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ABSTRACT. Our principal interest in this paper is to study higher or-
der degenerate Hermite-Bernoulli polynomials arising from multivariate
p-adic invariant integrals on Z,. We give interesting identities and prop-
erties of these polynomials that are derived using the generating functions
and p-adic integral equations. Several familiar and new results are shown

to follow as special cases. Some symmetry identities are also established.
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1. INTRODUCTION
For a fixed number p (odd and prime), we consider the following notations:

Z,, — ring of p-adic integers.
Q, — field of p-adic rational numbers.
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C, — completion of algebraic closure of Q,.
And let
H:{A,tecp|w|p<p%}. (1.1)
Let v, be the normalized exponential valuation of C, with [ p |, = p () =
%. Suppose UD(Z,,) be the space of all uniformly differentiable functions on
Zy, then f is said to be uniformly differentiable function at a point a € Z,, if
the difference quotient

u—w
has a limit [ = f'(a) as (u,w) — (a,a), (see [13, 18]). We begin with the
Riemann sums for f given by the expression

1 . N

% 2. f)= Y fu(i+pVZy); (NeN), (12)

p 0<i<pWN 0<i<p¥N

which converges to a limit in Z,, denoted by

/Z F(w)dpo(y). (see [2]).

In (1.2),  denotes the p-adic Haar measure defined as:

Definition 1.1. (see [24]) Let B(Q,) be the o-algebra generated by the family
of open subsets of (Q,). A Haar measure on (Q,) is a measure defined by
B(Q,) with the following properties.

(0). p # 0,

(7). p(K) < oo for all compact subset K of (Q,),

(133). pla + M) = u(M) for all a € Q, and all M € B(Q,).

For f € UD(Z,), the p-adic invariant integral on Z, is defined as (see [6,
7, 9-21)):

pN -1
W)= [ Fwdm) = Jim 3 10 (13)
If f,(y) = f(y + n), then for n = 1, from (1.3), we get:
Io(fr) = Io(f) + £ (0), (see [13, 15]). (1.4)

Here, f'(0) refers to the differential coefficient %f(y) at y = 0 and f; =
fly+1).

Bernoulli polynomials, named after Jacob Bernoulli, occur as a fundamental
study for several special functions in mathematics. The exponential generating
function for Bernoulli polynomials [1-23] is given as

<ett—1)em;31(x>i- (1.5)
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Using Taylor’s formula for polynomials, we conclude that

l

Bi(z+y)= > ( i{: ) B;_x(y)z*, which on substituting y = 0 gives Bernoulli

k=0

polynomials as a sequence of Bernoulli numbers:

l

By(z) =) ( L ) Bi_pa®.

k=0

(1.6)

Several generalized members belonging to the family of Bernoulli polynomials

are well defined by many authors. For Example see Table 1:

S.No. | Members of Bernoulli polynomials Generating function and series definition
T =
1 Degenerate Bernoulli polynomials [23] M(l +A)X = Z Bl(m\)\)%
(I428) X —1 i
2 Higher order Bernoulli polynomials[15, 17] (et%)m evt E B(m)( )%
3 Higher order Degenerate Bernoulli polynomials [14] (M) (14 Xt) X = Z B (x|)\)4
QAN —1 n=0 "
a—1 .
) ) ) t ’Z:O x(i)e't ) .
4 Generalized Bernoulli polynomials [11] L_edTeM = l§) B x (@)
5 G i i ; log(1426) 3 % = !
eneralized Degenerate Bernoulli polynomials [11] Qo1 Z x(@)(1+ )\t) = > Biax(@)
1+t -1 ;=0 1=0
6 Carlitz’s type Bernoulli polynomials [4, 19] —t . (14X = Z Bi(z, /\)%
A2 —1 =
7 g-Bernoulli polynomials [3, 21] t[;ltoglq Z By q(x )%
1=0

TABLE 1. Some generalized members of Bernoulli polynomials.

Note that, for 2 = 0 in the generating functions (1-7, cf. Table 1), the cor-
responding Bernoulli numbers are obtained, (see [1-23]).

Applying (1.4) with f(z) = e(**¥9)? we get the p-adic integral representation
of the generating function for the Bernoulli polynomials By, (z) defined by Kim

[10-18]:
| ettty = et - S Ba() (1.7)
Z, el —1 o " 'I’l!7
where B,, = B, (0) are the Bernoulli numbers.

The degenerate Bernoulli polynomials By, (x|\) are defined in [10, 19] as:

D

/ (1A " dpuoly) =
Z

log(1 + At)*
(14 X)x —1

(14+Xt)x = ZB;(J:\)\)%, (t € H) (1.8)
1=0 ’
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One must remember that these degenerate Bernoulli polynomials B, (z|\) are
different from the Carlitz’s degenerate Bernoulli polynomials Bn(z|X). Indeed,

t
(14 Xt)> —1

with £;(A\) = 5;(0|\), However,
lim B, (2l3) = lim 4, (al) = B, (x).

(1+ )5 = Zﬁl :1:|)\ ik (see[4]) (1.9)

where B, (x) are ordinary Bernoulli polynomials.
Now, comparing (1.8) and (1.9), we have

- P log(1+ M) !
> Bian = OO S g b (1.10)
1=0 ) 1=0 ’

For m € N, we note that (see [12, 17]):

ztz1+...+xTm
/ / (14 X)— = dpo (z1)dpo(x2)...dpo(xm)
———

m—times

og(1l+ At) " A > m) tt
1+ x5 =SB (25, 1.11
<1+/\txl> ; (%) i (L11)

where B(m)( |A) are the degenerate Bernoulli polynomials of order m and
(m) m)
B™(\) = B

0|A) are the degenerate Bernoulli numbers of order m.

The Stirling numbers of the first kind are defined as (see [21]):

(x)n = 1:[(:3 —-J) = 25’1(71,1)35l7 (n >0). (1.12)
§=0 1=0

In light of (1.12), the degenerate Stirling numbers of the first kind are defined
by Kim [17]:

Z)nr =Y S1(n, 1|\ (z)", (n>0). (1.13)
‘We observe that

oo 1
EASIER A s@+zi+ @)\ ek
At =§ A A
(14 At) 2 ( k )

00 k
1+ - +xm) t
=3 v (1.14)
P ( A b k!
tk

= Z(g;+g;1 dotan)(@rrF o, = AT T, — (k- 1)/\)k|
k=0
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tk
:Z($+$1 + - +an)kAk'

where the degenerate falling factorial sequence is defined as

{ 2z =N (x—(k=1DN); k>1

(@ = 1 L k=0

Thus, we indeed can write

k
(x+z1+ F Ty = Z Sy(k N (z + 21+ -+ 2), (see [13]). (1.15)
1=0
With the viewpoint of the deformed Bernoulli polynomials, the Daehee poly-
nomials Dy (x) (i > 0) of the first kind are defined as

log(1+1t)
/ (1+ )"t dpg(2y) = 09(74_
Z

D

(1+1t)° ZD —, (see [15]) (1.16).
For x =0, D,, = D,,(0) are called the Daehee numbers.

For r € N the Bernoulli polynomials of the second kind of order r are defined
by Jang et. al. [7]:

t " . t
(losﬂﬂ)) (1+t)" Zb( z) (1.17)

where b = bgf)(O) are the higher order Bernoulli numbers of the second kind.

In 2016, Khan [8] introduced the degenerate Hermite polynomials defined by
means of the following generating function

(14 X)L+ M)A = }:H (2,3 \)—. (1.18)

where for A — 0, H,(x, y; \) reduces to the 2-variable Kampe de Feriet Her-
mite polynomials H,(z,y) (read [1, 5]).

Very recently, Haroon and Khan [6] studied the p-adic integrals for the
degenerate Hermite Bernoulli polynomials g By, (z,y|\):

log(l—i-)\t)% z y
1+ At 1+ x?)3d 2 L (14 M) (14 MP)R
[ 00T A o) = PRI A0 (A
e l
=> uBi(z,y|N) o (1.19)
=0
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where, A\, t € H.

The current note is prepared with an objective to study higher order ver-
sions of degenerate Hermite Bernoulli polynomials uB™ (x,y|\) arising from
multivariate p-adic invariant integrals on Z,. In the upcomimg sections we
investigate the generating function and the p-adic integral expression for de-
generate Hermite Bernoulli polynomials of order m to establish some combina-
torial properties, explicit expressions and symmetry identities. The results are

new and contribute to a number of special cases.

2. HERMITE BASED DEGENERATE BERNOULLI POLYNOMIALS OF ORDER m
ARISING FROM p-ADIC INTEGRALS

The construction of p-adic measures is done mainly to integrate functions.
In this section, we derive the generating function for Hermite based degenerate
Bernoulli polynomials of order m by using the intimate connection of Bernoulli
numbers and polynomials with p-adic measures. We assume that A # 0 and
At e H.

We define the Hermite based degenerate Bernoulli polynomials of order m
in terms of multivariate p-adic invariant integrals on Z,, as:

/ / (14 A0 5 (1 ) dpg (). o ()
z, Jz,

m—times

log(1 + At)x " © ok ( "
=| ———7— 1 1 = m) —. 1
((umil L+ M)A+ ME =3 B D @)

n=0

Forz =y =0, yB{™ = yB{™ (0,0|\) are called the degenerate Hermite-
Bernoulli numbers of order m.

Theorem 2.1. For m > 1 and n > 0, we state

n—2k o
a B (x,yN) =Y Si(n— 26,41\ [y (@ + 21+ o 2w ) [T dpto(x:)
j=0 P
N~ (m) n!

(2.2)
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where

Flaertam) [ o) / / f@rt ) dpo(an) - duolen).

Zm =1
m—times

Proof. From (2.1)7 we observe

ZHB (x y|)\ / / 14+)¢t) S (1M X dpg (1) - - - dpso(zm)
Z,
(2.3)
e tn
= (1+ MH)> Z/ / (x+x1+ ...+ xm)ny,\duo(:cl)...duo(xm)ﬁ,
zZ z -

which on using (1.15), looks like

= (43R ZZSlnﬂ)\/ / T+x1 oot ) dppo (7). duo(mm)

n=0 j=0

(2.4)
o0 y kt2k m tn
— Z(X) ZZSlnﬂ/\/ (x+z1 4+ ... + ) l_Id,uOJcZ ]
k=0 k n=0 j=0 P i=1 s
(2.5)

From [15, 16], we know that
/ / (x+ 21+ o + @) "dpo(21)..dpto () = BI™ (), (2.6)

where B,Sm)(x) are the Bernoulli polynomials of order m. Therefore, from (2.5)
and (2.6), we get

Z g B™ (z y|)\ lz (%)z )\th:] Z Zsl(mﬂ)\)Bﬂ(‘m)@)%

i=0 n=0 j=0
(2.7)
Comparing the coefficients of % in (2.1), (2.5) and (2.7), we get the expected
result of the Theorem 2.1. d

Remark 2.2. Putting m = 1 in (2.2), we get the following result for degenerate
Hermite Bernoulli polynomials of order 1 [cf. 6(Theorem 1)].

Corollary 2.3. For n > 0, we have

n—2k
n!
) E()A"’HEjS Y L —
(z,y1A) 2 i n =2k ) B e o
Theorem 2.4. For m > 1 and n > 0, we state
ki TA LA ) ”
(m) — IE n—2r,\
n By (@, yA) =n m (n —2r)lr! Hduo zi)
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= S1(G+m,m) . m
Z( )% AP EHETCRTON (2.8)

Jj=0

where, i Slm)(a:, y|A) are called the Carlitz’s degenerate Hermite-Bernoulli poly-
nomials of order m.

Proof. Using (1.14) in the integral (2.1), we get

n

= Z/ (@421 4+ 2m), (14 M) X dpg(a1) - - dﬂo(mm)ﬁ'

:E+a:1 + "’+xm)n—27->\ n

=n! > ... .

- nz%?zo/ (n — 2r)!r! dpio(@1) d,uo(mm)n!.
(2.9)

Again from (2.1), we have

> tn log(1+ A% \ . y
3 wB (a,ylN) = (0g(+)> (14+ M5 (1+ M2)%
n.

n=0 (1+/\t)% -1
™l 1+)\t .
- <(1Ht — > ( 29/ ) (1+ )5 (1+ M2 %, (2.10)
We can write
<log (1+At) )m S1(j +m,m)jIN ¢
G+m)! v
Zsl t ) )i = (2.11)
Jj= J J:

By (1.10) and (2.11) we get

m S Sl(j+mvm) 7

ZHB ,Z/|>\ lz aB™ (@, 9|0 — ] ZWMF
n=0 j=0 J ’

(2.12)

Finally, we conclude the proof of our assertion by comparing the coefficients of

" in (2.9) and (2.12).

O
Theorem 2.5. Form > 1 and n > 0, we state
aBI™ (z,y|\) = Z( ; >)\“ =D 1B (2, y|N). (2.13)

Jj=0

where D;m) are the higher order Daehee numbers (see [20]).
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Proof. From (2.1), we have

o0

S wB (@ y|)\ / / (14 M) 752 (14 A82) Hdul Zm)

n=0
_ <log(1)\:- At)) ((1+,\;i - 1>m(1 F DR (14 M)XK,

By (1.16), we define

/Z / (14 A=t om o (@) - - - dpao ()

(loguﬂt ) ZDWW (m € N). (2.14)

Now by (2.14), we obtain

ZHB (@ [ZD ] > uf)" e, ymt—, :

which on using Cauchy product gives

oo . tn oo n . m t"
PSRV ED Db DI (e R A
n= n= 7=0

Comparing the coefficients of ¢ yields the asserted result in (2.13).
O

Remark 2.6. With an immediate substitution y = 0 in Theorems 2.1, 2.4 and
2.5, we get the formally proved result of Kim [15, (Theorem 1)].

Corollary 2.7. For n > 0, we have

n

[ @ttt anaduolon)edia(en) =30 () I8 @Dl

Jj=0

- z ( ) e A )

m

Theorem 2.8. Form > 1 and n > 0, we state

" - n m rT+x1+ ...+ Ty
ns e = Y () ) / (TR e Hduo =)

k=0

Z( )b(m AF g B (2, y|A). (2.15)
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Proof. From (2.1), we consider the expression

At " eHe to At Tm o\ Y
(1(%(14-)\15)) /Zp / (1+Af) * (L4 A7) > dpo(21)...dpio(wm)

(2.16)
(o " [leet )" . .
= (10g(1+)\t)) <(1+)\t)§1> (14 Xt)x (1 + At9)
_ <t>m(1+/\t)§(1—|—)\t2)§ :iHB(m)(x Z/M)ﬁ. (2.17)
e At)% - n=0 " ’ n!

By (1.17), we define

( S +At> Zb(m) ()" (2.18)

n=0

which is the A-analogue of higher order Bernoulli numbers bﬁf”) of the second
kind.

By (2.16) and (2.18), we get

ibm)\ktui/\n/ (:U+x1—|;\...+xm) (14 A2)% Hduoxl ]

k=0
(2.19)

[Z b(m)A’“t 1 [i w B (2, y|\)— 1 (2.20)

Now, comparing the coefficients of %, in (2.17), (2.19) and (2.20), we obtain
the required identities of the Theorem 2.8.
O

Remark 2.9. Replacing m = 1 in (2.15), we obtain the following corollary
[6(Theorem 2.8)].

Corollary 2.10. For n > 0, we have

Remark 2.11. Further replacement y = 0 in (2.15), gives the following identity
[16(Theorem 6)].
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Corollary 2.12. Let m > 1 and n > 0, then

B (na) =Y <Z)b§fj)k)\”’“/z /Z (21 + oo + 2| N pdpto (1) .. dpio (2.

k=0

Theorem 2.13. For m > 1 and n > 0, we state

n

aB e b w gy = ( ) (5) ol i

k=0 5=0

X/Z .../Zp (x1 4+ 22 + ...®m) jadpo(z1)...dpo (Tm), (2.21)

where Hy(x,y; \) are degenerate Hermite polynomials (cf. (1.18)).

Proof. In the integral identity (2.1), we replace z by x + w,

n

= t
> uBI (0 +w N
n=0

:/ / (1+A) ™= (e A Yo (1) dpio (o) (222)

= ((1+,\tt)i_1) (14 At)% (W) (1+ )% (1+ A%

[Z B (z|\) ] / / (L4 M) ™5 dpag (1) o (20
X [ZH’C(w’y;)\)Z'] )
k=0 ’
= [z{: JﬂA ] zz:ji: ( )JJk G\ y,A)

n=0 k=0 j5=0

k
X /m (x1+ ...+ xm)ij duo(xl)...duo(mm)i!l . (2.23)

An easy comparison of coefficients in (2.22) and (2.23) completes the proof.
O

Remark 2.14. Giving appropriate values to the parameters and the variables
n (2.1), we obtain certain known polynomials as special cases of degenerate
Hermite Bernoulli polynomials of order m. A systematic account of these spe-
cial cases are mentioned in Table 2.


http://dx.doi.org/10.52547/ijmsi.17.2.171
http://ijmsi.ir/article-1-1455-en.html

[ Downloaded from ijmsi.ir on 2025-08-23 ]

[ DOI: 10.52547/ijmsi.17.2.171]

182 W. A. Khan, H. Haroon

S.No. Values of Name of the
the parameters resultant
and variables polynomials

p-adic integral
and series representation
of the special cases

i m=1 Degenerate Hermite-Bernoulli

polynomials [6]

ii m=1,y=0 Degenerate Bernoulli

polynomials [15, 16]

iii y=20 Higher order Degenerate

Bernoulli polynomials [14, 19]

iv m=1,y =0, General Bernoulli
A—=0 polynomials[9]
v A—=0,y=0 Higher order Bernoulli

polynomials 18, 20]

vi m=1, A =1, Daehee polynomials [17]

vii A=1,y=0 Higher order Daehee

polynomials [20]

ERED!

Sz, 1+ X)) (1+ M%) R dpao (1)
= Z HBn(z7y‘/\)%

n=0

oty

Lo, L+ X) "5 dpo ()
= ¥ BN
n=0

otat o tem

fzpm(l +)‘t) B dﬂO(Il)"'dNO(Im)
=¥ BNy
n=0

n!

fzp et e dyg (2y)

o0 t"
= Bu(o)g;
n=0

Jz,m eletmttemt gy (21)...dpo (€m)

= 2 BV

Jo (L 7+ dpag (1)

- ZO Dy(2)

fzpm (L t)@tmtetem)dp(2y)...dpo (Tm)

= (M) 3t
= ZODn (z) 5
=

TABLE 2

3. SOME SYMMETRY IDENTITIES INVOLVING p-ADIC INTEGRALS FOR THE
DEGENERATE HERMITE-BERNOULLI POLYNOMIALS OF ORDER m

In this section, we consider the quotient of integrals T'(x) which on applying

(1.4) can be expressed as the generating function for the integer power sums

(cf. (3.4)). Further we establish symmetry identities involving these quotient
of integrals and the p-adic integral expression of the generating function for the
degenerate Hermite-Bernoulli polynomials of order m.

The sum of integer powers [22] Si(n), k € Ny is defined by

n
Se(n) =>_jF =0"+ 1%+ . +n",

Jj=0

where,
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‘We define

n

Sk(nIA) =Y (I (see [16]) (3-2)

7=0
where (z|\), = z(x — A)...(x — (n — 1)) is the generalized falling factorial
sequence for non-negative integer n.

We consider the quotient of integrals
Uy, L+ M) dpo(z) )
Jo (1 M) X dpg(z)  log(1+At)

T(z) =

J/

(1+ M) duo(z) — /Z (1+ )\t)iduo(l‘)]

Y

-1 . %) -1 k s
(1 X = - S —. .
Z + At)R Z[Z(A) /\]S! (3.3)
s=0 Lk=0 s

Thus, for b, b, € N, from (3.2) and (3.3) we obtain the identity

0202 [, (1+At)Xdpuo(z) (HM)MZ,

P

fZ 1 +)\t) ‘lhz wduo(x) (1 + )\t)

- 3 o i (th) see

- ,;)Sk (hl 1 bz> o (see [16]) (3.4)
where limy_,o Sk (I|X\) = Sk (1),

and

2 2
/ / (1+)\t)%(w1+<..+wr+hzz)(1+)\t2)h 5 Ydpo(x1)...dpo(xm)

_ (W) (L4 a0 B5e(1 4 ) B2y
14+ M)> —
0 l
= Z %(bzx bz )(h t) s (35)
& !

0
where, At € H such that | At | <p .

Theorem 3.1. For h,,h, € N and m > 1, the following symmetry identity

holds:
l I s .
> <s>hll“hiz <]) B™ o (027,0,%2)
j=0 '

s=0
<h1 - 1| > (m 1) (hly)
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l I ‘ ‘ s .
=S <s)b1hzl_5_1hf ) (j) B | (0,2.5,°2)

s=0 7=0
A
xS (02— 1= ) BU"Y (b,9). (3.6)
hl s 1oy
Proof. We start with the integral identity
112 z2
) fZ(m)(l_A,_)\t)th(m-Q-.A.-&—wm-‘rh;w)(l+)\t2)' 2 Zduo($1)-~-duo(9€m)
I (b1, h,) = —* ;
o Sy (1 At) 8% dpug ()
></ At O g (). dpag (), (3.7)
5

which upon using (1.4), gives

m ho 1212‘2
bllog(1+At)i> (14 M)™2 ) (1 4 \2) 25022
1

I(m) 15 z)\ = b 1
(b, 6:12) <(1+A)“ b.b,log(l 4+ At)>

( 1) ((1+/\t)

-1).
(1+At)®
It is clear that 7(™(h,,h,|\) is symmetric in b, and b,.

Now, using (3.4) and (3.5) together with the symmetry of 1™ (f,, h,|\), we
get

1™ (5, 5,[\) =

ZHB ! (:2,5.°2) hltl] is (hl— )h‘jtj

4!

(m 1) hzsts i
ZB (h29) 2% ].hl

00 l s
10 (b, 50 = S Z(i)hlZ—s—lhstG)H l(s) (0., h.22)
=0

l

x5 (0~ 1122 ) B 0un)] - (3.9)

Similarly, (3.7) can also be written as

1=0 |s=0 §=0

fe’e) 1 I s .
1) (6,0 = 3 [Z <S)bzl_s‘1bf 3 (j)ﬁfghmhlx, h,22)

l

A (m—1) 13
x5 (0~ 112 ) B S (0.)] - (39
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Comparing the coefficients of £ 71 in (3.8) and (3.9), we obtain the required
symmetry identity.
([l

Theorem 3.2. For b,,h, € N and m > 1, the following symmetry identity
holds:

n h,—1
3 (7) b, ~1p," zBiml i () 3 HB;:Q (hzaz+ Zil h223>

1=0 i=0 *

n ho—1
=> (l)bzl 'p," !B %) (hay) Y HBZ(:;) <hlx+ 2%’ hfz) (3.10)
=0 i—0 5

2

Proof. We begin with

b log(1 + At) " D102 (i) 9y 8128,2
15 —_— 1+ At) > Y1+ Mt X
™ (01,20 = <(1+)\t) 1) ( ) (1+ A7)

m—1
LA™ 1 (hzlog(1+)\t)i> 1

(1+/\t)hT —1\ 1+ M)% 1 b
m
log(1 + At I
b, log(1 + Los T A 03 (1+ M) ™52 (1 4 Ag2) B2
hl (1+ )3 -1
bl bolog(1+ 26\ b
x>« (14 At) % 2 1og RV (14 At) ™5™
P (14 M)% —1
1 by log(1 + At)> —~ i +)\t2)hl 022 o
b \ (1 +A)S —1
log(1 4 At)>
bzlog(1 £ at) " P k (1+At)" ‘
1+ )% —1

h:—1 o o) b ltl
[Z ZHBI A <b1x+m.7hz >hl “]

i=0 [=0

X

>
n=0
10 (b, b, \) = Z

bl_l
DI (bzm 2?;!;32)

1

B ml)(hly)bznt]

A
ngy n!

Z( >hll‘1hz" ‘B 2 (0,)

t’n.
m.

(3.11)
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Likewise, we get

IM (B, b, N) = Z l (7>hzllb1” lBiml 12 (5,1)
=0

b1
n=

t’n.

— (3.12)

h,—1 h
X ; uB™ <b1x+ hli hl22>

7hz

Comparing the coefficients of t—, (3.11) and (3.12), we obtain the required
symmetry identity.
(]

Remark 3.3. On putting Z = 0 in (3.6) and (3.10), the following results in-
volving degenerate Bernoulli polynomials are deduced (see [16]).

Corollary 3.4. For b,,h, € N, n >0 and m > 1, one has

n

j j ! m A m
S ()03 (1) B s (0, 1) B ()
=0 M k=0 ’ 2
n ) I ; " A .
- ;O (?)hzn-]_u;lﬁ I;O @ B s (0:2)S (hl - 1|bl> B;ik’%(hzy).
(3.13)

and
n

Z( )bll 2B () Z B ( z+zz>

=0

n h,—1 f)
=> l)hz”bl” "B 13 (hy) > B ”hi <hlx+ o ) (3.14)
= =0 z

0
Remark 3.5. On taking m = 1, in (3.6) and (3.10), we have the following corol-
lary.

Corollary 3.6. For b,,h, € N, we have

(0 Qs s

=0

<.

A
X Sk <[’)l — 1|bz> Bj_kyﬁ(bly)

n 7 .
= Z (?) bzn_j_lhlj Z (i: uB —j %(hlxa h12Z)
7=0 k=0
A
< (0= 112 ) By ) (315)
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and

hlil

n — n— 2 .

l)hll 1bz an,z’ﬁ(hly) Z HBl,% (bﬁ—&— 22,{)2227)
i=0 t

INAgE
o
—

- h.—1
= Z (7)*’211{3171[3711,,}1([)29) Z HBZ,% <h1x+ gli,h122) ) (316)
=0 2

For the proof of these identities refer to Haroon and Khan [6].

Remark 3.7. Further, on taking y = 0 in (3.13) and (3.14), we get the following
pair of identities:

Corollary 3.8. For h,,h, € N, we have

Y j j m )\
j;o (;L) bln_]_lhszrfo.)j’ﬁ(bzx)Sk <b1 _ 1|b2>
B> (o 0B, L aosi (-1 ean)
j=

Remark 3.9. Moreover, if we take h, = 1 in the resultant identities (3.17) and
(3.18), then we get the following equalities:

Corollary 3.10. We have, for h, € N

B (haa) =Y (?)hl"”BW (2)S;(hy — 1|N). (3.19)

D
n—7, -
J=0 CEY

and

‘b 1

hl_l

1 . —_ m
S B™ <x+ bz> =0, BY (h,2). (3.20)
=0


http://dx.doi.org/10.52547/ijmsi.17.2.171
http://ijmsi.ir/article-1-1455-en.html

[ Downloaded from ijmsi.ir on 2025-08-23 ]

[ DOI: 10.52547/ijmsi.17.2.171]

188 W. A. Khan, H. Haroon

CONCLUDING REMARKS

Several results in the above sections have corroborated the application of
p-adic invariant integrals. Furthermore, quite a number of results for higher
order special polynomials can be investigated through the aid of this method
which can in turn be extended to derive novel relations for the generalized and
conventional polynomials.
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