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1. Introduction

Boundedness is one of the most important tools in the study of metric spaces.

According to this, it has been tried to develop this concept on topological spaces

which are similar to the metric spaces such as uniform spaces and topological

groups. Boundedness in uniform spaces and topological groups can not be de-

fined as boundedness in metric spaces. So, some new boundedness such as to-

tally boundedness and Bourbaki-boundedness are defined in the metric spaces

which can be generalized to uniform spaces and topological groups. Totally

bounded subsets and Bourbaki-bounded subsets of metric spaces are bounded.

While the reverse inclusions are not true in general. For instance if we consider

in R the 0 − 1 discrete metric d, then every subset is bounded but only the

fnite ones are totally bounded and Bourbaki-bounded. Morever the class of

all totally bounded subsets and the class of all Bourbaki-bounded subsets of

uniform spaces and topological groups are bornology. In recent years many

research has been done on totally boundedness and Bourbaki-boundedness in

uniform spaces and topological groups [2, 5, 6, 7, 9, 11, 12, 13, 14, 15]. Atkin [2]

has proved that Bourbaki-boundedness in topological vector spaces is equiva-

lent to the Von Neumann-boundedness. Troitsky [18] and Hejazian et al. [11]

have studied some classes of operators on topological vector spaces from the

perspective of Von Neumann-boundedness. Kocinac and Zabeti [17] have tried

to discuss similar concepts on topological groups.

In this note we investigate some topological properties of group bounded sets

and Bourbaki-bounded sets. Also we introduce two types of homomorphisms on

topological groups, G and H, from the perspective of Bourbaki-boundedness,

including, n−Bourbaki-bounded homomorphisms and B−Bourbaki-bounded

homomorphisms. We compare them to each other and with the class of con-

tinuous homomorphisms. So, two topologies are presented on homomorphisms

between the topological groups G and H. We determine some properties on

domain and range spaces led to Bourbaki-completeness some of these classes

of homomorphisms with the given topologies. At the end of this note we focus

on n-compact homomorphisms and B-compact homomorphisms briefly.

Recall that, a subset B of a topological group G is called Bourbaki-bounded

if for each neighborhood U of the identity element eG there exist a positive

integer n and a finite collection of points x1, x2, ..., xk in the group G such that

B ⊂
⋃k
i=1 xiU

n. In this definition, if n = 1, then B is called totally bounded

and if k = 1, then B is called gruop bounded.

All topological groups in this note are assumed to be Hausdorff and Abelian.

2. Group bounded sets and Bourbaki−bounded sets

In this section we investigate some topological properties of group bounded

sets and Bourbaki-bounded sets.

 [
 D

O
I:

 1
0.

52
54

7/
ijm

si
.1

7.
2.

45
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 ij
m

si
.ir

 o
n 

20
25

-0
8-

23
 ]

 

                             2 / 14

http://dx.doi.org/10.52547/ijmsi.17.2.45
http://ijmsi.ir/article-1-1318-en.html


Homomorphisms on topological groups from the perspective of Bourbaki-boundedness 47

Totally boundedness and Bourbaki-boundedness alone do not imply group

boundedness. For example, finite sets with more than one member in dis-

crete topological groups are totally bounded and so are Bourbaki-bounded but

they are not group bounded. In this respect, the following proposition can be

expressed:

Proposition 2.1. Any Bourbaki-bounded, connected topological group is group

bounded. In particular, any totally bounded, connected topological group is

group bounded

Proof. Let G be a Bourbaki-bounded, connected topological group, and let U

be a neighborhood of the identity element eG. Choose symmetric neighborhood

V of eG with V 2 ⊂ U . Then by the assumed Bourbaki-boundedness of G, there

exists a positive integer n and a finite set A ⊂ G such that G = AUn, where

AUn =
⋃
x∈A xU

n. If {A1, A2} is any partition of A (A1 6= ∅, A2 6= ∅), then

by the assumed connectedness, A1V
n
⋂
A2V

n 6= ∅. Now, we prove the group

boundedness of G. For this purpose, let x, y be two arbitrary points of G and

x be a fix point. Without loss of generality, let x ∈ x1V n, where x1 ∈ A. If

y ∈ x1V n then

yx−1 ∈ x1V n(x1V
n)−1 = x1x

−1
1 V 2n = V 2n ⊂ Un ⇒ y ∈ xUn.

If y /∈ x1V n, choose the point x2 in A such that x2 6= x1 and x1V
n
⋂
x2V

n 6= ∅.
Choose z1 ∈ x1V n

⋂
x2V

n. If y ∈ x2V n then

yx−1 = yz−11 z1x
−1
1 x1x

−1 ∈ U3n ⇒ y ∈ xU3n.

If y /∈ x2V
n, choose the point x3 in A such that x3 6= x1, x3 6= x2 and

(x1V
n
⋃
x2V

n)
⋂
x3V

n 6= ∅. Choose z2 ∈ (x1V
n
⋃
x2V

n)
⋂
x3V

n. By con-

tinuing this process, we obtain a sequence y, z1, x1, z2, ...xm, x of point such

that

yx−1 = yz−11 z1x
−1
1 x1z

−1
2 ... xkx

−1 ∈ U (k+2)n ⇒ y ∈ xU (k+2)n.

This implies the group boundedness of G. �

In general, every compact subset C of a topological group G is not group

bounded. According to the following proposition, it’s necessary that C must

be a component of some x ∈ G.

Proposition 2.2. Let x be an arbitrary point of topological group G and Cx
be it’s component in G. If Cx be compact, then it is group bounded.

Proof. According to [8, p.163], the component Cx of x in topological group G

is as Cx =
⋂
Cx,U , where U is a neighborhood of eG and Cx,U =

⋃∞
n=1 xU

n.

Since for every natural number n, Un ⊆ Un+1 and Cx is campact, there exists

a natural number k such that Cx ⊂ xUk and so it is group bounded. �
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Proposition 2.3. Let G be a topological group and H is a subgroup of G. If

H and G/H are Bourbaki-bounded, then G is also.

Proof. Let U be an arbitrary neighborhood of the identity element eG. Put

V := U ∩ H. Bourbaki-boundedness of H implies that there exist a positive

integer m and a finite collection of points x1, x2, ..., xl ∈ H such that

H ⊂
⋃l
i=1 xiV

m. Also Bourbaki-boundedness of G/H implies that there exist

a positive integer n and a finite collection of points [y1], [y2], ..., [yt] ∈ G/H

such that G/H ⊂
⋃t
j=1[yi](G/H)n. Now, let x be an arbitrary element in G.

If x ∈ H, then there exist 1 ≤ i ≤ l such that

x ∈ xiV m ⊆ xiUm ⊆ xiUm+n.

If x /∈ H, then

[x] = xH ∈ G/H ⊂
t⋃

j=1

[yi](U/H)n

and so xH ∈ [yj ](U/H)n for some 1 ≤ j ≤ t and therefore, there exist

u1, u2, ..., un ∈ U such that

xH = yjH.u1.u2...un.H = yj .u1.u2...unH

and so

x ∈ yjUnH ⊆ yjUn
l⋃
i=1

xiV
m

=

l⋃
i=1

xiyjU
nV m

⊆
l⋃
i=1

xiyjU
nUm

=

l⋃
i=1

xiyjU
m+n

�

3. Bourbaki−bounded homomorphisms

In this section we introduce two types of homomorphisms on topological

groups from the perspective of Bourbaki-boundedness. We compare them to

each other and with the class of continuous homomorphisms.

Definition 3.1. A homomorphism T from a topological group G to a topo-

logical group H is said to be

(1) n−Bourbaki-bounded if there exists a neighborhood U of eG such that

T (U) is Bourbaki-bounded in H.

(2) B−Bourbaki-bounded if for every Bourbaki-bounded set B ⊂ G, the

set T (B) is Bourbaki-bounded in H.
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The class of all n−Bourbaki-bounded homomorphisms (B−Bourbaki-bounded

homomorphisms) from a topological group G to a topological group H is de-

noted by HomnB(G,H) (HomBB(G,H)). Also we denote by Homc(G,H)

the class of all continuous homomorphisms from a topological group G to a

topological group H.

Proposition 3.2. For topological groups G and H the following holds:

HomnB(G,H) ⊂ HomBB(G,H).

Proof. Let T : G → H be an n−Bourbaki-bounded homomorphism. Then

it is B−Bourbaki-bounded. Suppose B is a Bourbaki-bounded set in G. We

prove that T (B) is Bourbaki-bounded in H. Since T is n−Bourbaki-bounded,

there exists a neighborhood U of eG such that T (U) is Bourbaki-bounded in

H. Bourbaki-boundedness of B implies that B ⊂
⋃k
i=1 xiU

n for some positive

integer n and a finite collection of points x1, x2, ..., xk ∈ G. Now let V be

an arbitrary neighborhood of eH . Bourbaki-boundedness of T (U) implies that

there exist a positive integer m and a finite collection of points y1, y2, ..., yj ∈ H
such that T (U) ⊂

⋃j
i=1 yiV

m, and therefore

T (B) ⊂ T (

k⋃
i=1

xiU
n) =

k⋃
i=1

T (xi)T (U)n

⊂
k⋃
i=1

T (xi)(

j⋃
i=1

yiV
m)n

=

k⋃
i=1

(T (xi)

j⋃
i1,...,in=1

yi1 ...yinV
mn)

=

k⋃
i=1

j⋃
i1,...,in=1

T (xi)yi1 ...yinV
mn.

This implies that T (B) is Bourbaki-bounded set in H. �

Proposition 3.3. For topological groups G and H the following holds:

Homc(G,H) ⊂ HomBB(G,H).

Proof. Let T : G→ H be a continuous homomorphism. Then it is B−Bourbaki-

bounded. Suppose B is a Bourbaki-bounded set in G. We prove that T (B) is

Bourbaki-bounded in H. Let V be an arbitrary neighborhood of eH . There ex-

ists a neighborhood U of eG such that T (U) ⊂ V . Bourbaki-boundedness of B

implies that B ⊂
⋃k
i=1 xiU

n for some positive integer n and a finite collection

of points x1, x2, ..., xk ∈ G. Therefore

T (B) ⊂ T (

k⋃
i=1

xiU
n) =

k⋃
i=1

T (xi)T (U)n ⊂
k⋃
i=1

T (xi)V
n.
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This implies that T (B) is Bourbaki-bounded set in H. �

Corollary 3.4. Let B be a Bourbaki-bounded subset of topological group G and

H is a subgroup of G. Then B/H is Bourbaki-bounded subset of G/H.

Recall that, a topological group G is said to be locally Bourbaki-bounded if

there exists a Bourbaki-bounded neighborhood of eG.

Note that, if G is a locally Bourbaki-bounded topological group, then

HomnB(G,H) = HomBB(G,H).

The inclution HomnB(G,H) ⊂ HomBB(G,H) was expressed in proposition

3.2. To prove the inclution HomBB(G,H) ⊂ HomnB(G,H), let T : G→ H be

a B−Bourbaki-bounded homomorphism. Consider U as a Bourbaki-bounded

neighborhood of eG. Then T (U) is Bourbaki-bounded in H and so T is

n−Bourbaki-bounded.

Also note, the topological group G is locally Bourbaki-bounded if and only

if the identity homomorphism i : G → G is n−Bourbaki-bounded. For, let G

be a locally Bourbaki-bounded topological group. Consider U as a Bourbaki-

bounded neighborhood of eG. Then i(U) = U is Bourbaki-bounded in G and so

i is n−Bourbaki-bounded. Conversely, if the identity homomorphism i : G→ G

is n−Bourbaki-bounded, then there exists a Bourbaki-bounded neighborhood

U of eG such that i(U) = U is Bourbaki-bounded in G and so the topological

group G is locally Bourbaki-bounded.

Note that the converse of proposition 3.2 is not true as the following example

shows.

Example 3.5. Let G be an infinite countable topological group and H be a

locally Bourbaki-bounded but not Bourbaki-bounded topological group. Con-

sider the topological group Hom(G,H) with the topology of pointwise conver-

gence and with the operation of pointwise multiplication such that Hom(G,H)

is an infinite group. Since the topology of pointwise convergence on Hom(G,H)

coincides with the topology of a subspaces of the cartesian product
∏
x∈GHx

where Hx = H for every x ∈ G and since all open sets in
∏
x∈GHx are in

the form
∏
x∈GWx, where Wx is an open subset of Hx and Wx 6= Hx only for

finitely many x ∈ G, the topological group Hom(G,H) is not locally Bourbaki-

bounded. Now, the identity homomorphism 1Hom(G,H) on Hom(G,H) is

B−Bourbaki-bounded but it is not n−Bourbaki-bounded since Hom(G,H) is

not locally Bourbaki-bounded. Note, if the group Hom(G,H) is finite then

it is locally Bourbaki-bounded and so the assumption |Hom(G,H)| = ∞ is

necessary.

Nevertheless, unlike in the case of bounded operators on topological vector

spaces, there is no more relation between continuous homomorphisms on topo-

logical groups and Bourbaki-bounded ones. The following example shows this
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fact. Before presenting the example, note that there are many spaces which are

Bourbaki-bounded. For example we can assume S1 with the topology inherited

from complex number, as a Bourbaki-bounded topological group.

Example 3.6. Let (G, Tid) be the indiscrete topological group and let (G, T )

be a Bourbaki-bounded topological group. Now, consider the identity homo-

morphism i : (G, Tid) → (G, T ). This homomorphism is not continuous since

the inverse image of each open set in (G, T ) is not open set in (G, Tid) but it is

n−Bourbaki-bounded since G is open set in (G, T ) and i(G) = G is Bourbaki-

bounded set in (G, T ) and also it is B−Bourbaki-bounded since every subset

of a Bourbaki-bounded topological group is Bourbaki-bounded.

4. Bourbaki−completeness of homomorphism spaces

Let G and H be two topological groups. For every two homomorphisms T ,

S in Hom(G,H) define TS, T−1 by

TS(x) := T (x)S(x) and T−1(x) := (T (x))−1, x ∈ G.

Clearly, Hom(G,H) with these operations, forms a group with constant map-

ping E : G→ H defined by E(x) = eH as the identity element. Also it is easy to

see that HomnB(G,H), HomBB(G,H) and Homc(G,H) are subgroups of the

group Hom(G,H). Now we equip the group Hom(G,H) with two topologies:

One of them is Bourbaki-bounded−open topology which introduced by Hejec-

man in [12]. Bourbaki-bounded−open topology on Hom(G,H) is the topology

generated by the subbase consisting of all sets M(B, V ) = {T ∈ Hom(G,H) :

T (B) ⊂ V }, where B is an arbitrary Bourbaki-bounded subset of G and V is

an arbitrary neighborhood of eH in H. Another one is the famous topology

of uniform convergence. According to the following propositions, Hom(G,H)

with each of these topologies forms a topological group. We can assume these

topologies as subspace topology on the families HomnB(G,H), HomBB(G,H)

and Homc(G,H).

Proposition 4.1. The group Hom(G,H) is a topological group with respect to

the topology of uniform convergence.

Proof. We must prove that the operations of multiplication and inversion are

continuous. First, let {Tα}α∈I , {Sα}α∈I are two nets in Hom(G,H) which

are convergent to homomorphisms T , S respectively. Let W be an arbitrary

symmetric neighborhood of eH . Choose a neighborhood V of eH with V 2 ⊂W .

There exist α1, α2 ∈ I such that for each α ≥ α1, TαT
−1(x) ∈ V for every x ∈ G

and for each α ≥ α2, SαS
−1(x) ∈ V for every x ∈ G. Choose α0 with α0 ≥ α1

and α0 ≥ α2. Now, for each α ≥ α0,

(TαSα)(TS)−1(x) = (TαT
−1(x))(SαS

−1(x)) ∈ V 2 ⊂W.
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This implies the continuity of multiplication operation. Also, since for suffi-

cently large α, TαT
−1(x) ∈ W for every x ∈ G and W is symmetric neighbor-

hood, then,

(T−1α T )(x) = (TαT
−1(x))−1 ∈W

for every x ∈ G. Therefore the operation of inversion is continuous. �

Proposition 4.2. The group Hom(G,H) is a topological group with respect to

the Bourbaki-bounded−open topology.

Proof. We must prove that the operations of multiplication and inversion are

continuous. First, let {Tα}α∈I , {Sα}α∈I are two nets in Hom(G,H) which

are convergent to homomorphisms T , S respectively. Fix a Bourbaki-bounded

set B ⊂ G. Let W be an arbitrary symmetric neighborhood of eH . Choose a

neighborhood V of eH with V 2 ⊂W . There exist α1, α2 ∈ I such that for each

α ≥ α1, TαT
−1(B) ⊂ V and for each α ≥ α2, SαS

−1(B) ⊂ V . Choose α0 with

α0 ≥ α1 and α0 ≥ α2. Now, for each α ≥ α0,

(TαSα)(TS)−1(B) ⊂ (TαT
−1(B))(SαS

−1(B)) ⊂ V 2 ⊂W.

This implies the continuity of multiplication operation. Also, since for suffi-

cently large α, TαT
−1(B) ⊂W and W is symmetric neighborhood, then,

(T−1α T )(B) ⊂ (TαT
−1(B))−1 ⊂W.

Therefore the operation of inversion is continuous. �

In this section we investigate whether or not each class of homomorphisms

with the appropriate topologies is Bourbaki-complete. Also at the end of this

section we focus on n−compact homomorphisms and B−compact homomor-

phisms briefly.

Definition 4.3. A net {Tα}α∈I in the topological group Hom(G,H) is called

Bourbaki-Cauchy if for every neighborhood V of the identity element eH there

exist a positive integer m and α0 ∈ I such that for each α, β ≥ α0, TαT
−1
β (x) ∈

V m for every x ∈ G.

Since Homc(G,H), the set of continuous group homomorphisms, is closed

with the topology of uniform convergence, the following lemma is trivial.

Lemma 4.4. Let {Tα}α∈I be a net of continuous homomorphisms and let S

be a cluster point of this net in the uniform convergence topology. Then S is

also a continuous homomorphism.

Lemma 4.5. Let {Tα}α∈I be a net of B−Bourbaki-bounded homomorphisms

and let S be a cluster point of this net in the uniform convergence topology.

Then S is also a B−Bourbaki-bounded homomorphism.
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Proof. It is easy to prove that S is an algebraic homomorphism. We prove

that S is B−Bourbaki-bounded. Let V be an arbitrary neighborhood of eH
and B be a Bourbaki-bounded set in G. Since S is a cluster point of the net

{Tα}α∈I , there exist a subnet {Sβ}β∈J of the net {Tα}α∈I and β0 ∈ J such

that for each β ≥ β0, S−1β S(x) ∈ V for every x ∈ G. Fix β ≥ β0. Since Sβ is

a B−Bourbaki-bounded homomorphism, there exist a positive integer n and a

finite collection of points y1, y2, ..., yk ∈ H such that Sβ(B) ⊂
⋃k
i=1 yiV

n, and

therefore

S(B) ⊂ Sβ(B)V ⊂ (

k⋃
i=1

yiV
n)V =

k⋃
i=1

yiV
n+1.

This implies that S is B−Bourbaki-bounded. �

Lemma 4.6. Let G be a locally Bourbaki-bounded topological group. Let {Tα}α∈I
be a net of continuous homomorphisms and let S be a cluster point of this net

in the Bourbaki-bounded−open topology. Then S is also a continuous homo-

morphism.

Proof. It is easy to prove that S is an algebraic homomorphism. Let us prove

it’s continuity at zero. Let U be a Bourbaki-bounded neighborhood of eG and

let W be a neighborhood of eH . Choose a neighborhood V of eH with V 2 ⊂W .

Since S is a cluster point of the net {Tα}α∈I , there exist a subnet {Sβ}β∈J of

the net {Tα}α∈I and β0 ∈ J such that for each β ≥ β0, SβS
−1 ∈ M(U, V ).

Fix β ≥ β0. Since Sβ is a continuous homomorphism, there exists U1 ⊂ U such

that Sβ(U1) ⊂ V , and therefore

S(U1) ⊂ Sβ(U1)V ⊂ V 2 ⊂W.

This implies that S is continuous. �

Lemma 4.7. Let {Tα}α∈I be a net of B−Bourbaki-bounded homomorphisms

and let S be a cluster point of this net in the Bourbaki-bounded −open topology.

Then S is also a B−Bourbaki-bounded homomorphism.

Proof. It is easy to prove that S is an algebraic homomorphism. We prove

that S is B−Bourbaki-bounded. Let V be an arbitrary neighborhood of eH
and let B be a Bourbaki-bounded set in G. Since S is a cluster point of the

net {Tα}α∈I , there exist a subnet {Sβ}β∈J of the net {Tα}α∈I and β0 ∈ J

such that for each β ≥ β0, SβS
−1 ∈ M(B, V ). Fix β ≥ β0. Since Sβ is a

B−Bourbaki-bounded homomorphism, there exist a positive integer n and a

finite collection of points y1, y2, ..., yk ∈ H such that Sβ(B) ⊂
⋃k
i=1 yiV

n, and

therefore

S(B) ⊂ Sβ(B)V ⊂ (

k⋃
i=1

yiV
n)V =

k⋃
i=1

yiV
n+1.

This implies that S is B−Bourbaki-bounded. �
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The class HomnB(G,H) can contain a Bourbaki-Cauchy net that it is not

clusters, i.e it has not any subnet whose limit is an n−Bourbaki-bounded ho-

momorphism. On the other word, HomnB(G,H) is not Bourbaki-complete in

the assumed topology. The following example shows this fact:

Example 4.8. Let Hom(G,H) be as in example 3.5. Consider the sequence

of homomorphisms Tn : Hom(G,H) → Hom(G,H) with Tn(f) = g, where g

is a homomorphism in Hom(G,H) as follows:

g(x1) = f(x1)

g(x2) = f(x2)

...

g(xn) = f(xn)

g(xn+1) = eH

g(xn+2) = eH

...

Each Tn is n−Bourbaki-bounded homomorphism. For, let V be a Bourbaki-

bounded neighborhood of eH and Un be a neighborhood of eHom(G,H) defined

by,

Un = {f ∈ Hom(G,H) : f(xn)−1f(xi) ∈ V, i = 1, 2, .., n}.
Then, it’s easy to see that Tn(Un) is Bourbaki-bounded set in Hom(G,H). On

the other hand it’s easy to see that the sequence {Tn}n∈N is convergent to

the identity homomorphism 1Hom(G,H) on Hom(G,H). But we have seen in

Example 3.5 that 1Hom(G,H) is not n−Bourbaki-bounded.

Now, we are going to find some conditions under which each class of consid-

ered homomorphisms is topologically Bourbaki-complete.

Definition 4.9. A group G is said to be Bourbaki-complete if every Bourbaki-

Cauchy net in G clusters (i.e, it has some convergent subnet).

Theorem 4.10. Let H be a Bourbaki-complete group. Then Homc(G,H) is

Bourbaki-complete with respect to the topology of uniform convergence.

Proof. Let {Tα}α∈I be a Bourbaki-Cauchy net in Homc(G,H). Then for every

x ∈ G, {Tα(x)}α∈I is a Bourbaki-Cauchy net in H. Since H is a Bourbaki-

complete group, by definition 4.9, the net {Tα(x)}α∈I clusters and so it has

some convergent subnet in H. Let {Sβ(x)}β∈J be a convergent subnet of

the net {Tα(x)}α∈I in H. Put S(x) := lim Sα(x). By lemma 4.4, S is also

a continuous homomorphism. Let W be an arbitrary neighborhood of eH .

Choose a neighborhood V of eH with V 2 ⊂ W . Since {Sβ(x)}β∈J is a cauchy

net in H, there exists β0 ∈ J such that for each β, γ ≥ β0, SβS
−1
γ (x) ∈ V for
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every x ∈ G. On the other hand for sufficiently large γ, S−1γ S(x) ∈ V , and

therefore for each β ≥ β0,

SβS
−1(x) = SβS

−1
γ (x)Sγ(x)S−1(x) ∈ V 2 ⊂W,

i.e the subnet {Sβ}β∈J of the net {Tα}α∈I is convergent. This completes the

proof. �

Theorem 4.11. Let H be a Bourbaki-complete group. Then HomBB(G,H) is

Bourbaki-complete with respect to the topology of uniform convergence.

Proof. Let {Tα}α∈I be a Bourbaki-Cauchy net in HomBB(G,H). Then for

every x ∈ G, {Tα(x)}α∈I is a Bourbaki-Cauchy net in H. Since H is a

Bourbaki-complete group, by definition 4.9, the net {Tα(x)}α∈I clusters and

so it has some convergent subnet in H. Let {Sβ(x)}β∈J be a convergent subnet

of the net {Tα(x)}α∈I in H. Put S(x) := lim Sα(x). By lemma 4.5, S is also

a B−Bourbaki-bounded homomorphism. Let W be an arbitrary neighborhood

of eH . Choose a neighborhood V of eH with V 2 ⊂ W . Since {Sβ(x)}β∈J
is a cauchy net in H, there exists β0 ∈ J such that for each β, γ ≥ β0,

SβS
−1
γ (x) ∈ V for every x ∈ G. On the other hand for sufficiently large γ,

S−1γ S(x) ∈ V , and therefore for each β ≥ β0,

SβS
−1(x) = SβS

−1
γ (x)Sγ(x)S−1(x) ∈ V 2 ⊂W,

i.e the subnet {Sβ}β∈J of the net {Tα}α∈I is convergent. This completes the

proof. �

Theorem 4.12. Let G be a locally Burbaki-bounded group and H be a Bourbaki-

complete group. Then Homc(G,H) is Bourbaki-complete, with respect to the

Bourbaki-bounded−open topology.

Proof. Let {Tα}α∈I be a Bourbaki-Cauchy net in Homc(G,H). Then for every

x ∈ G, {Tα(x)}α∈I is a Bourbaki-Cauchy net in H. Since H is a Bourbaki-

complete group, by definition 4.9, the net {Tα(x)}α∈I clusters and so it has

some convergent subnet in H. Let {Sβ(x)}β∈J be a convergent subnet of

the net {Tα(x)}α∈I in H. Put S(x) := lim Sα(x). By lemma 4.6, S is also

a continuous homomorphism. Let W be an arbitrary neighborhood of eH .

Choose a neighborhood V of eH with V 2 ⊂ W . Also let B be a Bourbaki-

bounded set in G. Since {Sβ(x)}β∈J is a cauchy net in H, there exists β0 ∈ J
such that for each β, γ ≥ β0, SβS

−1
γ (x) ∈ V for every x ∈ B. On the other

hand for sufficiently large γ, S−1γ S(x) ∈ V for every x ∈ B, and therefore for

each β ≥ β0,

SβS
−1(x) = SβS

−1
γ (x)Sγ(x)S−1(x) ∈ V 2 ⊂W ; ∀ x ∈ B.

This implies that SβS
−1 ∈ M(B,W ), i.e the subnet {Sβ}β∈J of the net

{Tα}α∈I is convergent. This completes the proof. �
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Theorem 4.13. Let H be a Bourbaki-complete group. Then HomBB(G,H) is

Bourbaki-complete with respect to the Bourbaki-bounded−open topology.

Proof. Let {Tα}α∈I be a Bourbaki-Cauchy net in HomBB(G,H). Then for

every x ∈ G, {Tα(x)}α∈I is a Bourbaki-Cauchy net in H. Since H is a

Bourbaki-complete group, by definition 4.9, the net {Tα(x)}α∈I clusters and

so it has some convergent subnet in H. Let {Sβ(x)}β∈J be a convergent subnet

of the net {Tα(x)}α∈I in H. Put S(x) := lim Sα(x). By lemma 4.7, S is also a

B−Bourbaki-bounded homomorphism. Let W be an arbitrary neighborhood of

eH . Choose a neighborhood V of eH with V 2 ⊂W . Also let B be a Bourbaki-

bounded set in G. Since {Sβ(x)}β∈J is a cauchy net in H, there exists β0 ∈ J
such that for each β, γ ≥ β0, SβS

−1
γ (x) ∈ V for every x ∈ B. On the other

hand for sufficiently large γ, S−1γ S(x) ∈ V for every x ∈ B, and therefore for

each β ≥ β0,

SβS
−1(x) = SβS

−1
γ (x)Sγ(x)S−1(x) ∈ V 2 ⊂W ; ∀ x ∈ B.

This implies that SβS
−1 ∈ M(B,W ), i.e the subnet {Sβ}β∈J of the net

{Tα}α∈I is convergent. This completes the proof. �

Note that when the group G and H has the same conditions in the above

theorems, then HomnB(G,H) might fail to be a Bourbaki-complete topological

group. For, look Example 3.5 and Example 4.8.

Definition 4.14. A homomorphism T from a topological group G to a topo-

logical group H is said to be

(1) n−compact if there exists a neighborhood U of eG such that T (U) is

compact in H.

(2) B−compact if for every Bourbaki-bounded set B ⊂ G, the set T (B) is

compact in H.

Lemma 4.15. Every closed subset of Bourbaki-complete topological group, is

Bourbaki-complete.

Proof. Let G be a Bourbaki-complete topological group and B ⊂ G be a closed

subset of G. If {xα}α∈I be a Bourbaki-Cauchy net in B, then it is Bourbaki-

Cauchy net in G. Since G is Bourbaki-complete, by definition 4.9, it has some

convergent subnet as {yβ}β∈J . Let {yβ}β∈J is convergent to y. The subnet

{yβ}β∈J is in B and since B is a closed set, it contains y. Therefore the subnet

{yβ}β∈J is convergent in B. This implies Bourbaki-completeness of B. �

Theorem 4.16. Let T be an n−Bourbaki-bounded homomorphism from topo-

logical group G to topological group H. If H is Bourbaki-complete, then T is

n−compact.
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Proof. Since T is an n−Bourbaki-bounded homomorphism, there exists a neigh-

borhood U of eG such that T (U) is Bourbaki-bounded set in H. Bourbaki-

boundedness of T (U) implies the Bourbaki-boundedness of T (U). Since H is a

Bourbaki-complete topological group, by lemma 4.15, T (U) is also Bourbaki-

complete. Now, by using [15 , Theorem 17], proof is hold. �

Theorem 4.17. Let T be a continuous homomorphism from topological group

G to topological group H. If H is Bourbaki-complete, then T is B−compact.

Proof. Let B be a Bourbaki-bounded subset of G. By proposition 3.3, T (B)

is Bourbaki-bounded set in H. Bourbaki-boundedness of T (B) implies the

Bourbaki-boundedness of T (B). Since H is a Bourbaki-complete topologi-

cal group, by lemma 4.15, T (B) is also Bourbaki-complete. Now, by using

[15 , Theorem 17], proof is hold. �

Corollary 4.18. Let T be a B−Bourbaki-bounded homomorphism from topo-

logical group G to topological group H. If H is Bourbaki-complete, then T is

B−compact.
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