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Abstract. Let M and N be two finitely generated graded modules
over a standard graded Noetherian ring R =

⊕
n≥0 Rn. In this pa-

per we show that if R0 is semi-local of dimension ≤ 2 then, the set
AssR0

(
Hi

R+
(M,N)n

)
is asymptotically stable for n → −∞ in some spe-

cial cases. Also, we study the torsion-freeness of graded generalized local
cohomology modules Hi

R+
(M,N). Finally, the tame loci T i(M,N) of

(M,N) will be considered and some sufficient conditions are proposed for
the openness of these sets in the Zariski topology.
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ated prime ideals, Tame loci.
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1. Introduction

Throughout, R is a commutative Noetherian ring with identity and all mod-
ules are unitary. Let a be an ideal of R and R −Mod denotes the category of
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all R-modules and R-homomorphisms. We also denote by N0 and N the sets
of non-negative and positive integers, respectively.

For i ∈ N0, the i-th generalized local cohomology functor with respect to a

is a generalization of the i-th local cohomology functor with respect to a, i.e.
Hi

a(−) = lim−→n∈N ExtiR(R/an,−) ([5], [6]). It is defined, by Herzog ([10]), as
follows:

Hi
a(−,−) : R−Mod×R−Mod → R−Mod

Hi
a(M,N) = lim−→

n∈N
ExtiR(M/anM,N).

For all R-modules M and N , Hi
a(M,N) is called the i-th generalized local

cohomology module of M and N with respect to a. These functors coincide
when M = R and have been studied by many authors (see for instance [11],
[19], [20] and [21]).

Now, let R =
⊕

n∈N0
Rn be a standard graded Noetherian ring and let

M and N be two finitely generated graded R-modules. Also, assume that
R+ =

⊕
n∈N Rn denotes the irrelevant ideal of R. It is well known that for

each i ∈ N0, Hi
R+

(M,N) carries a natural grading. Furtheremore, according
to [12], the n-th graded component Hi

R+
(M,N)n of Hi

R+
(M,N) is a finitely

generated R0-module for all n ∈ Z and it vanishes for all sufficiently large
values of n. Therefore, the R0-modules Hi

R+
(M,N)n are asymptotically trivial

when n → +∞.
One basic question in this respect is to ask for the asymptotic behavior of the

graded components Hi
R+

(M,N)n for n → −∞ and it attracts lots of interests
(see [3], [1], [7] and [18]).

One concept of this asymptotic behavior is the stability of the set of asso-
ciated prime ideals {AssR0

(Hi
R+

(M,N)n)}n∈Z when n → −∞ (see [2], [3] and
[12]). In the second section of this paper, among other things, we consider
this problem and study the asymptotic behavior of AssR0

(
Hi

R+
(M,N)n

)
as

n → −∞. More precisely, we show that if R0 is semi-local and dimR0 ≤ 2

then the set AssR0

(
Hi

R+
(M,N)n

)
is asymptotically stable, this means that

there exists n ∈ Z such that AssR0
(Hi

R+
(M,N)n) = AssR0

(Hi
R+

(M,N)n0
) for

all n ≤ n0, in each of the following cases:
(1) depth(R0) > 0 and Γm0

(M) = 0 = Γm0
(N), for all maximal ideal m0

of R0.
(2) dimR0

(
Hi−1

R+
(M,N)n

)
≤ 1 for all n ≪ 0 (Theorem 2.14).

Section 3 deals with the torsion-freeness of Hi
R+

(M,N) over R0. In [3,
Theorem 2.5] the authors show that if R0 is a domain then there is some
t ∈ R0−{0} such that the (R0)t-module Hi

R+
(N)t is torsion-free for all i ∈ N0.

In this section, we made an extension of this theorem, under certain additional
hypothesis. In particular, we show that if R0 is a domain and dimHi

R+
(N) ≤ 2

for all i ∈ N then, for a given finitely generated graded R-module M , there is
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some t ∈ R0 − {0} such that the (R0)t-module Hi
R+

(M,N)t is torsion-free (or
vanishes) for each i ∈ N0 (Theorem 3.3).

The concept of ” tameness ” is the most fundamental concept related to the
asymptotic behavior of cohomology. A graded R-module T =

⊕
n∈Z Tn is said

to be tame, or asymptotically gap free, if either Tn ̸= 0 for all n ≪ 0 or else
Tn = 0 for all n ≪ 0.

In this paper we are also interested in the study of the tame property of
graded generalized local cohomology modules Hi

R+
(M,N). In particular, in

Section 4 we consider the ”tame loci” T i(M,N) with respect to a pair of mod-
ules (M,N):

T i(M,N) := {p0 ∈ Spec(R0)|Hi
R+

(M,N)p0 is tame}

and study whether these sets are open in the Zariski topology. In the case
where M = R, this subject has been studied in [4]. In this section we use the
results in previous sections to show that the sets T i(M,N) are open in the
Zariski topology in some special cases (Theorem 4.4).

Throughout the paper, unless other case stated, R =
⊕

n∈N0
Rn is a stan-

dard graded Noetherian ring, R+ =
⊕

n∈N Rn is the irrelevant ideal of R and
M and N denote two finitely generated graded R-modules.

2. associated prime ideals

In this section, we assume that the base ring R0 is semi-local and study
the stability of the set {AssR0(H

i
R+

(M,N)n)}n∈Z when n → −∞. To this
end, we need to consider tameness and Artinianness of graded R-modules
Γm0R

(
Hi

R+
(M,N)

)
for all maximal ideal m0 of R0.

Definition and Remark 2.1. Let T =
⊕

n∈Z Tn be a graded R-module. Then
the following statements hold.

(1) If T is finitely generated, then in view of [13], one can see that Tn = 0

for all n ≪ 0, Tn is a finitely generated R0-module for all n ∈ Z, and
there exists X ⊆ Spec(R0) such that AssR0(Tn) = X for all n ≫ 0.

(2) Following [1, Definition 4.1], T is called tame, or asymptotically gap
free, if there exists an integer n0 such that either Tn = 0 for all n < n0

or, Tn ̸= 0 for all n < n0. One can see that any Noetherian or Artinian
graded R-module is tame.

(3) We say that {AssR0
(Tn)}n∈Z is asymptotically stable (when n → −∞) if

there exists an integer n0 and X ⊆ Spec(R0) such that AssR0
(Tn) = X

for all n < n0.
(4) For each i ∈ N0, it is straightforward to see that

AssR

(
Hi

R+
(M,N)

)
= {p0 +R+ | p0 ∈

∪
n∈Z

AssR0

(
Hi

R+
(M,N)n

)
}.

The next definition and lemma will be useful in the proof of Proposition 2.4.
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Definition 2.2. Let a be an ideal of R and T be an R-module. Then T is said
to be a-cofinite if Supp(T ) ⊆ V (a) and ExtiR(R/a, T ) is a finite R-module for
all i ∈ N0, where V (a) = {p ∈ Spec(R)|p ⊇ a}.

Lemma 2.3. ([9, Theorem 2.5]). Let a be an ideal of R with dimR/a ≤ 1 and
M and N be two finitely generated R-modules. Then Hi

a(M,N) is a-cofinite
for all i ∈ N0.

In [14, Corollary 2.2.5] it is shown that if dimR0 ≤ 2 then the set AssR

(
Hi

R+
(N)

)
is finite. The following proposition is an extension of it to generalized local co-
homology modules.

Proposition 2.4. Let dimR0 = 2. Then AssR

(
Hi

R+
(M,N)

)
is a finite set

for all i ∈ N0.

Proof. Let

x ∈
∩

m0∈max(R0)

m0−
∪

p0∈min(R0)

p0 and A := {p0+R+ | p0 ∈ Spec(R0) and x ∈ p0}.

By our hypotheses, A is a finite set, ht(xR0) = 1 and dim((R0)x) ≤ 1. Using
[12, §2 (4)] and Lemma 2.3, to deduce that Hi

R+
(M,N)x ∼= Hi

(Rx)+
(Mx, Nx)

is (Rx)+-cofinite. So, AssRx

(
Hi

R+
(M,N)x

)
is a finite set. Now, the result

follows by using the facts that

AssR(H
i
R+

(M,N)) ⊆ {p ∈ Spec(R) | pRx ∈ AssRx
(Hi

R+
(M,N)x)} ∪A.

□

Lemma 2.5. Let S1, S2, . . . , Sk be multiplicative closed subsets of R0 with
Spec(R0) =

∪k
j=1{p0 ∈ Spec(R0) | p0

∩
Sj = ∅}. Then the following hold:

(1) If for all j = 1, · · · , k, AssS−1
j R0

(
Hi

S−1
j R+

(S−1
j M,S−1

j N)n
)

is asymp-
totically stable, then so is AssR0

(
Hi

R+
(M,N)n

)
.

(2) If for all j = 1, · · · , k, Hi
S−1
j R+

(S−1
j M,S−1

j N) is tame, then so is
Hi

R+
(M,N).

Proof. One can use the same argument as used in the [14, Lemma 2.2.1] to
prove the claim. □

Lemma 2.6. ( [15, §18 Lemma 2]) Let A be a ring and M and N be two
A-modules. Let x ∈ A be both A-regular and N -regular, and assume that
xM = 0. Then HomA(M,N) = 0 and Extn+1

A (M,N) ∼= ExtnA/xA(M,N/xN)

for all n ∈ N0.

Using the above Lemma we have the following, which will be used in the
proof of the next theorem.
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Lemma 2.7. Let x ∈ R0 be both R-regular and N -regular. Then

Hi+1
R+

(M/xM,N) ∼= Hi
(R/xR)+

(M/xM,N/xN),

for all i ∈ N0.

Lemma 2.8. ([16, Corollary 1.5] ). Let M be a-cofinite. Then for every
maximal ideal m of R, Γm(M) is Artinian and a-cofinite.

In the next two theorems we study the tame property of some submodules
of Hi

R+
(M,N).

Theorem 2.9. Assume that dim(R0) ≤ 2, depth(R0) > 0 and Γm0R(M) = 0 =

Γm0R(N) for all m0 ∈ max(R0). Then the graded R-module Γm0R

(
Hi

R+
(M,N)

)
is tame, for all i ∈ N0 and all maximal ideal m0 of R0.

Proof. Using Lemma 2.5(2), we may assume that (R0,m0) is local. In view
of Lemma 2.3 and Lemma 2.8, the assertion holds for dim(R0) ≤ 1. So, let
dim(R0) = 2. By Proposition 2.4 and Remark 2.1(1) and (4), the set

A :=

( ∪
n∈Z

AssR0

(
Hi

R+
(M,N)n

)∪
AssR0(M)

∪
AssR0(N)

∪
AssR0(R)

)
−{m0}

is finite. Therefore, there is some x ∈ m0 ∖ A. Hence, dim(R0/xR0) = 1, x is
R, M and N -regular and moreover Hi

R+
(M,N)n/Γm0

(Hi
R+

(M,N)n)-regular,
for all n ∈ Z.
It follows that Γm0

(
Hi

R+
(M,N)n

)
= ΓxR0

(
Hi

R+
(M,N)n

)
for all n ∈ Z and

hence
Γm0R

(
Hi

R+
(M,N)

)
= ΓxR0

(
Hi

R+
(M,N)

)
.

Now, consider the exact sequence 0 −→ M
x−→ M −→ M/xM −→ 0 to get

the following exact sequence

0 −→ Hi
R+

(M,N)/xHi
R+

(M,N) −→ Hi+1
R+

(M/xM,N) −→ Hi+1
R+

(M,N).

Application of the functor Γm0R(−) to this sequence induces the following exact
sequence

0 → Γm0R

(
Hi

R+
(M,N)/xHi

R+
(M,N)

)
→ Γm0R

(
Hi+1

R+
(M/xM,N)

)
→ Γm0R

(
Hi+1

R+
(M,N)

)
.

In view of Lemma 2.7, Hi+1
R+

(M/xM,N) ∼= Hi
(R/xR)+

(M/xM,N/xN). As
dim((R/xR)0) = 1, by Lemmas 2.3 and 2.8, Γm0R(H

i+1
R+

(M/xM,N)) is Ar-
tinian.
Therefore, Γm0R

(
Hi

R+
(M,N)/xHi

R+
(M,N)

)
is Artinian. Hence

Θ = Γm0R(H
i
R+

(M,N)) + xHi
R+

(M,N)/xHi
R+

(M,N)

is Artinian and consequently, Θ is tame. It follows that either Θn = 0 for
all n ≪ 0 or Θn ̸= 0 for all n ≪ 0. In the first case

(
Γm0R(H

i
R+

(M,N)) +
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xHi
R+

(M,N)
)
n
⊆ xHi

R+
(M,N)n for all n ≪ 0. Then ΓxR0

(
Hi

R+
(M,N)n

)
=(

Γm0

(
Hi

R+
(M,N)n

))
⊆ xHi

R+
(M,N)n. It follows that ΓxR0

(
Hi

R+
(M,N)n

)
=

xΓxR0

(
Hi

R+
(M,N)n

)
for all n ≪ 0. Now, in view of Nakayama’s Lemma, we

get ΓxR0

(
Hi

R+
(M,N)n

)
= Γm0

(
Hi

R+
(M,N)n

)
= 0, for all n ≪ 0. In the sec-

ond case,
(
Γm0(H

i
R+

(M,N)n)
)
⊈ xHi

R+
(M,N)n, for all n ≪ 0. This implies

that Γm0

(
Hi

R+
(M,N)n

)
̸= 0 for all n ≪ 0, as desired.

□

By [7], there is a standard graded domain R with local base ring (R0,m0)

of dimension 3 and a finitely generated graded R-module T such that

Γm0
(H2

R+
(T )n)

{
̸= 0 if n is even,
= 0 if n is odd.

This example shows that the condition dim(R0) ≤ 2 in the above theorem
is necessary. Also, note that, by [11, Proposition 4.6], Γm0R

(
H1

R+
(M,N)

)
is

always Artinian.
In the next theorem, as in 2.9, we show that Γm0

(
Hi

R+
(M,N)

)
is tame in

some other conditions.

Theorem 2.10. Let dim(R0) ≤ 2 and i ∈ N0 such that dim(Hi−1
R+

(M,N)n) ≤ 1

for all n ≪ 0. Then Γm0R

(
Hi

R+
(M,N)

)
is an Artinian R-module for all

maximal ideal m0 of R0.

Proof. Let m0 ∈ max(R0). Using [17, Theorem 11.38] , we consider the
Grothendieck graded spectral sequence

Ep,q
2 = Hp

m0R
(Hq

R+
(M,N))

p
=⇒ Hp+q

m0+R+
(M,N).

By the assumption on Hi−1
R+

(M,N)n, we have (Ep,q
2 )n = 0 for all n ≪ 0 if

p ≥ 2 and q = i− 1. Also, since dim(R0) ≤ 2, (Ep,q
2 )n = 0 for all p ≥ 3 and all

q, n ∈ Z. It follows that

(E0,i
2 )n = (E0,i

∞ )n for all n ≪ 0.

By the concept of the convergence of spectral sequences, E0,i
∞ is a subquotient

of the graded Artinian R-module Hi
m0+R+

(M,N). Therefore, by [13, Theorem
1], (

0 :Γm0 (H
i
R+

(M,N)n) R1

)
=
(
0 :(E0,i

∞ )n
R1

)
= 0

for all n ≪ 0. Also, using [5, Theorem 7.1.3] , Γm0(H
i
R+

(M,N)n) is Artinian
for all n ∈ Z and vanishes for all n ≫ 0. Therefore, again in view of [13,
Theorem 1], Γm0R

(
(Hi

R+
(M,N)

)
is Artinian. □
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Definition and Remark 2.11. Let R0 be a domain. Then x ∈ M is called a
torsion element of M if AnnR0

(x) ̸= 0. The set of all torsion elements of M

forms a submodule of M and is denoted by T (M). If T (M) = 0 then M is said
to be torsion-free. Clearly, flat modules and in particular free and projective
modules are torsion-free.

Let k ∈ N0 and A ⊆ Spec(R0). Then we set

A≤k := {p0 ∈ A | ht(p0) ≤ k}.

Theorem 2.12. ([2, Theorem 4.1] ). Let R0 be essentially of finite type over
a field and i ∈ N0. Then, the set AssR0

(Hi
R+

(M)n)
≤2 is asymptotically stable

for n → −∞.

Lemma 2.13. ([12, Theorem 4.4] ). Let i ∈ N0 and assume that dim(R0) ≤ 1.
Then the set AssR0(H

i
R+

(M,N)n) is asymptotically stable for n → −∞.

The next theorem, which deals with the asymptotic stability of the set
AssR0

(
Hi

R+
(M,N)n

)
when n → −∞, can be viewed as an extension, under

certain additional hypotheses, of Theorem 2.12.

Theorem 2.14. Let dim(R0) ≤ 2, i ∈ N0 and assume that
(1) depth(R0) > 0 and M and N are torsion-free over R0.

or
(2) dimR0

(
Hi−1

R+
(M,N)n

)
≤ 1 for all n ≪ 0.

Then the set AssR0

(
Hi

R+
(M,N)n

)
is asymptotically stable, when n → −∞.

Proof. In the case where dim(R0) ≤ 1 the result follows from Lemma 2.13. So
let dim(R0) = 2.

For all n ∈ Z set

ωi
n := max(R0)

∩
AssR0

(
Hi

R+
(M,N)n

)
and

Ai
n := {p0 ∈ AssR0(H

i
R+

(M,N)n) | dim(R0/p0) ≥ 1}.

Then AssR0

(
Hi

R+
(M,N)n

)
= Ai

n ∪ ωi
n, for each n ∈ Z and using Proposi-

tion 2.4 and Remark 2.1(4), ∪n∈ZA
i
n is a finite set. Now, let p0 ∈ ∪n∈ZA

i
n,

then (R0)p0 is a local ring of dimension ≤ 1. It follows by Lemma 2.13 that
{Ass(R0)p0

(
Hi

(Rp0
)+
(Mp0

, Np0
)n
)
}n∈Z is asymptotically stable for n → −∞.

In view of the natural isomorphisms of (R0)p0 -modules
(
Hi

R+
(M,N)n

)
p0

∼=

Hi
(Rp0 )+

(Mp0 , Np0)n ([12, §2 (4)]), we thus get that either p0 /∈ AssR0

(
Hi

R+
(M,N)n

)
for all n ≪ 0 or p0 ∈ AssR0

(
Hi

R+
(M,N)n

)
for all n ≪ 0. In the first case

p0 /∈ Ai
n for all n ≪ 0 and in the second case p0 ∈ Ai

n for all n ≪ 0. As ∪n∈ZA
i
n

is finite, {Ai
n}n∈Z is stable for n → −∞.
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On the other hand, Γm0R(H
i
R+

(M,N)) is tame for all m0 ∈ max(R0), by
Theorems 2.9 and 2.10. It follows that either m0 ∈ AssR0

(
Hi

R+
(M,N)n

)
for

all n ≪ 0 or m0 ̸∈ AssR0

(
Hi

R+
(M,N)n

)
for all n ≪ 0. This, in conjunction

with Lemma 2.5 prove our claim.
□

3. Torsion-Freeness

We keep the hypotheses introduced in the introduction and assume, in addi-
tion, that the base ring R0 is semi-local and a domain. In this section we show
that, in a special case, there is an element t ∈ R0 −{0} such that the localized
generalized local cohomology module Hi

R+
(M,N)t is torsion-free or vanishes

over (R0)t for all i ∈ N0. The torsion-freeness of Hi
R+

(R,N) was studied in [3].
Using [12, §2 (4)] and 2.1(4), it is straightforward to see that:

Lemma 3.1. Let t ∈ R0 − {0} and i ∈ N0. Then Rt
∼= (R0)t

⊗
R0

R is a
homogeneous Noetherian ring with irrelevant ideal (Rt)+ = R+Rt = (R+)t.
Also, the following statements are equivalent:

(1) Hi
R+

(M,N)t is a torsion-free (R0)t-module;
(2) Hi

(Rt)+
(Mt, Nt) is a torsion-free (R0)t-module;

(3) If p ∈ AssR(H
i
R+

(M,N)), then t ∈ p or p ∩R0 = 0.

Lemma 3.2. ([3, Theorem 2.5]) Let R0 be a domain. Then, there is an element
s ∈ R0 −{0} such that Hi

R+
(M)s is a torsion-free (R0)s-module for all i ∈ N0.

Theorem 3.3. Assume that dim(Hi
R+

(N)) ≤ 2 for all i ∈ N0. Then, given
any finitely generated graded R-module M , there exists t ∈ R0 − {0} such that
Hi

R+
(M,N)t is a torsion-free (R0)t-module for all i ∈ N0.

Proof. In view of [17, Theorem 11.38], consider the convergence of the graded
spectral sequence

Ei,j
2 = ExtiR

(
M,Hj

R+
(N)

) i
=⇒ Hi+j

R+
(M,N).

By definition, Ei,j
∞ is a subqotient of Ei,j

2 for all i, j. Therefore,

Supp(Ei,j
∞ ) ⊆ Supp

(
ExtiR

(
M,Hj

R+
(N)

))
for all i, j ∈ N0.

On the other hand, by the concept of the convergence of spectral sequences,
for all n ∈ N0, there exists a finite filtration

0 ⊆ ϕn ⊆ · · · ⊆ ϕ1 ⊆ ϕ0 = Hn
R+

(M,N)

of submodules of Hn
R+

(M,N) such that Ei,n−i
∞

∼= ϕi/ϕi+1 for all i = 0, 1, · · · , n.
Now, the exact sequence

0 −→ ϕ1 −→ Hn
R+

(M,N) −→ E0,n
∞ −→ 0
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yields

Supp
(
Hn

R+
(M,N)

)
⊆ Supp (ϕ1)

∪
Supp (E0,n

∞ )

⊆ Supp (ϕ1)
∪

Supp
(
Ext0R

(
M,Hn

R+
(N)

))
⊆ Supp (ϕ1)

∪
Supp

(
Hn

R+
(N)

)
.

By induction, one can see that

Supp (ϕi) ⊆ Supp (ϕi+1)
∪

Supp (Ei,n−i
∞ ) ⊆ Supp (ϕi+1)

∪
Supp (Hn−i

R+
(N))

for all i = 0, 1, · · · , n. Therefore,

Supp
(
Hn

R+
(M,N)

)
⊆ Supp (H0

R+
(N))

∪
Supp (H1

R+
(N))

∪
· · ·
∪

Supp (Hn
R+

(N)).

Now, let p ∈ AssR

(
Hn

R+
(M,N)

)
−{0}. Then, there exists 0 ≤ i ≤ n such that

p ∈ Supp (Hi
R+

(N)). So, there is some q ∈ AssR
(
Hi

R+
(N)

)
with q ⊆ p. On

the other hand, by Lemma 3.2, there exists t ∈ R0 − {0} such that Hi
R+

(N)t
is a torsion-free (R0)t-module for all i ∈ N0.

If q ∩ R0 ̸= 0 then, by Lemma 3.1, t ∈ q ∩ R0 ⊆ p ∩ R0. Otherwise, if
q ∩R0 = 0, then

dim(R0) = dim(R0/q ∩R0) = dim(R/q) ≤ dim
(
Hi

R+
(N)

)
≤ 2.

In view of Proposition 2.4 and Remark 2.1(4), AssR0

(
Hi

R+
(M,N)

)
is a finite

set. Hence there is s ∈ R0 − {0} such that s ∈
∩

p′∈AssR0
(Hi

R+
(M,N))\{0} p

′.
Now, we are done by Lemma 3.1. □

4. Tame Loci

Let R, M and N be as in the introduction. In the following we define the
i-th tame loci of M and N and look for the cases for which these sets are open
in the Zariski topology. When M = R these sets were studied in [4].

Definition 4.1. For i ∈ N0 define the i-th tame locus of M and N as

T i(M,N) := {p0 ∈ Spec(R0) | Hi
R+

(M,N)p0 is tame}.

Therefore, T i(M,N) consists of all prime ideals p0 ∈ Spec(R0) such that

∃n0 ∈ Z with


p0 ∈ SuppR0

(
Hi

R+
(M,N)n

)
for all n ≤ n0,

or
p0 /∈ SuppR0

(
Hi

R+
(M,N)n

)
for all n ≤ n0.

Remark 4.2. By definition, if the set AssR0

(
Hi

R+
(M,N)n

)
is asymptotically

stable for n → −∞ then, T i(M,N) = Spec(R0). Hence, in view of [8, Theorem
3.2], Lemma 2.4 and Theorem 2.14, we have T i(M,N) = Spec(R0) in each of
the following cases
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(1) R0 is semi-local of dimension≤ 1,
(2) R0 is semi-local of dimension≤ 2 and

(a) depth(R0) > 0 and M and N are torsion free over R0,
or

(b) dimR0

(
Hi−1

R+
(M,N)n

)
≤ 1 for all n ≪ 0.

(3) for all i ≤ g(M,N) < ∞, where

g(M,N) := inf{i ∈ N0 | lengthR0

(
Hi

R+
(M,N)n

)
= ∞ for infinitely many n ∈ Z}.

Lemma 4.3. Let R0 be a domain and M and N be torsion-free over R0. Then
Spec(R0)

≤2 ⊆ T i(M,N).

Proof. The result follows using Remark 4.2(2)(a). □

Theorem 4.4. Let i ∈ N0 and the situations be as in the above lemma. Also,
assume that dim(Hj

R+
(N)) ≤ 2 for all j ∈ N0 and that SuppR0

(
Hi+1

R+
(M,N)

)=3

is a finite set. Then T i(M,N)≤3 is open and dense in the Zariski topology in
Spec(R0)

≤3 provided that dim(Hi−1
R+

(M,N)) ≤ 1.

Proof. Using Lemma 4.3, Spec(R0)
≤2 ⊆ T i(M,N). So, let

p0 ∈ Spec(R0)
=3 \ SuppR0

(Hi+1
R+

(M,N))=3.

If
(
Hi

R+
(M,N)n

)
p0

= 0 for all n ≪ 0, then p0 ∈ T i(M,N). Otherwise, let(
Hi

R+
(M,N)n

)
p0

̸= 0 for infinitely many n. Then p0 ∈ minAssR0
(Hi

R+
(M,N)n)

for infinitely many n.
In view of Theorem 3.3 and Lemma 3.1, there exists 0 ̸= x ∈

∩
q0∈AssR0

(Hi
R+

(M,N))\{0} q0.

Now, the exact sequence 0 → M
x→ M → M/xM → 0 deduces the exact se-

quence

(
Hi−1

R+
(M,N)n

)
p0

→
(
Hi

R+
(M/xM,N)n

)
p0

→
(
Hi

R+
(M,N)n

)
p0

.x→
(
Hi

R+
(M,N)n

)
p0

→
(
Hi+1

R+
(M/xM,N)n

)
p0

→
(
Hi+1

R+
(M,N)n

)
p0

,

for all n ∈ Z. Since x ∈ p0, using Nakayama’s Lemma and the above exact
sequence, we get(

Hi+1
R+

(M/xM,N)n

)
p0

̸= 0 for infinitely many n. (4.1)

Therefore, by Lemma 2.7,(
Hi

(R/xR)+
(M/xM,N/xN)n

)
p0/xR0

∼=
(
Hi+1

R+
(M/xM,N)n

)
p0

̸= 0
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for infinitely many n. On the other hand, again using 2.7 and the above exact
sequence, we have

dim(R0/xR0)p0

(
(Hi−1

(R/xR)+
(M/xM,N/xN)n)p0/xR0

)
= dim(R0)p0

(
Hi

R+
(M/xM,N)n)p0

)
≤ max{dim(R0)p0

(
Hi−1

R+
(M,N)n)p0

)
,

dim(R0)p0

(
Hi

R+
(M,N)n)p0

)
}

≤ 1

for all n ≪ 0. This, in conjunction with Theorem 2.14, implies that

Ass(R0)p0

(
Hi+1

R+
(M/xM,N)p0

)
= Ass(R0)p0

(
Hi

(R/xR)+
(M/xM,N/xN)p0/xR0

)
is asymptotically stable when n → −∞. Hence, by 4.1,(

Hi+1
R+

(M/xM,N)n

)
p0

̸= 0 for all n ≪ 0.

Also, by the assumption on p0,
(
Hi+1

R+
(M,N)n

)
p0

= 0 for all n ∈ Z. It follows,

by the above exact sequence, that p0 ∈ T i(M,N)≤3. Therefore,

Spec(R0)
≤3 \ SuppR0

(Hi+1
R+

(M,N)) ⊆ T i(M,N)≤3

which implies that T i(M,N)≤3 = Spec(R0)
≤3 \X for some finite subset X of

Spec(R0), as desired.
□
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