TΛ

(
vi(C

∗πWi
Λ∗i ΛiπWi

C ′)
1
2 f
)
, f〉

≤ ‖TΛ‖
∥∥∥(vi(C

∗πWiΛ
∗
i ΛiπWiC

′)
1
2 f
∥∥∥ ‖f‖ .

But ∥∥∥(vi(C
∗πWiΛ

∗
i ΛiπWiC

′)
1
2 f
∥∥∥2

=
∑
i∈I

v2
i 〈ΛiπWiC

′f,ΛiπWiCf〉.

It follows that ∑
i∈I

v2
i 〈ΛiπWi

C ′f,ΛiπWi
Cf〉 ≤ B ‖f‖2

and this means that ΛCC′ is a CC ′-GBS for H. �

Theorem 3.3. Let C ∈ GL+(H). Λ := (Wi,Λi, vi) is a g-fusion frame for H

if and only if Λ is a CC-GF.

Proof. Suppose that Λ is a CC-GF with Bounds A and B for H. for each

f ∈ H, we obtain

A ‖f‖2 = A
∥∥CC−1f

∥∥2

≤ A ‖C‖2 .
∥∥C−1f

∥∥2

≤ ‖C‖2
∑
i∈I

v2
i

∥∥ΛiπWiCC
−1f

∥∥2

= ‖C‖2
∑
i∈I

v2
i ‖ΛiπWif‖

2
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Hence

A ‖C‖−2 ‖f‖2 ≤
∑
i∈I

v2
i ‖ΛiπWi

f‖2 .

On the other hand, for any f ∈ H, we have∑
i∈I

v2
i ‖ΛiπWi

f‖2 =
∑
i∈I

v2
i

∥∥ΛiπWi
CC−1f

∥∥2

≤ B
∥∥C−1f

∥∥2

≤ B
∥∥C−1

∥∥2
. ‖f‖2

Thus, Λ is a g-fusion frame for H with bounds A ‖C‖−2
,B
∥∥C−1

∥∥2
.

Conversely, assume that Λ is a g-fusion frame for H with bounds A,B. Then,

for each f ∈ H we get∑
i∈I

v2
i 〈ΛiπWi

Cf,ΛiπWi
Cf〉 =

∑
i∈I

v2
i ‖ΛiπWi

Cf‖2 ≤ B ‖C‖2 ‖f‖2 .

For the lower bound, we can write for any f ∈ H,

A ‖f‖2 = A
∥∥C−1Cf

∥∥2

≤ A
∥∥C−1

∥∥2 ‖Cf‖2

≤
∥∥C−1

∥∥2∑
i∈I

v2
i ‖ΛiπWiCf‖

2
.

Therefore, Λ is a CC-GF for H with bounds A
∥∥C−1

∥∥−2
, B
∥∥C−1

∥∥−2
. �

Theorem 3.4. Let ΛCC′ be a CC ′-GF for H with bounds A,B. Then, ΛCC′

is a g-fusion frame for H. Furthermore, if SΛ′ is its g-fusion frame operator,

then C−1SΛ′C
′ = C ′∗SΛ′C.

Proof. We define

S :H −→ H,

Sf :=C∗
−1

SCC′C
′−1

(f) =
∑
i∈I

v2
i πWi

Λ∗i ΛiπWi
f.

It is easy to check that S is well-defined. Let f ∈ H , since GL(H) is a

C∗-subalgebra in B(H), so (C∗)−1 = (C−1)∗, we have

‖S‖ = sup
‖g‖=1

‖Sg‖ ≤ B
∥∥C−1

∥∥ ‖C ′‖ ,
so, S is bounded and∑

i∈I
v2
i ‖ΛiπWif‖

2
= ‖〈Sf, f〉‖ ≤ B

∥∥C−1
∥∥ ‖C ′‖ ‖f‖2 .
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Let g ∈ H and define f := C ′S−1
CC′C

−1g. Then S is surjective and by Lemma

2.3, ΛCC′ is a g-fusion frame in H and its g-fusion frame operator is SΛ′ := S.

So, we get

C−1SΛ′C
′ = SCC′ = S∗CC′ = C ′∗SΛ′C.

�

Theorem 3.5. Let ΛCC′ = (Wi,Λi, vi) and ΘCC′ = (Wi,Θi, vi) be two CC ′-

BGF for H with bounds B1 and B2, respectively. Suppose that TΛ and TΘ be

their controlled analysis operators such that TΘT
∗
Λ = IdH . Then , both ΛCC′

and ΘCC′ are CC ′-GF for H.

Proof. For each f ∈ H, we have

‖f‖4 = 〈f, f〉2

= 〈T ∗Λf, T ∗Θf〉2

≤ ‖T ∗Λf‖
2
. ‖T ∗Θf‖

2

=
(∑

i∈I
v2
i 〈ΛiπWi

C ′f,ΛiπWi
Cf〉

)(∑
i∈I

v2
i 〈ΘiπWi

C ′f,ΘiπWi
Cf〉

)
≤
(∑

i∈I
v2
i 〈ΛiπWiC

′f,ΛiπWiCf〉
)
B2 ‖f‖2 .

Thus

B−1
2 ‖f‖

2 ≤
∑
i∈I

v2
i 〈ΛiπWi

C ′f,ΛiπWi
Cf〉,

and ΛCC′ is a CC ′-GF for H. Similarly ,ΘCC′ is a CC ′-GF with the lower

bound B−1
1 �

Theorem 3.6. Let Λ = (Wi,Λi, vi) be a g-fusion frame for H. Then ΛCC′ is

a Parseval CC ′-GF for H if and only if There exist a operator L : H → H

such that C = UL−q and C ′ = V L−p, where U, V are two operators on H such

that V U∗ = IdH and p, q ∈ R, p+ q = 1.

Proof. Let ΛCC′ be a Parseval CC ′-GF for H. So SCC′ = IdH . Therefore , for

each pairs of real numbers p, q such that p+ q = 1, we obtain

IdH = SCC′ = C ′LC∗ = C ′LpLqC∗.

We define V := C ′Lp and U := CLq. So

V U∗ = C ′LpLqC∗ = C ′LC∗ = SCC′ = IdH .

Conversely, Let V,U be two operators on H such that V U∗ = IdH . We define

C := UL−q and C ′ := V L−p be two operators on H where p, q ∈ R and

p+ q = 1. So for any f ∈ H:

f = C ′LC∗(f) =
∑
i∈I

v2
iC
∗πWi

Λ∗i ΛiπWi
C ′f
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Therefore , ΛCC′ is a parseval CC ′-GF for H. �

As a special case of this theorem we have the following well-known result

which is the most basic result for generating a Parseval frame. See Lemma 1.7

in [3].

4. Q-Duality and Perturbation of (C,C ′)-Controlled g-fusion

frame

This section is devoted to studying the behavior of the canonical dual of a

g-fusion frame under perturbations. We consider perturbations of CC ′-GF in

analogy to the perturbations in [7] for frames, Also Q-duals are useful tools for

establishing reconstruction formula. For more information we refer the reader

to [6, 7].

Definition 4.1. Assume that ΛCC′ = (Wi,Λi, vi) be a CC ′-GF for H. We call

a CC ′-GBS as ΘCC′ := (Wi,Θi, vi) the Q-dual CC ′-GF of ΛCC′ , if there exist

a bounded linear operator Q : K2
Λj
−→ K2

Θj
such that:

TΛQ
∗T ∗Θ = C.

Lemma 4.2. Let Λcc′ = (Wi,Λi, vi) and Θcc′ = (Wi,Θi, vi) be CC ′-GBS for

H, and Let Q : K2
Λj
−→ K2

Θj
, Then the following conditions are equivalent.

(1) TΘQT
∗
Λ = C;

(2) TΛQ
∗T ∗Θ = C∗;

(3) 〈Cf, g〉 = 〈QT ∗Λf, T ∗Θg〉 = 〈Q∗T ∗Θf, T ∗Λg〉.

Proof. Straightforward. �

Theorem 4.3. If ΘCC′ be a Q-dual for ΛCC′ , Then ΘCC′ is a CC ′-GF for

H.

Proof. Let f ∈ H and B an upper bound for ΛCC′ . Therefore

‖f‖4 = ‖〈f, f〉‖2

=
∥∥〈f, C∗(C∗)−1f〉

∥∥2

=
∥∥〈TΛQ

∗T ∗Θf, (C
∗)−1f〉

∥∥2

=
∥∥〈T ∗Θf,QT ∗Λ(C∗)−1f〉

∥∥2

≤ ‖T ∗Θf‖
2 ‖Q‖2

∥∥T ∗Λ(C∗)−1f
∥∥2

≤ ‖T ∗Θf‖
2 ‖Q‖2B

∥∥C−1
∥∥2 ‖f‖2

= ‖Q‖2B
∥∥C−1

∥∥2 ‖f‖2
∑
i∈I

v2
i 〈ΘiπWi

C ′f,ΘiπWi
Cf〉.
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Hence

B−1 ‖Q‖−2 ∥∥C−1
∥∥−2 ‖f‖2 ≤

∑
i∈I

v2
i 〈ΘiπWi

C ′f,ΘiπWi
Cf〉

and this completes the proof. �

Corollary 4.4. Assume Cop and Dop are the optimal bounds of ΘCC′ , respec-

tively. Then

Cop ≥ B−1
op ‖Q‖

−2 ∥∥C−1
∥∥−2

and Dop ≥ A−1
op ‖Q‖

−2 ∥∥C−1
∥∥−2

,

which Aop and Bop are the optimal bounds of ΛCC′K , respectively.

Suppose that ΛC be a C2-GF for H. Since SC ≥ AC , then by Douglas

theorem, [4], there exists an operator U ∈ B
(
H,K 2

Λj
) such that

TCU = IH . (4.1)

Now, we define the j-th component of Uf by Ujf = (Uf)j for each f ∈ H. By

this operator, we may construct some Q-duals C2-GF for ΛC .

Theorem 4.5. Let ΛC be a C2-GF for H. If U be an operator as in (4.1) and

W̃i := U∗i C
∗Wi such that ΘC := (W̃i,Λi, vi) is a C2-GF for H. Then Θ is a

Q-dual C2-GF for ΛC .

Proof. Define the mapping

Ψ0 : R(T ∗Θ)→ K 2
Λj
,

Ψ0(T ∗Θf) = UCf.

Then Ψ0 is well-defined. indeed, if f1, f2 ∈ H and T ∗Θf1 = T ∗Θf2, then

π
W̃i

Λ∗i ΛiπW̃i
C(f1 − f2) = 0. Therefore, for any i ∈ I,

Λ∗i ΛiπW̃i
C(f1 − f2) ∈ (W̃i)

⊥ = R(U∗i )⊥ = kerUi.

Thus,

UiΛ
∗
i ΛiπW̃i

C(f1 − f2) = 0,

and so, C(f1 − f2) ∈ π
W̃i

. Hence UiCf1 = UiCf2, for all i ∈ I. Moreover

‖Ψ0‖ = sup
f 6=0

‖Ψ0f‖
T ∗Θf

≤ sup
f 6=0

‖UCf‖√
AΘ ‖f‖

=
‖U‖ ‖C‖√

AΘ

<∞,

where, AΘ is a lower frame bound of ΘC . Therefore, Ψ0 is a bounded operator.

So, it has a unique linear extension (also denoted Ψ0) to R(T ∗Θ). Define

Ψ =

{
Ψ0, on R(T ∗Θ),

0, on R(T ∗Θ)
⊥
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and let Q := Ψ∗. This implies that Q∗ ∈ B(K 2
Θ ,K

2
Λj

) and

TCQ
∗T ∗Θ = TCΨT ∗Θ = TCUC = C.

�

Definition 4.6. Let ΛCC′ = (Wi,Λi, vi) and ΘCC′ = (Wi,Θi, vi) be two CC ′-
GBS for H and 0 ≤ λ1, λ2 < 1. Let a sequence of positive numbers {ci}i∈I
such that β := {ci}i∈I ∈ l2(I). If∥∥∥vi(C∗πWiΛ

∗
i ΛiπWiC

′ − C∗πWiΘ
∗
i ΘiπWiC

′)
1
2 f

∥∥∥
2
≤ λ1

∥∥∥vi(C∗πWiΛ
∗
i ΛiπWiC

′)
1
2 f

∥∥∥
2

+ λ2

∥∥∥vi(C∗πWiΘ
∗
i ΘiπWiC

′)
1
2 f

∥∥∥
2

+ ‖β‖2 ‖f‖

Then we say that ΘCC′ is a (λ1, λ2, β, C,C
′)-perturbation of ΛCC′ .

Theorem 4.7. Let ΛCC′ be a CC ′-GF for H with frame bounds A,B and

ΘCC′ be a (λ1, λ2, β, C,C
′)-perturbation of ΛCC′ . Then ΘCC′ is a CC ′-GF for

H with bounds:

(
(1− λ1)

√
A− ‖β‖2

1 + λ2
)2 , (

(1 + λ1)
√
B + ‖β‖2

1− λ2
)2

Proof. Let f ∈ H, We have∥∥∥vi(C∗πWiΘ
∗
i ΘiπWiC

′)
1
2 f

∥∥∥
2

= ‖vi(C∗πWiΘ
∗
i ΘiπWiC

′ − C∗πWiΛ
∗
i ΛiπWiC

′)
1
2 f + vi(C

∗πWiΛ
∗
i ΛiπWiC

′)
1
2 f‖2

≤ ‖vi(C∗πWiΘ
∗
i ΘiπWiC

′ − C∗πWiΛ
∗
i ΛiπWic

′)
1
2 f‖+ ‖vi(C∗πwiΛ

∗
i ΛiπWic

′)
1
2 f‖2

≤ λ1

∥∥vi(C∗πWiΛ
∗
i ΛiπWiC

′f
∥∥ + λ2

∥∥∥vi(C∗πwiΘ
∗
i Θiπ

∼
Wi
C′)

1
2 f

∥∥∥
+ ‖β‖2 ‖f‖+

∥∥∥vi(C∗πWiΛ
∗
i ΛiπWiC

′)
1
2 f

∥∥∥
2
.

Hence,

(1− λ2)
∥∥∥(vi(CπWiΘ

∗
i ΘiπWiC

′)
1
2 f
∥∥∥

2

≤ (1 + λ1)
∥∥∥vi(CπWiΛ

∗
i ΛiπwiC

′)
1
2 f
∥∥∥

2
+ ‖β‖2 ‖f‖ .

Since ΛCC′ is a CC ′-GF with bounds A,B and analysis operator T ∗Λ and syn-

thesis operator TΛ , we have

〈
∑
i∈I

v2
iC
∗πWiΛ

∗
i ΛiπWiC

′f, f〉 = 〈SCC′f, f〉 = 〈TΛT
∗
Λf, f〉 = 〈T ∗Λf, T ∗Λf〉

thus,

‖T ∗Λf‖
2

=
∑
i∈I

v2
i 〈ΛiπWiC

′f,ΛiπWiCf〉 ≤ B ‖f‖
2
.
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So∥∥∥vi(C∗πWiΘ
∗
i ΘiπWiC

′)
1
2 f

∥∥∥
2
≤

(1 + λ1)
∥∥∥vi(C∗πWiΛ

∗
i ΛiπWiC

′)
1
2 f

∥∥∥ + ‖β‖2 ‖f‖

1− λ2

≤
(
(1 + λ1)

√
B ‖f‖+ ‖β‖2 ‖f‖

)
1− λ2

.

Now, for the lower bound, we have∥∥∥vi(C∗πWiΘ
∗
i ΘiπWiC

′)
1
2 f

∥∥∥
2

= ‖vi(C∗πWiΛ
∗
i ΛiπWiC

′)
1
2 f − vi(C∗πWiΛ

∗
i ΛiπWiC

′ − C∗πWiΘ
∗
i ΘiπWiC

′)
1
2 f‖2

≥ ‖vi(C∗πWiΛ
∗
i ΛiπWiC

′)
1
2 f‖2 − ‖vi(C∗πWiΘ

∗
i ΘiπWiC

′ − C∗πWiΘ
∗
i ΘiπWiC

′)
1
2 f‖2

≥ ‖vi(C∗πWiΛ
∗
i ΛiπWiC

′)
1
2 f‖2 − λ1‖vi(C∗πWiΛ

∗
i ΛiπWiC

′)
1
2 f‖2

− λ2‖vi(C∗πWiΘ
∗
i ΘiπWiC

′)
1
2 f‖2 − ‖β‖2 ‖f‖.

Therefore

(1 + λ2)‖vi(C∗πWi
Θ∗i ΘiπWi

C ′)
1
2 f‖2

≥ (1− λ1)‖vi(C∗πWiΛ
∗
i ΛiπWiC

′)
1
2 f‖2 − ‖β‖2‖f‖,

or

‖vi(C∗πWiΘ
∗
i ΘiπWiC

′)
1
2 f‖2 ≥

(1− λ1)‖vi(C∗πWiΛ
∗
i ΛiπWiC

′)f‖ − ‖β‖2‖f‖
1 + λ2

.

Since Λcc′ is a CC ′-GF with bounds A,B and analysis operator T ∗Λ ,we have

‖T ∗Λf‖2 = ‖vi(C∗πWi
Λ∗i ΛiπWi

C ′)
1
2 f‖2 =

∑
i∈I

v2
i 〈ΛiπWi

C ′f,ΛiπWi
Cf〉 ≥ A‖f‖2.

Thus

‖vi(C∗πWiΘ
∗
i ΘiπWiC

′)
1
2 f‖2 ≥

(1− λ1)
√
A‖f‖ − ‖β‖2‖f‖
1 + λ2

and the proof is completed. �
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